
International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 ©IJCDM
Volume 8, 2023, pp. 78-84.
Received October 23, 2023. Published on-line February 14, 2024.
web: http://www.journal-1.eu/
©The Author(s) This article is published with open access1.

A Certain Set of Concyclic Points

Benjamin Lee Warrena 2

University of Binghamton,
4400 Vestel Pkwy E, Binghamton, NY, 13902

e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Abstract. For a given circle, pick four points on that circle, draw a line which
passes through two points, and then draw a line that passes through the other
two points. We show here that the center of that circle, the point where the lines
intersect, and the two midpoints of the chosen pairs of points, all lie on the same
circle. We also show that this circle and several other ones all intersect at the
same point.
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1. Introduction

There are a handful of theorems regarding points in the plane that are concyclic
(lie on the same circle). Perhaps the most well known of which is Lester’s theorem
[1] which states that for any given scalene triangle, the circumcenter, the nine
point center, and the two Fermat points are concyclic. Here, we introduce two
new results on concyclic points determined from a given circle and certain points
chosen on that circle. Additionally, we provide a result regarding where several
related circles intersect at a point.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. Preliminaries

Draw a circle centered at A.
Pick four points on that circle and label them B,C,D,E, such that BC is not
parallel to DE.
Let D be closer to C than B, and let E be closer to B than C.
Let F be the midpoint of B and C, and let G be the midpoint of D and E.
Let the lines BC and DE intersect at point H.
Let L be the midpoint of C and D, and let M be the midpoint of B and E.
Let a circle passing through H and I intersect line CB at a point J and line DE
at a point K.

3. Results

Theorem 3.1. The points A,F,G and H are concyclic.

Proof. Without loss of generality, we can take the primary circle to be the unit
circle in the Cartesian plane given by the equation x2 + y2 = 1, which makes A
have coordinates (0, 0).
The point B satisfies x2

B + y2B = 1, the point C satisfies x2
C + y2C = 1, the point D

satisfies x2
D + y2D = 1, and the point E satisfies x2

E + y2E = 1, and also these points
are chosen such that none are the same and BC is not parallel to DE.
The coordinates of F are given by (1

2
(xB + xC),

1
2
(yB + yC)), and the coordinates

of G are given by (1
2
(xD + xE),

1
2
(yD + yE)).

The line intersecting B and C is given by y− yB = ( yC−yB
xC−xB

)(x− xB), and the line
intersecting D and E is given by y − yD = ( yE−yD

xE−xD
)(x− xD).

The coordinates of H are given by
((xB(

yC−yB
xC−xB

)− yB − xD(
yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1, ( yC−yB
xC−xB

)(((xB(
yC−yB
xC−xB

)−
yB − xD(

yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)− xB) + yB).
The circle that intersects F , G, and H is given by the equation (x−p)2+(y−q)2 =
R2 where
α = xF (yG − yH)− yF (xG − xH) + xGyH − xHyG,
β = (x2

F + y2F )(yH − yG) + (x2
G + y2G)(yF − yH) + (x2

H + y2H)(yG − yF ),
γ = (x2

F + y2F )(xG − xH) + (x2
G + y2G)(xH − xF ) + (x2

H + y2H)(xF − xG), and
δ = (x2

F +y2F )(xHyG−xGyH)+(x2
G+y2G)(xFyH−xHyF )+(x2

H+y2H)(xGyF −xFyG),
and
p = − β

2α
, q = − γ

2α
, and R =

√
β2+γ2−4αδ

2α
.

We then verify that A lies on this circle since p2 + q2 −R2 = δ
α

= [(x2
F + y2F )(xHyG − xGyH) + (x2

G + y2G)(xFyH − xHyF ) + (x2
H + y2H)(xGyF −

xFyG)][xF (yG − yH)− yF (xG − xH) + xGyH − xHyG]
−1

= [((1
2
(xB +xC))

2+(1
2
(yB + yC))

2)(((xB(
yC−yB
xC−xB

)− yB −xD(
yE−yD
xE−xD

)+ yD)(
yC−yB
xC−xB

−
yE−yD
xE−xD

)−1)(1
2
(yD + yE))− (1

2
(xD + xE))((

yC−yB
xC−xB

)(((xB(
yC−yB
xC−xB

)− yB − xD(
yE−yD
xE−xD

) +

yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)− xB) + yB)) + ((1
2
(xD + xE))

2 + (1
2
(yD + yE))

2)((1
2
(xB +

xC))((
yC−yB
xC−xB

)(((xB(
yC−yB
xC−xB

) − yB − xD(
yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1) − xB) +

yB) − ((xB(
yC−yB
xC−xB

) − yB − xD(
yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)(1
2
(yB + yC))) +

(((xB(
yC−yB
xC−xB

)−yB−xD(
yE−yD
xE−xD

)+yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)2+(( yC−yB
xC−xB

)(((xB(
yC−yB
xC−xB

)−
yB−xD(

yE−yD
xE−xD

)+yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)−xB)+yB)
2)((1

2
(xD+xE))(

1
2
(yB+yC))−
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(1
2
(xB + xC))(

1
2
(yD + yE)))][(

1
2
(xB + xC))((

1
2
(yD + yE))− (( yC−yB

xC−xB
)(((xB(

yC−yB
xC−xB

)−
yB − xD(

yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)− xB) + yB))− (1
2
(yB + yC))((

1
2
(xD +

xE)) − ((xB(
yC−yB
xC−xB

) − yB − xD(
yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)) + (1
2
(xD +

xE))((
yC−yB
xC−xB

)(((xB(
yC−yB
xC−xB

) − yB − xD(
yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1) − xB) +

yB)− ((xB(
yC−yB
xC−xB

)− yB − xD(
yE−yD
xE−xD

) + yD)(
yC−yB
xC−xB

− yE−yD
xE−xD

)−1)(1
2
(yD + yE))]

−1

= [((1
2
(xB+xC))

2+(1
2
(((1−x2

B)
1/2)+((1−x2

C)
1/2)))2)(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)−

((1− x2
B)

1/2)− xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
)

+ ((1−x2
D)

1/2))(
((1−x2

C)1/2)−((1−x2
B)1/2)

xC−xB
− ((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
)−1)(1

2
(((1−x2

D)
1/2)+

((1−x2
E)

1/2)))−(1
2
(xD+xE))((

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)−

((1 − x2
B)

1/2) − xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
) + ((1 − x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1)−xB)+((1−x2

B)
1/2)))+((1

2
(xD+xE))

2+(1
2
(((1−x2

D)
1/2)+

((1−x2
E)

1/2)))2)((1
2
(xB+xC))((

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)−

((1 − x2
B)

1/2) − xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
) + ((1 − x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1) − xB) + ((1 − x2

B)
1/2)) − ((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
) −

((1 − x2
B)

1/2) − xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
) + ((1 − x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1)(1

2
(((1−x2

B)
1/2)+((1−x2

C)
1/2))))+(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)−

((1 − x2
B)

1/2) − xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
) + ((1 − x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1)2 + ((

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
) −

((1 − x2
B)

1/2) − xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
) + ((1 − x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1)−xB)+((1−x2

B)
1/2))2)((1

2
(xD+xE))(

1
2
(((1−x2

B)
1/2)+((1−

x2
C)

1/2)))− (1
2
(xB +xC))(

1
2
(((1−x2

D)
1/2)+ ((1−x2

E)
1/2))))][(1

2
(xB +xC))((

1
2
(((1−

x2
D)

1/2) + ((1 − x2
E)

1/2))) − ((
((1−x2

C)1/2)−((1−x2
B)1/2)

xC−xB
)(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
) −

((1 − x2
B)

1/2) − xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
) + ((1 − x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1)−xB)+((1−x2

B)
1/2)))−(1

2
(((1−x2

B)
1/2)+((1−x2

C)
1/2)))((1

2
(xD+

xE))−((xB(
((1−x2

C)1/2)−((1−x2
B)1/2)

xC−xB
)−((1−x2

B)
1/2)−xD(

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)+((1−

x2
D)

1/2))(
((1−x2

C)1/2)−((1−x2
B)1/2)

xC−xB
− ((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
)−1))

+(1
2
(xD+xE))((

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)(((xB(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
)−((1−x2

B)
1/2)−

xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
)+((1−x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
− ((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
)−1)−

xB) + ((1− x2
B)

1/2))− ((xB(
((1−x2

C)1/2)−((1−x2
B)1/2)

xC−xB
)

− ((1−x2
B)

1/2)−xD(
((1−x2

E)1/2)−((1−x2
D)1/2)

xE−xD
)+ ((1−x2

D)
1/2))(

((1−x2
C)1/2)−((1−x2

B)1/2)

xC−xB
−

((1−x2
E)1/2)−((1−x2

D)1/2)

xE−xD
)−1)(1

2
(((1− x2

D)
1/2) + ((1− x2

E)
1/2)))]−1

= 0.
□

Theorem 3.2. The circle passing through A,F,G and H, the circle passing
through A, B, and D, the circle passing through A,C, and E, the circle pass-
ing through B,E, and H, the circle passing through C, D, and H, and the circle
passing through A,L, and M , all intersect at a point.
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Proof. The circle that intersects A,F , G, and H is given by the equation (x −
p)2 + (y − q)2 = R2 where
α = xF (yG − yH)− yF (xG − xH) + xGyH − xHyG,
β = (x2

F + y2F )(yH − yG) + (x2
G + y2G)(yF − yH) + (x2

H + y2H)(yG − yF ),
γ = (x2

F + y2F )(xG − xH) + (x2
G + y2G)(xH − xF ) + (x2

H + y2H)(xF − xG), and
δ = (x2

F +y2F )(xHyG−xGyH)+(x2
G+y2G)(xFyH−xHyF )+(x2

H+y2H)(xGyF −xFyG),
and
p = − β

2α
, q = − γ

2α
, and R =

√
β2+γ2−4αδ

2α
.

The circle that intersects A,B, and D is given by the equation (x−p1)
2+(y−q1)

2 =
R2

1 where
α1 = xA(yB − yD)− yA(xB − xD) + xByD − xDyB,
β1 = (x2

A + y2A)(yD − yB) + (x2
B + y2B)(yA − yD) + (x2

D + y2D)(yB − yA),
γ1 = (x2

A + y2A)(xB − xD) + (x2
B + y2B)(xD − xA) + (x2

D + y2D)(xA − xB), and
δ1 = (x2

A+y2A)(xDyB−xByD)+(x2
B+y2B)(xAyD−xDyA)+(x2

D+y2D)(xByA−xAyB),
and
p1 = − β1

2α1
, q1 = − γ1

2α1
, and R1 =

√
β2
1+γ2

1−4α1δ1

2α1
.

The circle that intersects A,C, and E is given by the equation (x−p2)
2+(y−q2)

2 =
R2

2 where
α2 = xA(yC − yE)− yA(xC − xE) + xCyE − xEyC ,
β2 = (x2

A + y2A)(yE − yC) + (x2
C + y2C)(yA − yE) + (x2

E + y2E)(yC − yA),
γ2 = (x2

A + y2A)(xC − xE) + (x2
C + y2C)(xE − xA) + (x2

E + y2E)(xA − xC), and
δ2 = (x2

A+y2A)(xEyC−xCyE)+(x2
C+y2C)(xAyE−xEyA)+(x2

E+y2E)(xCyA−xAyC),
and
p2 = − β2

2α2
, q2 = − γ2

2α2
, and R2 =

√
β2
2+γ2

2−4α2δ2

2α2
.

The circle that intersects B, E, and H is given by the equation (x−p3)
2+(y−q3)

2 =
R2

3 where
α3 = xB(yE − yH)− yB(xE − xH) + xEyH − xHyE,
β3 = (x2

B + y2B)(yH − yE) + (x2
E + y2E)(yB − yH) + (x2

H + y2H)(yE − yB),
γ3 = (x2

B + y2B)(xE − xH) + (x2
E + y2E)(xH − xB) + (x2

H + y2H)(xB − xE), and
δ3 = (x2

B+y2B)(xHyE−xEyH)+(x2
E+y2E)(xByH−xHyB)+(x2

H+y2H)(xEyB−xByE),
and
p3 = − β3

2α3
, q3 = − γ3

2α3
, and R3 =

√
β2
3+γ2

3−4α3δ3

2α3
.

The circle that intersects C, D, and H is given by the equation (x− p4)
2 + (y −

q4)
2 = R2

4 where
α4 = xC(yD − yH)− yC(xD − xH) + xDyH − xHyD,
β4 = (x2

C + y2C)(yH − yD) + (x2
D + y2D)(yC − yH) + (x2

H + y2H)(yD − yC),
γ4 = (x2

C + y2C)(xD − xH) + (x2
D + y2D)(xH − xC) + (x2

H + y2H)(xC − xD), and
δ4 = (x2

C+y2C)(xHyD−xDyH)+(x2
D+y2D)(xCyH−xHyC)+(x2

H+y2H)(xDyC−xCyD),
and
p4 = − β4

2α4
, q4 = − γ4

2α4
, and R4 =

√
β2
4+γ2

4−4α4δ4

2α4
.

One can then easily verify that all of these intersect at the point I given by (xI , yI)
where
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xI =
(2q1−2q)(R2

2−R2
3+p23+q23−p22−q22)−(2q3−2q2)(R2−R2

1+p21+q21−p2−q2)

(2q3−2q2)(2p−2p1)−(2q1−2q)(2p2−2p3)
and

yI =
R2−R2

1+p21+q21−p2−q2+xI(2p−2p1)

2q1−2q
.

It follows by changing the pairs of lines through B,C,D, and E that the circle
passing through A,L, and M also passes through I. □

Theorem 3.3. H, I, J , and K are concyclic if and only if JB : JC = KE : KD.

Proof. Let J be a point on the line CB. J has coordinates (xJ , yJ) where xJ and
yJ satisfy yJ − yB = ( yC−yB

xC−xB
)(xJ − xB).

Now let K be a point on the line DE with coordinates (xK , yK) where xK and
yK satisfy yK − yD = ( yE−yD

xE−xD
)(xK − xD).

Suppose that JB : JC = KE : KD. This forces the constraint that xK−xE

xK−xD
=

xJ−xB

xJ−xC
⇐⇒ xK = (xE − xD(

xJ−xB

xJ−xC
))(1− xJ−xB

xJ−xC
)−1.

The circle that intersects H, I, and J is given by the equation (x−p5)
2+(y−q5)

2 =
R2

5 where
α5 = xH(yI − yJ)− yH(xI − xJ) + xIyJ − xJyI ,
β5 = (x2

H + y2H)(yJ − yI) + (x2
I + y2I )(yH − yJ) + (x2

J + y2J)(yI − yH),
γ5 = (x2

H + y2H)(xI − xJ) + (x2
I + y2I )(xJ − xH) + (x2

J + y2J)(xH − xI), and
δ5 = (x2

H + y2H)(xJyI − xIyJ) + (x2
I + y2I )(xHyJ − xJyH) + (x2

J + y2J)(xIyH − xHyI),
and
p5 = − β5

2α5
, q5 = − γ5

2α5
, and R5 =

√
β2
5+γ2

5−4α5δ5

2α5
.

One can then easily verify that K indeed lies on this circle since it can be shown
that (xK − p5)

2 + (yK − q5)
2 − R2

5 = 0 by substituting all the above terms and
carrying out the algebra.
On the other hand, supposing that H, I, J and K are concyclic, we observe by
the above algebra cannot be carried out unless xK and yK are related as xK =
(xE −xD(

xJ−xB

xJ−xC
))(1− xJ−xB

xJ−xC
)−1 ⇐⇒ xK−xE

xK−xD
= xJ−xB

xJ−xC
which indicates that indeed

we must have the equality JB : JC = KE : KD.
□
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Figure 1. The points A,F,G and H are concyclic (they lie on
the same circle).

Figure 2. The circle passing through A,F,G and H, the cir-
cle passing through A, B, and D, the circle passing through A,C,
and E, the circle passing through B,E, and H, the circle passing
through C, D, and H, and the circle passing through A,L, and M ,
all intersect at point I.
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Figure 3. H, I, J , and K are concyclic if and only if JB : JC =
KE : KD.
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