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Abstract. We determine that three certain points constructed in a given quadri-
lateral are collinear.
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1. INTRODUCTION

Perhaps the most well known result regarding collinear points in a quadrilateral is
Newton’s theorem [1|, which states that in a non-rhombic quadrilateral that has
a given inscribed circle, the center of that incircle and the midpoints of the diag-
onals all lie on a straight line. There are not very many results in plane geometry
besides this one relating collinear points in a quadrilateral.

Here, we prove a new result regarding collinear points in a quadrilateral. Suppose
we split up the edges of the quadrilateral into fourths, and determine their respec-
tive midpoints around the vertices. Then the point of intersection of the diagonals
of those points, the point of intersection of the diagonals of the quadrilateral, and
the point of intersection of the diagonals of the midpoints, all lie on the same line.
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2. PRELIMINARIES

Let A, B,C and D be the vertices arranged counterclockwise of a given quadri-
lateral.

Let E be the midpoint of A and B.
Let F' be the midpoint of B and C.
Let G be the midpoint of C' and D.
Let H be the midpoint of A and D.
Let I be the midpoint of A and F.
Let J be the midpoint of B and F.
Let K be the midpoint of B and F.
Let L be the midpoint of C' and F.
Let M be the midpoint of C' and G.
Let N be the midpoint of D and G.
Let O be the midpoint of D and H.
Let P be the midpoint of A and H.
Let @@ be the midpoint of J and K.
Let R be the midpoint of L and M.
Let S be the midpoint of N and O.
Let T be the midpoint of I and P.
Let line AC intersect line BD at U.
Let line FG intersect line FFH at V.
Let line @S intersect line RT at W.

3. RESULTS

Theorem 3.1. U, V, and W are collinear.
Moreover, W is the midpoint of U and V.

Proof. Let the cartesian coordinates of A, B,C', and D be given respectively by

(za,ya), (B,YB), (Tc,yc), and (l’D, Yp)-
The coordinates of F are given by ( (xa+xB),

)
The coordinates of F' are given by (%(:r B+ xc),
The coordinates of G are given by ((z¢ + xp),
The coordinates of H are given by %(xA + xD) 5(ya+yp)).
The coordinates of I are given by (2 (x4 (:BA +xp)), Q(yA +3 (yA +yB)))-
The coordinates of J are given by (5(zp (xA +z5)),3(ys + 3 (yA +yg))).
The coordinates of K are given by (%(mB + :(zB + 2¢)), %(yB + 2(ys +yc))).
The coordinates of L are given by (5(x¢ + & (xB +2¢0)), 3(ye + 3 (yB +yc))).
The coordinates of M are given by (% (x¢ + %(xc +p)), 3(ye + 3(We +yp))).
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The coordinates of N are given by (2(zp + 3(zc + 2p)), 3(yp + 3(yc + yn)))-
The coordinates of O are given by (3 (zp + 3(za + zp)), 3(yp + %(yA +yp))).
The coordinates of P are given by (3(za + 2(xa +2p)), 3(ya + 2(ya +yp))).
The coordinates of () are given by

(3(3(zp + 3(wa + 2p)) + 5(z5 + 3(¥s + 20))), 5 (3 (yn + 3(ya + yn)) + 5(y5 +
1

3B +yc))))-

The Coordinates of R are given by

5o + 5@ + 20)) + 5(zo + 5(zc + 20))), 5(5(We + 5(ys + o)) + 5(ye +

(yo + yD))))
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e coordinates of S are given by

1G(@p + (o + 7)) + S(ep + 3(xa + 7)), 3G + $(yo + yp)) + $(yp +

—
=

e coordinates of T are given by
(3(3(wa + 3(wa + 28)) + 3(2a + 3(va + 20))), 5(3(a + 5(ya +y5)) + 5(ya +

3(ya+un))))-

The coordinates of U are given by
yp—yatra(FA=2C —wp(2E=2R)) YB—Yatza

(4220 —ap(2B22D))

TA—TC Tp—Tp TA—TCO rp—xp’/ YA—yYc
( YA—YC _YB—YD y YA ( YA—YC _YB—YD IA)(mAfxc)L
TATZC TBTZID TATZC ZTBTZID
The coordinates of V' are given by
yr—yptaep(E=10 —op(FE1) yr—yptaep(E=10 —op(FE1) I
( YE—YG YF—YH Y YE ( YE—YG YF—YH - xE)(;pEfo))
TE-*G ZTFTTH TE-*G ZTFTTH
The coordinates of W are given by
yQTYSs YRZYT yQ7Ys YRZYT
yR—yQ-‘rJ?Q(xQ,mS —2Rr(5i=r)) yR—yQ‘*‘v’CQ(xQ,,;S —2R(gp=oy ) vo—vs
( YQ—YS _YyR—vyT » 9Q + ( YQ~YS  Yr—YT - )(JJQ—QCS))'

By substituting in the above values, one can then algebraically verify that W is
the midpoint of U and V.
O

In general we have the following result.

Theorem 3.2. Let Ay be a point on the line AT.

Let By be the point on line BQ such that BBy : QB = AA; : T A;.
Let Cy be the point on line CR such that CC, : RCy = AA; : TA;.
Let Dy be the point on line DS such that DD, : SD; = AA; : TA;.
Let line A,C intersect line B1 Dy at point c.

Then U,V and « are collinear.
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FiGUurRe 1. U,V, and W are collinear.
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