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Abstract. We show in a certain construction of a given quadrilateral that the
concurrence of several Newton lines of smaller quadrilaterals concur at a point
that lies on the Newton line of the main quadrilateral.
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1. INTRODUCTION

Newton’s theorem [1] states that in a given non-rhomic tangential quadrilateral,
the center of the incircle lies on the Newton line (the line formed by the midoints
of the diagonals).

Here we construct a quadrilateral, pick and point in the plane, and form four
quadrilaterals between that point, the vertices, and the midpoints of the quadri-
lateral. If we then draw the Newton lines of these smaller quadrilaterals and form
the diagonals of the parallelogram formed by the intersections of the Newton lines,
it turns out that the point where these diagonals intersect lies on the Newton line
of the original quadrilateral.
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2. RESULTS

Theorem 2.1. Let JABCD be any given quadrilateral.

Let E be the midpoint of A and B, F be the midpoint of B and C, G be the
midpoint of C' and D, and H be the midpoint of A and D.

Let I be any given point.

Let the Newton Lines of JAEIH, OBFIE, OCGIF, and OGDHI intersect at
points R, S, T, and U.

Let the diagonals of JRSTU intersect at point V.

Then V' lies on the Newton line of JABCD.

Proof. Let J be the midpoint of A and I, and let K be the midpoint of £ and H.
Let L be the midpoint of ' and F', and let M be the midpoint of B and I.

Let N be the midpoint of C' and I, and let O be the midpoint of F' and G.

Let P be the midpoint of G and H, and let ) be the midpoint of D and I.

Let W be the midpoint of A and C, and let Z be the midpoint of B and D.

Let A have cartesian coordinates given by (z4,y4).

Let B have cartesian coordinates given by (xg,yg).

Let C have cartesian coordinates given by (z¢, yc).

Let D have cartesian coordinates given by (xp,yp).

Let I have cartesian coordinates given by (zr,yr).

E has coordinates given by (3(z4 + z5), 2(ya + yg))

F has coordinates given by (3(zp + z¢), 2 (yp + yc)).

G has coordinates given by (3 (z¢c + zp), 3(yc + yp))

H has coordinates given by (5(za + zp), 3(ya + yp))-

J has coordinates given by (5(z4 + x[) 5(ya+yr)).

K has coordinates given by (%(xE + =2 ( T4+ D)), %(yE + %(yA +yp)))-

L has coordinates given by (%(%(xA—FQ:B)—F%(a:B—i-xc)), 5(3(Watys)+3(ys+yo)))-
M has coordinates given by (3(zp + 1), 3(ys + ur)).

N has coordinates given by (1(z¢ + z/), %(yc +yr)).

O has coordinates given by (5(3(zp+2c)+35(zc+2p)), 3(5(Ys+yc)+35 (Yc+yp))).
P has coordinates given by (3(3(zc+zp)+3(za+2p)), 3(53(Yc+yp)+3(yat+yn))).
@ has coordinates given by ((zp + z;), 2(yD +yr)).

R has coordinates given by

o [N =R

ol

YL—YMm YJI-YK YL—YMm YJI-YK
yr—yrtar(g =g, )% (EJ o) yr—yrtar(g =g )% (IJ o) YI—UK
( YL—YM _ YJITYK 7y<]+ ( YL-YM _ YJTYK _xj)(mjfng))‘
TLTEN T TCK TLTTN T JTR
S has coordinates given by
nyyLﬂL(i’fiiﬁ)fo(;’ﬁiig) YN — yﬁu(i‘i g]]‘é) TN (zz:zg) YN —Y0
( YL—YM _ YN—YO y YN ( YL—YM YN —YO - xN)(fomo))'
T has coordinates given by
Yyp—y - Yyp—y -
yv—yptap(co— o) —en (FA=10) yv—yptap(co—2)—en (FA=12) Iy o
( YP—YQ _yN Y0 YN + ( YP—YQ YN Y0 - xN)(ng—xO>>'
U has coordinates given by
yp—yY — yp—y —
yJ—yP-HUP(zP_IZ)—x (i’j_Z’;) yr—yp+zp (- zg) x (i’j_iﬁi) o
( YPYQ _ yj UK yYJg yp— yQ_yJ—yK _J”J)(zjka))‘

One can then verify that V' has coordinates given by

(3GG(xa +20) + 5(xp + ), 5(5(ya +yo) + 5(ys +yp)))

which is the midpoint of W and Z, so indeed V lies on the Newton line of HJABC' D
(moreover V' is the midpoint of the diagonals of DABCD). U
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FIGURE 1. The Newton lines (in orange) of JAEIH, OBFIE,
OCGIF, and LOJGDHI intersect at points R, S, T, and U, and the
point V' where the diagonals of LJRST'U meet lies on the Newton
line (in green) of DABCD.
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