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Finding new theorems is the best target of keen mathematicians. If finding a new theo-
rem is difficult then finding the method of discovering it is much more difficult. However,
mathematics has such a lot of methods such as: The extension of theorems from FEuclidean
geometry to spherical geometry and Lobachevskian geometry, the extension of theorems
from plane geometry to solid geometry, etc. In this paper, we give a new extensional
method which is the extension from theorems for circle to theorems for conic having cen-
ter

I. The basic concepts and properties

1. The affine transformation

1.1. The introduction on the affine transformation in a plane

Denote by P the set of points of plane P. Each subset of P is called a figure. A bijec-
tion f : P — P is called a transformation of plane P. For each point M of P, point
M’ = f(M) is called the image of point M through the transformation f, point M is
called the pre-image of point M’. We still say that: The transformation f maps point M
into point M’.

If H is an arbitrary figure, the set H' = f(H) including the images of all points H is
called the image of figure H. We still say that: the transformation f maps the figure H
to the figure H'.

The composition (or still called the product) of two transformations is a transformation,
and each transformation f has the inverse transformation f~! which is still a transforma-
tion. Observely, fo f~!1 = f~lo f = e Thus, the set of all transformations of plane P
makes into a group for the composition of two transformations.

1.2. The ratio of three collinear points and the definition of affine transfor-
mation

G1ven three distinct and collinear points A, B, C. Then there exists a number k # 1 such

that C'A = kC@ The number £ is called the ratio of three points A, B, C' and denoted
by (ABC).

Clearly: C'is the midpoint of segment AB if and only if (ABC) = -

We know the following property:

Given three points A, B, C lying on a line d and three points A’°, B’, C’ lying on a line
d’ // d. Then the necessary and sufficient condition for (ABC) = (A’B’C’) is three lines

IThis article is distributed under the terms of the Creative Commons Attribution License which permits
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AA’, BB’, CC" being parallel or concurrent.

Definition 1

The transformation f : P — P is called an affine transformation if f maps three collinear

points into three collinear points and ratios of collinear points are preserved.

That is, if three points A, B, C are collinear, then their images A’ = f(A), B’ = f(B), C’

= f(C) are still collinear, and (ABC) = A’B’C’).

The following are the examples of affine transformations: identical transformation, trans-

lation, homothety.

1.3. The properties of affine transformation

i) Affine transformation maps a line into a line.

ii) Affine transformation maps two intersecting lines into two intersecting lines, two par-

allel lines into two parallel lines.

iii) Affine transformation maps a segment into a segment, a ray into a ray, an angle into

an angle, a half of plane into a half of plane, a triangle into a triangle, a region of triangle

into a region of triangle, a parallelogram into a parallelogram.

iv) Suppose that an affine transformation maps four points A, B, C, D into four points
—

A’, B’, C’, D’, respectively. If E = k@ then A'B" = kC'D'.

2. The affine equivalent transformation

2.1. The affine and affine equivalent group

We consider the set Af(P) including the affine transformations of plane P. Then Af(P)

makes into a group for the composition of two affine transformations, because

i) The composition of two affine transformations is an affine transformation.

ii) The inverse of an affine transformation is also an affine transforation

iii) The identical transformation e is an affine transformation.

Definition 2

Figure H is called the affine equivalent of figure H’, if we have an affine transformation f

mapping figure H into figure H’, that is f(H) = H’.

By the definition, we follow that:

i") Each of figures H is affine equivalent to itself.

i) If figure H is affine equivalent to figure H’ then figure H' is affine equivalent to figure

H. Thus, we can say that two figures H and H' are equivalent.

iii’) If figure H is affine equivalent to H' and H’ is affine equivalent to H” then H is affine

equivalent to H".

The following are some examples:

- Two arbitrary triangles are affine equivalent.

- Two arbitrary parallelograms are affine equivalent.

- Trapezoid ABCD (two bases are AB and CD) and trapezoid A’B’C’D’ (two bases A’B’

and C’D’) are equivalent if and only if é—g = é:gl,.

- Two arbitrary ellipses are affine equivalent.

- Two arbitrary hyperbolas are affine equivalent.

- Two arbitrary parabolas are affine equivalent.

2.2. The affine properties

Definition 3

A certain property of figure H is called affine property if figure H' is affine equivalent to

H having this one.

The following are affine properties:

- The property of “being trapezoid” of quadrilateral is an affine one. However, the property

of “being isosceles trapezoid” or “being perpendicular trapezoid” is not affine one.

- The “isosceles”, “equilateral”, “perpendicular” properties are not affine ones.

- The property of “being the median of a triangle” is an affine one, however, the properties

of “being an altitude”, “being a bisector”, “being a mid-perpendicular” are not affine ones.

- The properties of “being the center of an ellipse”, “being the diameter of an ellipse”,
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“being the tangent of an ellipse” (or hyperbola, parabola) are affine ones.

- The property of “the centroid of a triangle” is affine one, however the property of “being
the orthocenter of a triangle” is not affine one.

2.3. The affine concept

Definition 4

A certain concept is called an affine one if it is not changed by an arbitrary affine trans-
formation.

The following are affine concepts: Point, line, ray, segment, half of plane, triangle, re-
gion of triangle, centroid, quadrilateral, parallelogram, trapezoid, ratio of three collinear
points, ellipse, hyperbola, parabola, tangent, conic, center of conic.

The following are not concepts: Length of segment, length of angle, isosceles triangle, equi-
lateral triangle, perpendicular triangle, orthocenter of triangle, in-center, circum-center,
rhombus, isosceles trapezoid, area of figure, circle, equilateral hyperbola, ect. [6, p.51-61]
II. The extension of geometric theorems

We state the method of generalizing from a circle to a conic having center when polygon
is a triangle and circle is a circumcircle. The cases of arbitrary polygon or circle being an
inscribed circle or escribed circle, ect, are for the readers.

The method of generalization from a circle to a conic having center

- Giwen a triangle ABC inscribed a circle (O).

- Draw the altitude passing through vertex A of triangle ABC by drawing the line passing
through vertex A parallel to the line connecting the center O with the midpoint of segment
BC.

- Draw the bisector passing through the vertex A of triangle ABC by letting the inter-
section point of the line connecting the center and the midpoint of segment BC with the
circumcircle be A’(A, A’ are the different sides of the line BC). AA’ is the bisector of

angle BAC.

etc.

- We obtain the problem containing affine invariants.

- Generalizing from circle to conic having center, we obtain the generalized problem of the
original one.

The following are some illustrated examples. We first go to Dao’s theorem. Dao’s theorem
is one of very difficult ones of elementary geometry which was proved. Up to now, they
have found out two proofs. We recall the theorem:

Problem 1 (Dao’s Theorem on Six Circumcenters associated with a Cyclic Hexagon).
Given a circle (O). Let Ay, Ay, As, Ay, As, Ag be siz points on this circle. Let Ao, Asg, Az, Ays,
Asg, Ag1 be the points of intersection of AgAy, AsAs; A1 Ay, A3Ay; AsAs, AyAs; AsAy, AsAg;
A4A5, A@Al; A5A6, A1A2. Let Bl, BQ, Bg, B4, B5, Bﬁ be the mzdpomts Of sides AlAQ, A2A3,
AsAy, AyAs, AsAg, AgAq, respectively. The lines passing through the midpoints Cy, Cy, Cs,
Cy,Cs,Cy of segments AgAis, A3Assg, AyAsy, AsAys, AgAse, A1Ag1 and being parallel to
OBQ, OBg, ()B47 OB5, OBG, OBl meet OBl, OBQ, OBg, OB4, OB5, OBG at 012, 023, 034, 045,
Osg, Og1, respectively. Prove that 019045, 023056, O340¢1 are concurrent at a point.

The solution can be found in [5], [12].
We state the problem 1 containing affine invariants as follows

Problem 2. Given a circle (O) with center O. Let Ay, Aa, A3, Ay, A5, Ag be siz points on
this circle (O). Let Aqa, Ass, Asa, Aus, Asg, Ae1 be the points of intersection of AgAy, AsAs;
A1Ag, A3Ay; A Ag, AyAs; As Ay, AsAe; AuAs, AgAr; AsAs, A1Az. Let By, By, B3, By, Bs, Bg
be the midpoints of sides A1As, AgAs, A3Ay, AyAs, AsAg, AgAy, respectively. The lines
passing through the midpoints Cy, Co, Cs, Cy, Cs, Cg of segments Ag Aqo, AgAaz, AyAsy, AsAys,
A6A56, A1A61 and bemg pamllel to OBQ, OBg, OB47 OB5, OB(;, OB1 meet OBl, OBQ, OBg,
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OB4, OB5, OB6 at 012, 0237 034, 0457 056, 0617 T@Sp@CtiU@ly. Prove that 0120457 0230567 034061

are concurrent at a point.

We now extend the circle to conic having center. We obtain the generalization of Dao’s
theorem as follows:

Problem 3 (The generalization of Dao’s Theorem on Six Circumcenters associated
with a Cyclic Hexagon). Given a conic (S) having center O. Let Ay, Ag, As, Ay, As,
Ag be siz points on this conic (S). Let Ao, Ass, Asq, Ays, Ass, A1 be the points of in-
tersection Of AGAI; A2A3; AlAQ, A3A4; A2A3, A4A5; A3A4, A5A6; A4A5, AGAI; A5A6, A1A2.
Let Bl, BQ, Bg, B4, B5, B6 be the mzdpomts Of sides AlAQ, A2A3, A3A4, A4A57 A5A6, AGAI;
respectively. The lines passing through the midpoints Cy,Cs, Cs, Cy, Cs, Cy of segments
AQAlg, A3A23, A4A34, A5A45, A6A56, A1A61 and bezng pamllel to OBQ, OBg, OB4, OB5, OBG,
OB;1 meet OBy,0By,0Bs, OB4, OBs, OBg at O19, O3, O34, Oys, Osg, Og1, Tespectively. Prove
that 015045, 023056, 034061 are concurrent at a point.

Remarks

If (S) is a circle then we obtain Dao’s theorem.

Problem 3 is very difficult. Because conic having center only has two types which are
ellipse and hyperbola, we only consider two particular cases: problem for ellipse and
problem for hyperbola.

Problem 4. Given an ellipse (E) with center O. Let Ay, As, Az, Ay, As, Ag be six points on
this ellipse (E). Let Aa, Aoz, Asy, Ass, Ase, Ag1 be the points of intersection of AgAy, AyAs;
Ay Ag, A3Ay; A Az, AyAs; AzAy, AsAg; AyAs, AgAr; AsAg, A1 Ay Let By, By, Bs, By, Bs, Be
be the midpoints of sides A1As, AgAs, AsAy, AyAs, AsAg, AgAy, respectively. The lines
passing through the midpoints C, Cy, Cs, Cy, Cs, Cs of segments AsA1g, A3Asgz, AyAsy,
A5A45, A6A56, A1A61 and b@l’ﬂg pamllel to OB27 OBg, OB4, OB5, O.BG7 OBl meet OBl, 0327
OB?,, OB4, OB57 OBG at 012, 023, 034, 045, 0567 061; respectively. Prove that 012045, 0230567

034061 are concurrent at a point. (Figure 1)

In order to prove problem 4, we do as follows

Step 1. The definition of affine concepts and properties

- Ellipse and center O of the ellipse are affine concepts.

- Lines, midpoints and points are affine concepts.

- Parallel, intersection and concurrence are affine concepts.

- Belonging concept is affine one.

Thus, problem contains all affine invariants.

Step 2. The performing of affine equivalent transformation

Because ellipse and circle are two affine equivalent concepts in the affine plane, we can
solve problem for circle.
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FIGURE 1. The extension of Dao’s theorem from a circle to an ellipse

Take the circle for the equivalent figure to the given ellipse (E) by an affine transformation
f. We give problem 4 to problem 2 (problem 1) (Dao’s Theorem on Siz Circumcenters
associated with a Cyclic Hexagon). Because problem 1 was proved, we perform the affine
transformation f~! mapping circle into ellipse, we obtain the desired result for the ellipse.

Problem 5. Given a hyperbola (H) with center O. Let Ay, Ay, A3, Ay, As, Ag be siz
points on this hyperbola (H). Let Aqa, Ass, Asy, Ass, Ase, Ag1 be the points of intersec-
tion Of A(;Al, A2A3; AlAQ, A3A4; A2A3, A4A5; A3A4, A5A6; A4A5, AGAl; A5A6, A1A2. Let
By, By, B3, By, By, Bg be the midpoints of sides A1 Ay, AyAsz, A3Ay, AsAs, AsAg, AgA1, Te-
spectively. The lines passing through the midpoints C4,Cy, C3, Cy, C5, Cs of segments
A2A12, A3A23, A4A34, A5A45, A6A567 A1A61 and bemg pamllel to OBQ, OBg, OB4, OB5, OB6,
OB meet OBy,0By,0Bs, OBy, OBs, OBg at O, Oa3, O34, Oys, Os6, Og1, respectively. Prove
that 01505, 023056, 034061 are concurrent at a point.

In order to prove problem 5, we do as follows

Step 1. The definition of affine concepts and properties

- Hyperbola and center O of the hyperbola are affine concepts.

- Lines, midpoints and points are affine concepts.

- Parallel, intersection and concurrence are affine concepts.

- Belonging concept is affine one.

Thus, problem contains all affine invariants.

Step 2. The performing of affine equivalent transformation

Because arbitrary hyperbola and equilateral hyperbola are two affine equivalent concepts
in the affine plane, we can solve problem for equilateral hyperbola.

Take the equilateral hyperbola for the equivalent figure to the given hyperbola (H) by an
affine transformation f. We give problem 5 to the following one

Problem 6. Given an equilateral hyperbola (H) with center O. Let Ay, A, A3, Ay, As, Ag
be six points on this hyperbola (H). Let Aja, Ass, Ass, Ays, Ase, Ag1 be the points of in-
tersection Of AGAla A2A3; AlAQ, A3A4; A2A3, A4A5; A3A4, A5A6; A4A5, A6A1; A5A6, A1A2.
Let Bl, BQ, Bg, B4, B5, B@‘ be the mzdpomts Of sides AlAQ, A2A3, A3A4, A4A5, A5A6, A6A1,
respectively. The lines passing through the midpoints C1,Cy, Cs, Cy, Cs, Cg of segments
A2A12, A3A23, A4A34, A5A45, A6A567 A1A61 and bemg pamllel to OBQ, OBg, OB4, OB5, OB(;,
OB; meet OBy,0B5,0B3,0By,0Bs5,0Bg at O12, Oa3, O34, Oys, Osg, Og1, respectively. Prove
that 01505, 023056, 034061 are concurrent at a point.

Because the equation of equilateral hyperbola is easily to calculate in Cartesian coordinate
system, equilateral hyperbola and arbitrary hyperbola are affine equivalent. We know
that, if we choose two asymptotes of equilateral hyperbola containing two axes then the
equation of equilateral hyperbola is zy = k.

The following calculations are helped by the software of Maple 2015.

Because Ay, Ay, As, Ay, A5, Ag belong to (H), we have
Ar(ar; f)a As(as; %)7 As(as; ﬁ)a Ay(ay; ﬁ)a As(as; %)7 Ag(as; %)
The equation of line A; A, is of the form
(x—a)(E - £)—(y—£)(a2 —a1) = 0.
The equation of line A,Ajz is of the form

(x —a)(E = E)—(y = E)(as —az) = 0.
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FIGURE 2. The extension of Dao’s theorem from a circle to a hyperbola

The equation of line A3Ay is of the form

(r—as)(E = £) = (y— £)(as —az) = 0.
The equation of line A4A5 is of the form

(r—a)(E L) = (y— E)(as —as) = 0.
The equation of line AsAg is of the form

(r—as)(E = &) = (y — E)(ag —as) = 0.
The equation of line AgA; is of the form

(r—ae) (& —5) = (y = 2)(ar — ag) = 0.

Since Ajy is the point of intersection of AgA; and As Az, the coordinates of point Ais
satisfy the system of equations

{(x —ag)( — &)~ (y — L)@ — ag) = 0.
(x —a)(& = E) = (y — E)(as —az) = 0.
Solving the system, we have
Ay = (_a1a2a3—a1zga6:a1a3a6+a2a3a6; k’(a1—a2_—a3+a6))
La6—azaz arag—azas

Similarly, since A3 is the point of intersection of A;As and AsAy, the coordinates of point
Ays are of the form

Aoa = (a1a2a3+a1a2a47a1a3a4fa2a3a4, k(a1+a2—a3—a4))
23 ajaz—asaq ’ ajaz—asaq ’

As, is the point of intersection of Ay A3 and A4As, so the coordinates of point Az, are of
the form

A _ (a2a3a4+a2a3a5—a2a4a5—a3a4a5 . k(112+a3—a4_05))
34 a2a3—aqas ) aga3—a4as

Ays is the point of intersection of A3A, and AsAg, so the coordinates of point Ays are of
the form

Aur = (a3a4a5+a3a4a67a3a5a67a4a5a6 . k(a3+a4—a5—(z6))
45 azaqs—asa6 ’ a3zaq4—asa6

Asg is the point of intersection of A4A5 and AgA;1, so the coordinates of point Asg are of
the form
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A . (_a1a4a57a1a4a67a1a5a6+a4a5a6 . k(al_a4_a5+a6))
56 aiae—a4as ! a1a2—a5a6

Ag1 is the point of intersection of A5 Ag and A;As, so the coordinates of point Ag; are of
the form

A o (a1a2a5+a1a2a67a1a5a67a2a5a6 . k(al+02_a5_a6))
61 a1a2—as5a6 ’ ai1a2—asae ’

By is the midpoint of A;A,, so the coordinates of point By are of the form

. $A1+-'EA2 1 1 .
IBl =—5 = §CL1 + §CL2,
_yatyay, 1k | 1k
Ysr = 73 T 324 T 24y

The equation of line OB is of the form

(OB)) :y— L2 =0.

asay

C1 is the midpoint of A;5A,, so the coordinates of point C; are of the form

_ TAptTaAy _ 1ajasaz—aiazag—aiasastazazas 1. .
'rCl - 2 - 2 alag—a2as + 20,2,
_ YA1ptY4y _ 1k(a1—az2—a3+ae) 1k
Yc, = 2 2 alag—a2a3 2a’

By is the midpoint of AyAjz, so the coordinates of point By are of the form

XA, tTAg 1 1 .
Tp, = 25—+ = a2 + 5a3;
_ Yapytyay 1k | 1k
Y, = 75 T 3 T 3u

The equation of line OB; is of the form

(OBy) 1y — X2 =0.

aga1

(5 is the midpoint of Ay3A3, so the coordinates of point C5 are of the form

_ TaAptTAz _ lajasaztaiapas—aiazas—agagas | 1 .
ICZ - 2 2 a1a2—a3ay4 + 2a37
_ YAgstyas _ 1k(aatas—as—a4) | 1k
Yc. = 2 2 ailas—asas 2asz"

B3 is the midpoint of A3Ay, so the coordinates of point Bs are of the form

_ xaAgtTA, 1 1.
Tpy = —5—t = a3 + 504;
_ Yaztya, 1k 1k
YBs = —5 = = %us T 3us

The equation of line OBj5 is of the form

(OB3) 1y — X2 =0.

agas

Cj3 is the midpoint of A3z A4, so the coordinates of point C5 are of the form

_ TA3tTA, 1 asagastasazas—asasas—asasas 1.
Tes = 2 2 asa3—asas + 2@4,
— yA34+yA4 — lk(a2+a3—a4—a5) lﬁ
Yos 2 2 azaz—asas 2a4’

B, is the midpoint of A4As, so the coordinates of point B, are of the form



28 THE EXTENSION FROM A CIRCLE TO A CONIC HAVING CENTER

A tTAs 1 1.
rp, = M = La, + Lag;
_YAgtyas 1k | 1k
YBe = — 3 T 2 T 245

The equation of line OBy is of the form

(OBy) 1y — X2 =0.

as5a4

('} is the midpoint of A45As5, so the coordinates of point C are of the form

_ TAyst+TAs 1 asasastazasas—azasas—asasas 1.
Loy = 2 -2 aszas—asag + 2@5,
_ yA45+yA5 o lk(a3+a4—a5—a6) + lﬁ
Yo, = 2 2 a3a4—asag6 2as"

By is the midpoint of A5Ag, so the coordinates of point Bj are of the form

_ xAgtTAg 1 1 .
Tps; = 5> = 505 + 506;
_ YAstYag 1k 1k
YBs = 73 T 24 T 24"

The equation of line OBj5 is of the form

(OBs) 1y — 22 =0.

agas

C5 is the midpoint of AsqAg, so the coordinates of point C5 are of the form

_ TAset®Ag _ _ 1ajasas—aiasas—a1asastasasas 1. .
LCos = 2 -2 alag—asas + 2a6’
_ YAsetYAs _ 1 k(ar—as—as+ae) + 1k
yC5 2 2 alag—aqas 2ag"

Bg is the midpoint of AgA;, so the coordinates of point Bg are of the form

TAag+TA
= S = Lag + jan;

.T}BG 3
— YAet¥a, 1k 4 1k
YBs = —" 3 T 245 T 2ar

The equation of line OBg is of the form

(OBg) 1y — X2 =0.

ajag

(s is the midpoint of Ag; A1, so the coordinates of point Cy are of the form

_ TAq tTTA; _ 1aiasastaiasag—aiasag—azasag 1 .
LCs = 2 2 aia2—asag + 2015
_ Yagtya, _ 1k(aitaz—as—ag) | 1k
Ycs = 2 2 ai1as—asag 2a1’

The equation of line d¢, passing through point ' parallel to OB, is of the form

1 k(ay—ag—ag+tag) 1 k

1aja2a3—ajazag—ajazagtagaszag 1 _1k(ag—ag—agdag) 1 k
(d . CE+2 ajag—agag 242 Yy—3 ajag—agag 2a9 0
Cl) : T T - 1k 1k -
302+ 503 SagT3ay

O12 = dg, (1OBy, so the coordinates of point Oqy are of the form

012 _ (_a2a1(a3—a6). _ _k(az—ag) )

ajag—azaz '  aijag—aza3

The equation of line d¢, passing through point Cy parallel to OBj is of the form
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__1lajagagtajagag—ajazag—agazay 1 1 k(aytag—az—ay) 1 k
2

(dc ) . z ajag—asgay 50'3 _ yii ajag—asgay 75% _ 0
2/ 1 1 1k 1k -
703+504 Zaz T2a,

Oy3 = de, [ OBs, so the coordinates of point Og3 are of the form

_ razas(ai—aq) . k(ai—aaq)
023 - ( aras—asaq a1a2—a3a4)

The equation of line d¢, passing through point Cs parallel to OB; is of the form

p_ 1 @203aqtagagas —agagas—azaqas 1, _1k(agtaz—agq—as) 1 k
(dC ) . 2 a%a3—aila5 24 _ Y3 agagz—agas 2a4 __ 0
3/ - 1 1 1k _ 1k -
5a4+50a5 Zag T2a5

O34 = de, () OBs, so the coordinates of point Osy are of the form

Oy — <a4a3(a27a5). k(az—as) )
34 = \"goa3—asas ’ azas—asas

The equation of line d¢, passing through point Cy4 parallel to OBj5 is of the form

__1agagastagzasag—a3a5a6—0a40506 1 1 k(ag+ag—as—ag) 1 k
T —5as Yy—g—=2—=2—2 0 =22
d . 2 agag—asag 2 2 agag—asag 2a5 __ O
( 04) : Lotia - 1k 1k -
2457346 2a5 ' 2ag

Oy5 = de, () OBy, so the coordinates of point Oy5 are of the form

Oy — ((a37a6)a5a4‘ k(as—ae) )
45 = \"gzas—asas ’ azas—asas

The equation of line d¢, passing through point C5 parallel to OB is of the form

r4la1e4a5—aiaqag—ajazagtagazag 1, _1k(e1-ag—a5tag) 1 k
(d ) . 2 ajag—agag 246 Yy—3 ajag—agag 2ag __ 0
: 1 1 - =
Cs lag+tial 1k 1k

2ag  2aq

Oss = de, [ OBs, so the coordinates of point Osg are of the form

Osr — ((al—a4)a6a5. k(a1—a4) )
56 — alag—aqas ' ajag—a4as

The equation of line d¢, passing through point Cg parallel to OB; is of the form

z 1 k(ajtag—as—ag) 1 k

_lajagas+ajagzag—a1a5a6—a2a5a6 1
2

(dc ) . a%ag—a%aﬁ 50'1 _ y_§ ajag—asag T2 aj 0
6/ * 1 1 1k 1k -
2a1+2a2 2 a1+2 ag

Og1 = dcg [ OBg, so the coordinates of point Og; are of the form

Ot = <a1a6(a2—a5), k(az—as) )
61 ajaz—azag ' ajaz2—asag

The equation of line O150,5 is of the form

(012045) : (:C+a2al(a3—a6)>( k(az—ae) 4 k(az—as) )_(y+ k(az—as) )((ag—ae)a5a4+a2a1(a3—a6) —0

aijae—a2a3 a3za4—asae6 aijae—az2as aijae—az2a3 aza4—as5a6 aijae—az2a3

The equation of line 093056 is of the form

(023056) : (x_azas(mfm))( k(ai—as)  k(a1—aq) )_<y_ k(a1—aaq) )((047014)0/60/5_agag(alfazl)) —0

aijaz—asaq a1ae6—a4as ai1a2—aszaq aija2—aszaq a1ae—aqas ai1a2—aszaq o

7 = 012045 023056, so the coordinates of point Z = (x;yz) are of the form



30 THE EXTENSION FROM A CIRCLE TO A CONIC HAVING CENTER

(2,22 2 .92 2 22 2 992 9 2 2.9 92 2.9 2.2 2

2.2 2 2,22 2.2 2 2.2 2 2.2 2 2.2 2.2 2

a%agaga% + a%a2a4a5a6 — a%a4a5a§ — alagagaﬁ — ala%a3a4a5 + a1a§a3a5a6 — alagagai +
102030406 + Q102030305 — A1A2030502 — A1A2a4G3 a6+ aazatal — ajazaiasas + ajazasasal +

aiaiaiag + adaiasas — asaiasasas — axazaia? + asazasaias + ataiasag — azagaial);

yz = (k(aladaz — aladag + alazal — alasai — aya3al + ayaka? + adalay — axaia? +
ajajas — agaja? + ajaiag — asaial))/(ata3azas — ata3asag — atasaszagag + atazazal +
2345 3425 %562%56 21234 12256 1232426 12236

702040506 — A70A40505 — A1A50306 — A1A5030405 + a1a5030506 — A102030y + a1G2030406 +
a1a2a3a5a5 — a1a2a3a50% — ajasasaiag + ajasaa? — ajazaiasag + ajazagasai + ajaiaiag +

a%a§a4a5 — a2a§a4a5a6 — CLQCLgCLiG% + a2a3a4a§a6 + agaz%aﬁ — a3a4a§ag).

Consider the determinant

A= (xZ - x056>(y023 - yOSG) - (yZ - yoSG)('TO23 - xOSB)‘

We have

A = ((a2a3aiay — aadadias + aladaza? — ata3asa? + alaxatal — alasaial — ajadaial +
ayajaial + a3aialas — axalaial + alalalag — azaiaia?)/(aladazay — ala3asag —
a%a2a3a4a6 + a%agag,a% + a%a2a4a5a6 — a%a4a5a% — alagagaﬁ - a1a§a3a4a5 + a1a§a3a5a6 —
alagagai + a1a2a§a4a6 + alagagai% — a1a2a3a5a§ — a1a2a4a§a6 + alagaga% — a1a3a3a5a6 +
11a304a50% + a1a3a2a6 + 3030405 — A203040506 — Q2030302 + ayaza,aae + asa3asag —

(al—a4)a5a5)( k(a1—a4) o k(a1—a4q) )
ailag—aqas a1a2—a3a4 ai1a6—a4qas
aia3a3 + ayaiai + a3aiay — axaial + adaias — azaia? + ajaag — asaial))/(ada3azay —
a%a§a5a6 — a%a2a3a4a6 + a%agagag + a%a2a4a5a6 — a%a4a5a§ — alagaga(; — a1a§a3a4a5 +

2 2.2 2 2 2 2 2.2
105030506 — Q1020307 + 102030406 + 102030505 — A102030505 — Q102040506 + A1A2A505 —

2 2 2 2 2 2 2 9 92 9
asza4asag) — — ((k(ajazas — ajasag + ajasag — ajasag —

2 2 2 2 2.2 2 22 2
103030506 + Q103040505 + G1030506 + A5030405 — G203040506 — A2G3030F + G20304050¢ +
2.2 _ 2 2\ _ k(ai—a4) \rasaz(a1—as)  (a1—as)asas
a3a4a5a6 a3a4a5a6) alae—a4a5)( a1a2—a3a4 a1a6—aqas )

Using the software of Maple 2015 and simplifying A, we obtain A = 0. Thus 015045, 02305,
0340¢ are concurrent at a point (Q. E. D).

By the extensional method from a circle to a conic having center as above, we find out
and prove many theorems and problems. For example:

Problem 7 (The generalization of Simson theorem). Given a conic (S) having center
O. A, B,C, M are points belonging to (S). Let A', B',C" be the midpoints of segments
BC,CA, AB, respectively. Through point M draw straight lines parallel to OA’, OB', OC’
and meet BC,CA, AB at A", B",C", respectively. Prove that A”, B",C" are collinear.

Problem 8 (The extension of Dao’s generalization of the Simson line theorem). Given
a triangle ABC' inscribed in a conic (S) having center O, let P be an arbitrary point on
(S). Let d be an arbitrary line passing through O and meeting PA, PB, PC at D, E. F,
respectively. Let A’, B', C" be the midpoints of BC,C A, AB, respectively. The lines passing
through D, E, F' parallel to OA’,OB’,OC" meet BC,CA,AB at A", B",C", respectively.
Prove that A", B",C" are collinear (figure 3).
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FIGURE 3. The extension of Dao’s generalization of the Simson line theorem

Problem 9 (The extension of the angle bisector theorem). Given a hyperbola (H) with
two branches are (Hy) and (Hz). Let A, B,C be three points on the branch (Hy), O
be the center of the hyperbola. Let A’,B',C" be the midpoints of sides BC,CA, AB.
OA'N(Hy) = A”. Similarly to B",C”. Prove that AA", BB",CC" are concurrent at a
point (Figure 4).

FIGURE 4. The extension of the angle bisector theorem

Remarks

1. The method of generalizing from a circle to a conic having center is a creative method
of new theorems. This method should apply to the problem that its hypothesis only has
a circle and its related objects in the hypothesis are lines, segments, rays, intersection
points, ect.

2. When problem satisfies the remark 1, we can generalize the problem from a circle to
an ellipse. However, if we want to extend the problem from a circle to a hyperbola, then
we need to consider that does the problem for hyperbola exist? The illustrated example for
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this thing is the problem 9 as above, A, B are on the branch (Hy), C is on the branch (Hs)
then the problem for hyperbola does not exist.
The following is a new result that does not prove.

Problem 10 (The generalization of The Taylor circle ’s theorem). Given a triangle ABC'.
Let M, N, P be the midpoints of segments BC, C' A, AB, respectively. Let O be the arbitrary
point that does not lie on lines containing sides of the triangle. Let A" be the point of
intersection of the line passing through point A parallel to OM and BC. Similarly to
B',C". Through point A" draw lines parallel to ON,OP and meet AC, AB at A, A;,
respectively. Through point B’ draw lines parallel to OP,OM and meet BA, BC' at By, By
respectively. Through point C' draw lines parallel to OM,ON and meet CB,CA at Cy, C.
Prove that 6 points Ay, Cy, By, Ay, C1, By lie on a conic (S) (figure 5).

FIGURE 5. The generalization of The Taylor circle’s theorem
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