International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 (©IJCDM

Volume 8, 2023, pp. 78-84.

Received October 23, 2023. Published on-line February 14, 2024.
web: http://www. journal-1.eu/

(©The Author(s) This article is published with open access'.

A Certain Set of Concyclic Points

BENJAMIN LEE WARREN® 2
University of Binghamton,
4400 Vestel Pkwy E, Binghamton, NY, 13902
e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Abstract. For a given circle, pick four points on that circle, draw a line which
passes through two points, and then draw a line that passes through the other
two points. We show here that the center of that circle, the point where the lines
intersect, and the two midpoints of the chosen pairs of points, all lie on the same
circle. We also show that this circle and several other ones all intersect at the
same point.
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1. INTRODUCTION

There are a handful of theorems regarding points in the plane that are concyclic
(lie on the same circle). Perhaps the most well known of which is Lester’s theorem
[1] which states that for any given scalene triangle, the circumcenter, the nine
point center, and the two Fermat points are concyclic. Here, we introduce two
new results on concyclic points determined from a given circle and certain points
chosen on that circle. Additionally, we provide a result regarding where several
related circles intersect at a point.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. PRELIMINARIES

Draw a circle centered at A.

Pick four points on that circle and label them B,C, D, FE, such that BC' is not
parallel to DFE.

Let D be closer to C' than B, and let E be closer to B than C.

Let F' be the midpoint of B and C, and let G be the midpoint of D and E.

Let the lines BC and DFE intersect at point H.

Let L be the midpoint of C' and D, and let M be the midpoint of B and E.

Let a circle passing through H and [ intersect line C'B at a point J and line DFE
at a point K.

3. RESULTS
Theorem 3.1. The points A, F,G and H are concyclic.

Proof. Without loss of generality, we can take the primary circle to be the unit
circle in the Cartesian plane given by the equation 2% + 3% = 1, which makes A
have coordinates (0, 0).

The point B satisfies 2% + y% = 1, the point C satisfies 22 + y2 = 1, the point D
satisfies 7% +y% = 1, and the point E satisfies 2% +y% = 1, and also these points
are chosen such that none are the same and B(C' is not parallel to DFE.

The coordinates of F' are given by ( (xp + x¢0), L 5(yB +¥yc)), and the coordinates
of G are given by (3(zp + zp), 2(yD +yE)).

The line intersecting B and C'is given by y — yp = (Y2<=2E)(x — xg), and the line

To—2TRB
YEAD ) (x — xp).

intersecting D and F is given by y — yp = (
The coordinates of H are given by

(o522 — yp — (L) 4 yp) (Hek — Lot 1, (Ut ((pp(LE=t) —

ro—ITR
ys — Tp($=22) +yp) (3= — 22=32) ") —w8) + yn).

The circle that intersects F', G, and H is given by the equation (z—p)?+(y—q)* =
R? where

a=rp(ye —yu) — yr(Te — ) + ey — Tuya,

B = (a% +yp)(yu — ya) + (@4 + &) (e — yu) + (@5 + vi) (v — yr),

v = (2% +yp)(we — wn) + (2% + y&) (xn — xr) + (25 + yi) (2r — 26), and

0 = (2% +yi) (@nye —veym) + (28 +ye) (@ryn —vnyr) + (25 +yh) (Tayr — Tryc),
and

B24+~y2—4aé
p:—%,q——— and R = Y———.

We then verify that A lies on this circle since p? + ¢ — R? =
= (=% + v#)(@rye — zeyn) + (2g + y&) (Tryn — Tayr) +
rpye)ller(ye — yu) — yr(te — xn) + Tayn — tayel

= [((G(zB+20))* + (5(y8 +y0)*) ((2p(E=EE) —yp — xp(2EZER) + yp ) (Lo=2E

To—TR TEp—Xp ) rCc—IB
202 ) 1) (5(yp +yE)) — (3(2D +fvE))((i§iii)(((afB(§§*ii) yB — ID(iﬁ =)+
yp) (2=t — 222) ™) — ap) +yp)) + ((3(@p + 26))* + (3(yp +yp)*) ((5(25 +
xo))((l/c—yB)(((xB(yC:yB) —yg — xD(yE:yD> + yD)(yC:yB _ YE— yD) 1) _ xB) +

3
( y?{)(xGyF -

To—TR v To—TR 3 TEp—TpD - o x_B :cE—:ch
yp) — ((wp(£222) — yp — ap(LE2E2) + yp) (L2 — 22290 ) ") (S(yp + yo))) +
((rp(2=22 ) —yp—wp (L2242 ) 4yp ) (Le-2E — BEUD )= )24 ((LCUB ) (7 p(20=20 ) —

yp—ap(LE) +yp) (Y=t — LR ) ) — ) +yp)*) (5 (zp+28)) (5 (Ys +yc)) —
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(35 +20)) 5y +yp)(5 (@5 + 20)((5(yp +yr)) — (L22)(wp(22222) -

:cc B

yp — xp(LE=ER) 4+ yp) (222 — ;’gii’;)‘l) —xp)+ys) — (3(yp + yc))g(c(c (fUD +

8

p)) = (2p(2222) — yp — wp(LE222) + yp) (422 — 22202)71)) + (3(ap +
2p))((Ye=2) ((25(Ye=UL) — yp — xp(YEZYR) 4 yp)(YC=be _ YE=UD)=1) _ 40) 4

To—TB TCc—TB 7 TE—TD B TC—Ip iEE—lmD L
B) — (ep(4222) —yp — wp(L=22) + yp) (4222 — 22222) ") (5 (yp + ye))]™
[

(3zp+e) P+ ((L-23)Y2) +(1-22)Y2)) ((zp(C2 D0 D)

TCc—ITB

<

1—22)1/2 1—x2)1/2
((1 )1/2) l’D((( £)7%)—-(A-=%) ))

TE—TD

(1 — ) V/2)) (L Oel ) (O (O 8y 1y (1((1— 2%,)1/2) +
1/2 1 (1—22)1/2)—((1-2%)'/?) (1—22)1/2)—((1-2%)'/?) .
(1—2%)Y2)) = (zp+28))(( ) (5 )
2 TOo—TRB TCo—ITRB
1— 1/2 1—x2.)1/2 1—22)1/2)_((1—22,)1/2
(1 = a3)?) — (L)) (1 — g2 (Ql DO )
1/2
(- %” OB )1y ) (=23 Y2) + (B (ap+ae) 2+ (A (1—a2)2) +

TE—XD
(=) 2)P)(Glep+ ) (U2 i) (ap( Mt i)
((1 $2 )1/2) ( 2)1/2 ( 1/2) (1 IQ )1/2)
(1= ) — oo P (=) e
Tl DBl N1y ) + (1 — 23)2)) — ((wp(“ ep) )y
xEl/xZD (1=22)1/2)—((1—a2))1/2) 2 \1/2yy (0 gi%)x(u 2)1/2)
(1 — 2%)Y/2) — zp( -« ) + (1 — 2%)2))( -
(1—a3)/?)—((1-=})"/? ))—1)( (((1— xB)1/2)+(( )1/2))))+((($B (- $C)1/2) (1—a% )1/2))_
TE—TD :vc—z
1—x2)1/2 1—x2)1/2 1— x 1/2 1—x2,)1/2
((1— )1/2) Tp ((( 7) xE) i(D b) )) ((1_x2D)1/2))((( x)_i( B
((1— )1/2) z%)Y/ ) ) (( (1-z2)V/?)—((1-2% 1/2))(((3: (Q1—z2)V/?)—((1-2%)'/?)
x T m x B( T TR ) -
EI/ZD (1-22)1/2)—((1—22)! C ’ 2 7172y (1 1%) (1—a})'/?)
(1 — %)) - ol DOl 0y (1 - a3 12)) (e = -
1/2
L )x,i OB T) 1) )+ (L-a%)2)2) (b (eptoe)) (((1—a%)2)+ (1
7)) = (o + 20 (G(((1 = ah) V) + (1= a3) >>>>H<%<x3/+xc>><<%g<<1—
(1—a2)/?)—((1-a%)'/?) (1—z2)Y2)—((1—a%)1/2)
7))+ (1= a})'2) = (e 20 (2 () )y
1/2 N (1—a3)'/?)—((1—2}) 2 2\1/2 1/cz) (- ap)'/?)
(1 — %)) - ol DU D) (1 — a3 1/2)) (G2l -
1/2y_
(el b)) =1y ) (1-a%)12)) = (S (1)) +(1—22) V) (A (ap+
1.'171/2 1:1:1/2 19:1/2 1—z2)1/2
v5))—((x < ) I Om) Oy (1—a)V?) —ap (2R D202 Dy (-
%) ))( 22)V/?)—((1-2%)1/?) (- z2)V/2)—((1- :vD)l/Q))_ ))
TCc—TRB TE—ZD
1 (1—22)/?)—((1-2%)1/?) (1—22)/?)—((1-2%)'/?) 1/2
<2<xD+:cE>><< ) (5 e )— ((1—a%)1/2) -
—22)V/2)—((1-2%)1/?) 2\1/2\)( ((1—= 2V —((1—= )1/2) (1—22)1/2)— ((1 z2)1/2)
(U=l I Cep) Ty 4 (g2 )1/2)) (e D) ))—
vm) + (1= 23)2) — (( <<“‘w%>”2>‘<“‘m23>”2>3 B o
B
TOo—TRB
. . 1/2 (1-22)V/?)—((1-2%)1/?) _..23\1/2 ((l—w%)l/Q)—((l—rQB)l/Q)_
((1—2%)"2) —2p( )+ ((1—a2)2))(
TE—TpD TC—IB
1_w2 1/2 :E 1/2 _ _
R TG = ) )+ (- ) V)]

4

Theorem 3.2. The circle passing through A, F,G and H, the circle passing
through A, B, and D, the circle passing through A,C, and E, the circle pass-
ing through B, E, and H, the circle passing through C, D, and H, and the circle
passing through A, L, and M, all intersect at a point.
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Proof. The circle that intersects A, F'; G, and H is given by the equation (z —
PP+ (y— ) = RE where

a=zr(yc —yu) — yr(Tc — Ty) + TeyYn — TuYa,

B = (e + i)y — ye) + (2& + y&) (yr — yn) + (¢3 + yi) (e — yr),

v = (2% +yp)(ee —xn) + (28 + y&) (@m — o) + (2% + yh) (@F — 2¢), and

0 = (eh+yE)(@nye —reyn) + (@& +ye) @ryn —vnyr) + (@4 +yi) (Teyr —Tryc),

and
v/ B2+72—4ad
2 :

pP=—9-,0=—5,and R =

The circle that intersects A, B, and D is given by the equation (z—p;)?+(y—q1)? =
R? where

a1 = za(ys — yp) — ya(rs — Tp) + TYp — TpYB,

B = (2% +y2)(yp —ys) + (v5 + y%)(ya — yp) + () + y5) (Y — ya),

= (2% +yA)(xs — 2p) + (2% + yi)(xp — xa) + (2] + yp) (24 — 25), and

01 = (2% +vy4)(@pys —28Yp) + (2% +y5) (xayp —2pya) + (zh +yb) (¥BYa —TaYB),

and
\/ Bi+i—4ondy

2001

_ _ 5 _ _m _
P1= e = a0 and Ry =

The circle that intersects A, C, and F is given by the equation (z—ps)?+(y—q2)* =
R where

g = 2A(Yo — yr) — ya(zc — TE) + Tcyr — TEYC,

B = (2% +y3)(ye — yo) + (8 + y&)(ya — yr) + (v + y3) (Yo — ya),

Y2 = (2% +y3)(rc — ap) + (a8 + y&)(vp — va) + (v + yE) (24 — 7¢), and

02 = (x% +y2) (weyc —xcye) + (28 +y&) (Taye — xpya) + (25 +y5) (Teya — Tayce),

and
2 2
_ B _ 7 _ /Bt —4anbs
D2 = 2a27QQ - 203 a‘nd RQ - 2009 .

The circle that intersects B, E, and H is given by the equation (z—p3)?+(y—q3)* =
R? where

a3 = r3(ys — yu) — yB(Te — TH) + TeYH — THYE,

Bs = (23 + yp) (yar — ye) + (v +y&)(ys — yr) + (v% + y3) (Ye — yB),

73 = (v} +yp)(ee — 2m) + (v% + y3)(xa — xB) + (2% + yy)(xs — vg), and

03 = (3 +yp)(wnye —reyn)+ (5 +y5) (syn —ruys) + (2% +yi) (Tpys —2BYR),

and
2 2
_ _Bs _ _ s _ V/B3+r3—4aszds
b3 = 2037 qs = 2037 and R3 - 203 .

The circle that intersects C', D, and H is given by the equation (z — p4)? + (y —
q1)? = R? where

oy = 2c(Yp — yu) — yo(rp — ru) + Tpyn — TuYp,

By = (2g +y2)(yn — yp) + (&b + yb) (e — ym) + (z3 + yi) (yp — o),

v = (a¢ +y¢)(@p — xu) + (¢h + yp) (e — xc) + (23 + y) (wc — zp), and

0y = (23 +ye)(xryp—rpym) + (2 +yp) (Toyn —rnye) +(@h +yi) (pyc —cyp),

and
2 2
_ _ Da _ _m _ VBityi—4eads
Ps = 2a47Q4— 207 a‘nd R4_ 204 .

One can then easily verify that all of these intersect at the point I given by (x7, ys)
where



BENJAMIN LEE WARREN 82

(21—24) (B3~ 3 +p3+05 —p3—a3)— (2a3—24) (R~ Ri+pi+ai—p"—a®) 0 4

Tr= (2q3 2q2)(2p 2p1)—(2q1—29)(2p2—2p3)
R?—Ri+pi+qi—p’—¢’+1(2p—2p1)
Yr = 2q1—2q
It follows by changing the pairs of lines through B,C, D, and E that the circle
passing through A, L, and M also passes through I. O

Theorem 3.3. H,I,J, and K are concyclic if and only of JB : JC = KE : KD.

Proof. Let J be a point on the line C'B. J has coordinates (z;,y;) where x; and

ys satisty y; —yp = (25=22)(z) — zp).

Now let K be a point on the line DE with coordinates (zx,yr) where zx and

yx satisfy yx —yp = (22222)(zx — zp).

Suppose that JB : JC = KE : KD. This forces the constraint that J5="2 =

T = wx = (vp —ap(PR))(1 - 2E) 7L

The circle that intersects H, I, and J is given by the equation (z—ps)?+(y—¢s)* =
R? where

as = ry(yr — ys) — ya(rr — x5) + Ty — T5y1,

Bs = (@ +yi)(ys — yr) + (@7 + yP) (yr — o) + (@ +y7) (yr — yu),

Vs = (vh +yi) (vr — xy) + (27 + y7) (x5 — 2n) + (27 + y5) (xn — 21), and

05 = (o3 + i) (@oyr — 2rys) + (27 + y7) (@ays — v5ym) + (25 +y5) (21ys — 2ayr),

and
and R — V 55"‘75 40’565

Ps = —3, o, 5 = o) o

One ca121 then ea3112y verify that K 1ndéed lies on this circle since it can be shown
that (zx — ps)? + (yx — ¢5)*> — R2 = 0 by substituting all the above terms and
carrying out the algebra.

On the other hand, supposing that H,I,J and K are concyclic, we observe by
the above algebra cannot be carried out unless zx and ygx are related as rx =
(rp—ap(P=52))(1— P=52) 71 <= $E=1E = 2728 which indicates that indeed

Tj—TC TK—TD Tj—xC

we must have the equality JB : JC = KE" K D.

g
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a//

FIGURE 1. The points A, F,G and H are concyclic (they lie on
the same circle).

FIGURE 2. The circle passing through A, F,G and H, the cir-
cle passing through A, B, and D, the circle passing through A, C,
and F, the circle passing through B, E, and H, the circle passing
through C, D, and H, and the circle passing through A, L, and M,
all intersect at point I.
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FiGURE 3. H,I,J, and K are concyclic if and only if JB : JC =
KE : KD.
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