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Abstract. We determine that three certain points constructed in a given quadri-
lateral are collinear.
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1. Introduction

Perhaps the most well known result regarding collinear points in a quadrilateral is
Newton’s theorem [1], which states that in a non-rhombic quadrilateral that has
a given inscribed circle, the center of that incircle and the midpoints of the diag-
onals all lie on a straight line. There are not very many results in plane geometry
besides this one relating collinear points in a quadrilateral.
Here, we prove a new result regarding collinear points in a quadrilateral. Suppose
we split up the edges of the quadrilateral into fourths, and determine their respec-
tive midpoints around the vertices. Then the point of intersection of the diagonals
of those points, the point of intersection of the diagonals of the quadrilateral, and
the point of intersection of the diagonals of the midpoints, all lie on the same line.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. Preliminaries

Let A,B,C and D be the vertices arranged counterclockwise of a given quadri-
lateral.
Let E be the midpoint of A and B.
Let F be the midpoint of B and C.
Let G be the midpoint of C and D.
Let H be the midpoint of A and D.
Let I be the midpoint of A and E.
Let J be the midpoint of B and E.
Let K be the midpoint of B and F .
Let L be the midpoint of C and F .
Let M be the midpoint of C and G.
Let N be the midpoint of D and G.
Let O be the midpoint of D and H.
Let P be the midpoint of A and H.
Let Q be the midpoint of J and K.
Let R be the midpoint of L and M .
Let S be the midpoint of N and O.
Let T be the midpoint of I and P .
Let line AC intersect line BD at U .
Let line EG intersect line FH at V .
Let line QS intersect line RT at W .

3. Results

Theorem 3.1. U, V, and W are collinear.
Moreover, W is the midpoint of U and V .

Proof. Let the cartesian coordinates of A,B,C, and D be given respectively by
(xA, yA), (xB, yB), (xC , yC), and (xD, yD).
The coordinates of E are given by (1

2
(xA + xB),

1
2
(yA + yB)).

The coordinates of F are given by (1
2
(xB + xC),

1
2
(yB + yC)).

The coordinates of G are given by (1
2
(xC + xD),

1
2
(yC + yD)).

The coordinates of H are given by (1
2
(xA + xD),

1
2
(yA + yD)).

The coordinates of I are given by (1
2
(xA + 1

2
(xA + xB)),

1
2
(yA + 1

2
(yA + yB))).

The coordinates of J are given by (1
2
(xB + 1

2
(xA + xB)),

1
2
(yB + 1

2
(yA + yB))).

The coordinates of K are given by (1
2
(xB + 1

2
(xB + xC)),

1
2
(yB + 1

2
(yB + yC))).

The coordinates of L are given by (1
2
(xC + 1

2
(xB + xC)),

1
2
(yC + 1

2
(yB + yC))).

The coordinates of M are given by (1
2
(xC + 1

2
(xC + xD)),

1
2
(yC + 1

2
(yC + yD))).

The coordinates of N are given by (1
2
(xD + 1

2
(xC + xD)),

1
2
(yD + 1

2
(yC + yD))).

The coordinates of O are given by (1
2
(xD + 1

2
(xA + xD)),

1
2
(yD + 1

2
(yA + yD))).

The coordinates of P are given by (1
2
(xA + 1

2
(xA + xD)),

1
2
(yA + 1

2
(yA + yD))).

The coordinates of Q are given by
(1
2
(1
2
(xB + 1

2
(xA + xB)) +

1
2
(xB + 1

2
(xB + xC))),

1
2
(1
2
(yB + 1

2
(yA + yB)) +

1
2
(yB +

1
2
(yB + yC)))).

The coordinates of R are given by
(1
2
(1
2
(xC + 1

2
(xB + xC)) +

1
2
(xC + 1

2
(xC + xD))),

1
2
(1
2
(yC + 1

2
(yB + yC)) +

1
2
(yC +

1
2
(yC + yD)))).
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The coordinates of S are given by
(1
2
(1
2
(xD + 1

2
(xC + xD)) +

1
2
(xD + 1

2
(xA + xD))),

1
2
(1
2
(yD + 1

2
(yC + yD)) +

1
2
(yD +

1
2
(yA + yD)))).

The coordinates of T are given by
(1
2
(1
2
(xA + 1

2
(xA + xB)) +

1
2
(xA + 1

2
(xA + xD))),

1
2
(1
2
(yA + 1

2
(yA + yB)) +

1
2
(yA +

1
2
(yA + yD)))).

The coordinates of U are given by

(
yB−yA+xA(

yA−yC
xA−xC

−xB(
yB−yD
xB−xD

))

yA−yC
xA−xC

− yB−yD
xB−xD

, yA + (
yB−yA+xA(

yA−yC
xA−xC

−xB(
yB−yD
xB−xD

))

yA−yC
xA−xC

− yB−yD
xB−xD

− xA)(
yA−yC
xA−xC

)),

The coordinates of V are given by

(
yF−yE+xE(

yE−yG
xE−xG

−xF (
yF−yH
xF−xH

))

yE−yG
xE−xG

− yF−yH
xF−xH

, yE + (
yF−yE+xE(

yE−yG
xE−xG

−xF (
yF−yH
xF−xH

))

yE−yG
xE−xG

− yF−yH
xF−xH

− xE)(
yE−yG
xE−xG

)).

The coordinates of W are given by

(
yR−yQ+xQ(

yQ−yS
xQ−xS

−xR(
yR−yT
xR−xT

))

yQ−yS
xQ−xS

− yR−yT
xR−xT

, yQ + (
yR−yQ+xQ(

yQ−yS
xQ−xS

−xR(
yR−yT
xR−xT

))

yQ−yS
xQ−xS

− yR−yT
xR−xT

− xQ)(
yQ−yS
xQ−xS

)).

By substituting in the above values, one can then algebraically verify that W is
the midpoint of U and V .

□

In general we have the following result.

Theorem 3.2. Let A1 be a point on the line AT .
Let B1 be the point on line BQ such that BB1 : QB1 = AA1 : TA1.
Let C1 be the point on line CR such that CC1 : RC1 = AA1 : TA1.
Let D1 be the point on line DS such that DD1 : SD1 = AA1 : TA1.
Let line A1C1 intersect line B1D1 at point α.
Then U, V and α are collinear.
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Figure 1. U, V, and W are collinear.
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