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1. Introduction

In [1], we took a regular n-gon (n ≥ 5) and dissected it into quadrilaterals by a
vertex and the two adjacent vertex midpoints. In particular, we showed that the
Newton lines of these quadrilaterals are concurrent. Here, we provide a general-
ization of this result.

2. Results

Theorem 2.1. Fix the integer n ≥ 5.
Suppose we are given a regular n-gon in the plane.
Let G be any point in the plane.
For each vertex vk, label points ak on the left adjacent edge, and point bk on the
right adjacent edge, such that the distances ak to vk and bk to vk are equal, and
respective distances are the same for all the vertices.
For each k, form the Newton line of the quadrilateral □vkakGbk.
Then the Newton lines of all the quadrilaterals are concurrent.
Moreoever, if we denote this point as α, denote by m(A,B) the midpoint of points
A and B, and denote |AB| as the distance between A and B, then we have that
|m(ak,bk)α|
|m(vk,G)α| = 2(t cos(2π

n
)− t+ 1) where t = |b1v1|

|v2v1| .

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Fix the integer n ≥ 3 with n = 4.
On the Cartesian grid, we have the following.
G has coordinates given by (xG, yG).
vk has coordinates given by (cos(2πk

n
), sin(2πk

n
)).

Fix t ∈ R.
bk has coordinates given by
(cos(2πk

n
) + t(cos(2π(k+1)

n
)− cos(2πk

n
)), sin(2πk

n
) + t(sin(2π(k+1)

n
)− sin(2πk

n
))).

⇐⇒
(cos(2πk

n
)− 2t sin(2πk+π

n
) sin(π

n
), sin(2πk

n
) + 2t cos(2πk+π

n
) sin(π

n
)).

ak has coordinates given by
(cos(2π(k−1)

n
)−2(1−t) sin(2π(k−1)+π

n
) sin(π

n
), sin(2π(k−1)

n
)+2(1−t) cos(2π(k−1)+π

n
) sin(π

n
)).

m(ak, bk) has coordinates given by
(1
2
(2 cos(2πk

n
)+t(cos(2π(k+1)

n
)+cos(2π(k−1)

n
)−2 cos(2πk

n
))), 1

2
(2 sin(2πk

n
)+t(sin(2π(k+1)

n
)+

sin(2π(k−1)
n

)− 2 sin(2πk
n
)))).

⇐⇒
(cos(2πk

n
) + t cos(2πk

n
)(cos(2π

n
)− 1), sin(2πk

n
) + t sin(2πk

n
)(cos(2π

n
)− 1)).

m(vk, G) has coordinates given by (1
2
(xG + cos(2πk

n
)), 1

2
(yG + sin(2πk

n
))).

The Newton line of the quadrilateral □vkakGbk is given by the equation
y = 1

2
(yG+sin(2πk

n
))+(x−1

2
(xG+cos(2πk

n
)))(

sin( 2πk
n

)+t sin( 2πk
n

)(cos( 2π
n
)−1)−( 1

2
(yG+sin( 2πk

n
)))

cos( 2πk
n

)+t cos( 2πk
n

)(cos( 2π
n
)−1)− 1

2
(xG+cos( 2πk

n
))
).

Consider the point α whose coordinates are given by
(
xG(t cos( 2π

n
)−t+1)

2t cos( 2π
n
)−2t+1

,
yG(t cos( 2π

n
)−t+1)

2t cos( 2π
n
)−2t+1

).

We verify that α lies on all the Newton lines since
1
2
(yG+sin(2πk

n
))+(

xG(t cos( 2π
n
)−t+1)

2t cos( 2π
n
)−2t+1

−1
2
(xG+cos(2πk

n
)))(

sin( 2πk
n

)+t sin( 2πk
n

)(cos( 2π
n
)−1)−( 1

2
(yG+sin( 2πk

n
)))

cos( 2πk
n

)+t cos( 2πk
n

)(cos( 2π
n
)−1)− 1

2
(xG+cos( 2πk

n
))
)

− (
yG(t cos( 2π

n
)−t+1)

2t cos( 2π
n
)−2t+1

) = 0.

Moreover, we calculate that
|m(ak,bk)α|
|m(vk,G)α| =√√√√ (cos( 2πk

n
)+t cos( 2πk

n
)(cos( 2π

n
)−1)−(

xG(t cos( 2πn )−t+1)

2t cos( 2πn )−2t+1
))2+(sin( 2πk

n
)+t sin( 2πk

n
)(cos( 2π

n
)−1)−(

yG(t cos( 2πn )−t+1)

2t cos( 2πn )−2t+1
))2

( 1
2
(xG+cos( 2πk

n
))−(

xG(t cos( 2πn )−t+1)

2t cos( 2πn )−2t+1
))2+( 1

2
(yG+sin( 2πk

n
))−(

yG(t cos( 2πn )−t+1)

2t cos( 2πn )−2t+1
))2

=
√
4(t cos(2π

n
)− t+ 1)2 = 2(t cos(2π

n
) − t + 1) which is independent of G and k

as desired.
□

An analogous result holds for triangles in general [2].
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Figure 1.

Figure 2. Result for the cases of regular pentagons and hexagons.
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