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1. Introduction

Some of the most championed results in plane geometry are about collinear points.
Arguably the most fundamental result of them all is Euler’s line theorem [1], in
which Euler proved that the circumcenter, the centroid, and the orthocenter in a
given scalene triangle are all collinear, and moreover that the centroid is twice as
close to the circumcenter as is it to the orthocenter (we call this line the Euler
line). Another example is Newton’s theorem on quadrilaterals [2], in which New-
ton proved that in a given non-rhombic tangential quadrilateral, the center of the
incircle is collinear to the midpoints of the diagonals (we call this line the New-
ton line). Other examples include Pascal’s theorem [3] (which states that if six
distinct points are labled on a given conic, and segments are joined between them
to form a hexagon, then the three pairs of lines of opposite sides of that hexagon
intersect at three collinear points, for which the line is known as the Pascal line),
or the Nagel line theorem [4], which states that the incenter, the centroid, the
Spieker center, and the Nagel center of a given scalene triangle are all collinear,
etc.
Here, we introduce some new results on collinear points in a certain given con-
struction.
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2. Preliminaries

Let A,B,C, and D be any four distinct points on a given circle.
Without loss of generality, we arrange them so that the diagonals are between A
and C and also between B and D, line segment BC is shorter than AD, and the
length of AD is not the length of the diameter.
Let line AC intersect line BD at point E.
Let the tangent line through B meet the tangent line through C at point F .
Let line AB intersect line CD at point G.
Let the tangent line through A meet the tangent line through D at point H.
Let the tangent line through B meet line CD at point I.
Let line AB intersect the tangent line through C at point J .
Let line AB intersect the tangent line through D at point K.
Let the tangent line through A intersect line CD at point L.
Let the tangent line through A intersect the tangent line through C at point M .
Let the tangent line through B intersect the tangent line through D at point N .
Let the tangent line through A intersect the tangent line through B at point O.
Let the tangent line through C intersect the tangent line through D at point P .

Without loss of generality, we can take the circle to be the unit circle in the
Cartesian plane, where points A,B,C, and D satisfy x2

A + y2A = 1, x2
B + y2B = 1,

x2
C + y2C = 1, and x2

D + y2D = 1.
Line AC is given by the equation y − yA = (x− xA)(

yA−yC
xA−xC

).
Line BD is given by the equation y − yB = (x− xB)(

yB−yD
xB−xD

).
Line AB is given by the equation y − yA = (x− xA)(

yA−yB
xA−xB

).
Line CD is given by the equation y − yC = (x− xC)(

yC−yD
xC−xD

).
The tangent line through A is given by the equation y − yA = (x− xA)(−xA

yA
).

The tangent line through B is given by the equation y − yB = (x− xB)(−xB

yB
).

The tangent line through C is given by the equation y − yC = (x− xC)(−xC

yC
).

The tangent line through D is given by the equation y − yD = (x− xD)(−xD

yD
).

Point E has coordinates given by

xE =
xA(

yA−yC
xA−xC

)−xB(
yB−yD
xB−xD

)−yA+yB
yA−yC
xA−xC

− yB−yD
xB−xD

, yE = yA + (xE − xA)(
yA−yC
xA−xC

).

Point F has coordinates given by

xF =
xC(

xC
yC

)+yC−xB(
xB
yB

)−yB
xC
yC

−xB
yB

, yF = yB + (xF − xB)(−xB

yB
).

Point G has coordinates given by

xG =
xA(

yA−yB
xA−xB

)−xC(
yC−yD
xC−xD

)−yA+yC
yA−yB
xA−xB

− yC−yD
xC−xD

, yG = yA + (xG − xA)(
yA−yB
xA−xB

).

Point H has coordinates given by

xH =
xD(

xD
yD

)−xA(
xA
yA

)−yA+yD
xD
yD

−xA
yA

, yH = yA + (xH − xA)(−xA

yA
).

Point I has coordinates given by

xI =
xB(

xB
yB

)+yB+xC(
yC−yD
xC−xD

)−yC
yC−yD
xC−xD

+
xB
yB

, yI = yB + (xI − xB)(−xB

yB
).

Point J has coordinates given by

xJ =
xC(

xC
yC

)+yC+xA(
yA−yB
xA−xB

)−yA
yA−yB
xA−xB

+
xC
yC

, yJ = yC + (xJ − xC)(−xC

yC
).

Point K has coordinates given by
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xK =
xD(

xD
yD

)+yD+xA(
yA−yB
xA−xB

)−yA
yA−yB
xA−xB

+
xD
yD

, yK = yD + (xK − xD)(−xD

yD
).

Point L has coordinates given by

xL =
xA(

xA
yA

)+yA+xC(
yC−yD
xC−xD

)−yC
yC−yD
xC−xD

+
xA
yA

, yL = yA + (xL − xA)(−xA

yA
).

Point M has coordinates given by

xM =
xA(

xA
yA

)+yA−xC(
xC
yC

)−yC
xA
yA

−xC
yC

, yM = yA + (xM − xA)(−xA

yA
).

Point N has coordinates given by

xN =
xB(

xB
yB

)+yB−xD(
xD
yD

)−yD
xB
yB

−xD
yD

, yN = yB + (xN − xB)(−xB

yB
).

Point O has coordinates given by

xO =
xA(

xA
yA

)+yA−xB(
xB
yB

)−yB
xA
yA

−xB
yB

, yO = yA + (xO − xA)(−xA

yA
).

Point P has coordinates given by

xP =
xC(

xC
yC

)+yC−xD(
xD
yD

)−yD
xC
yC

−xD
yD

, yP = yC + (xP − xC)(−xC

yC
).

3. Results

Some simple algebra involving the above equations can verify the following several
results.

Theorem 3.1. E,F,G and H are collinear.

Theorem 3.2. E, I, and K are collinear.

Theorem 3.3. E, J, and L are collinear.

Theorem 3.4. G,M, and N are collinear.

Theorem 3.5. E,O, and P are collinear.

Theorem 3.6. The previous theorems hold if the circle in context is replaced with
an ellipse, a parabola, or a hyperbola.
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Figure 1. E,F,G, and H are collinear.
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Figure 2. The triples of points (E, I,K), (E, J, L), (G,M,N),
and (E,O, P ) are each collinear.
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