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1. INTRODUCTION

The Van Lamoen circle is a curious discovery only made 24 years ago. If you divide
a triangle into six triangles by the three medians, then the six points which are the
circumcenters of a vertex, the centroid, and the vertex midpoints are concyclic,
which is the Van Lamoen circle.

Here we give two generalizations of this theorem and one for the triangle centroid.

2. RESULTS

Theorem 2.1. Let A, B, and C denote the vertices of a given triangle.
Let D be any point in the plane.

Let E be a point on line AD.

Let F' be a point on line BD such that BF : DF = AE : DE.

Let G be a point on line CD such that CG : DG = AE : DE.

Let H denote the midpoint of E and F'.

Let I denote the midpoint of F' and G.

Let J denote the midpoint of E and G.

Then

1. Lines AI, BJ, and C'H are concurrent at point O,

2. AO:10=BO:JO=C0O:HO=2AD : DE, and

3. The line formed between any two values of O (by varying the coordinates of E)
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passes through D.

Proof. The coordinates of A are (0,0).
The coordinates of B are (1,0).
The coordinates of C' are (z¢, yc).

The coordinates of D are (xp,yp).

The coordinates of E are (zg, xEyD)

The coordinates of F' are (zp — 7 + 1, #Z2).

The coordinates of G are (z¢ ( 2)(xp — xc),ye + (£)(yp — yc))-

The coordinates of H are (3(2zp — 22 £ +1), 22,

zp
The coordinates of I are (;(xE——qu—i—x +(E)(zp—zc

)
The coordinates of J are (3(zp + x¢ + (22 2)(xp — zc)), x(
)

) (2mEyD+yc(wD wE)))
2xEyD+yc Tp D:EE)))_

290EyD+yC($D zTE )
zp(2zp— xc( 1)+$Dgwc+1)
2zpyp+yc(zp—zp _
wE(2xD—xc)+zDgEJ;§JE2))(x 1)
. . . . - yc—ﬁ .
Line C'H is given by the equation y = yc + (Icf(%(Qfog%H)))(m To).

. . . _ _ _ 2
We then verify that the point O given by (£¢22 ’”cngg%f;‘“”’ N J; 2EUD )

Line AI is given by the equation y = z(

Line BJ is given by the equation y = (

lies on all three of these lines since we calculate

(l"C'xD*xCxEﬁLQ-'ED‘TE‘HED*xE)( 2rpyp+yc(zp—2R) ) _ (rDyc—fﬂEyc-i-?fﬂEyD) -0
3zp—zg zg(2zp—zc—1)+zp(zc+1) 3rp—rp ’

( 22pyptyc(Tp—2E) ))(wcmp—wcwE+2szE+:vD—:vE -1)— (nyc—xEchr?xEyD) =0,

zg(2zp—zc)t+rp(xc—2 3rp—xE 3xp—xE
and
yc_zgyD rocrp—rcrpt2xprrtrp— TpYc—TEYc+2TxRyY
D CXD—XCTE DTE+ID—XTE __ __ (ZDYc—TE EYD) —
yC+($C ( (2zp— xg—i—l)))( 3rp—TE $C) ( 3zp—2E ) 0.

We next calculate that AO : 10 = BO JO=CO:HO
TOoxTDH— xcccgi-l; achE:cE+xD

- ’ 1 rozp—rorpt2iprptap—Tp ‘

Lon—2E+1tac+(2E)(zp—ac))-

3zp—zg
zozp—Torgt2rprgtTrp—TR _1
— ’ 32p—Tp |
I zczp—tcrpt2zprtptep—cp
L@ptec+(EE ) (@p—20))- e
J:Ca:szCzE+2zDzE+szzE_xc
- | = Iz
— lzgrzp-rorptliprptrp-Tp _ ~ lazp—zgl”
e T@ep—2E 1) p=ip

Now, consider two of the values O and Q) (corresponding to different values of zg)

given respectively by
(wcwD—wca?E-F?mDIE-i-ID—LBE nyC—wac-i-?waD)

3rp—rg ) 3rp—cg

and

(ICID ToTp+2Txprp+Tp—Tp ZTDYc— fL“Pchr?xPyD)
3xp—xp ’ 3xp—xp

The line passing through both of these is given by the equation
_ yp@Bz—zc—1)—yc(z—zp)
y= 3rp—zc—1 :
We then make the observation that the point (zp,yp) is a solution to this, so D

and any two of these points are collinear.

U

The theorem of the triangle centroid is the special case of the previous theorem
where we take F = A.

Theorem 2.2. Let A, B, and C' denote the vertices of a given triangle.
Let D be the midpoint of A and B.
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Let E be the midpoint of A and C.

Let F' be the midpoint of B and C.

Let G denote the centroid.

Let H be a point on line DG.

Let I be the point on line EG such that EI : GI = DH : GH.
Let J be the point on line G such that F'J : GJ = DH : GH.
Let K be the circumcenter of A, G, and H.

Let L be the circumcenter of C, G, and J.

Let M be the circumcenter of A, G, and I.

Let N be the circumcenter of C, G, and I.

Let O be the circumcenter of B, G, and J.

Let P be the circumcenter of B, G, and H.

Then K,L,M,N,O, and P are concyclic, and all such resulting circles are coazal
with axis passing through the centroid.

Proof. A has coordinates (0, 0).
B has coordinates (1, 0).

C' has coordinates (z¢, yco).

D has coordinates (3,0).

E has coordinates (%xc, ch)

I has coordinates (%(xc +1), %yc)-

G has coordinates (3(zc + 1), 3yc).

H has coordinates (zy, %)

I has coordinates (“* (2;2):;3%_1, ycézgjm).
J has coordinates ((xcgli(cxffm), ycéﬁijm)

K has coordinates
( 4xzc.xH+2x%+4mcxH+xc 4:1:Hyc mH+2yC 1 43:CxH+4mc:rHyC chxH+4xHyC+xH 3yc>
6(2zc—1) ’ 6yc(2zc—1)
L has coordinates
( —2x%—2z2C:vH+lO:c20—4xca:H—chyé—i—ch—2$Hy%—2xH+2y%—1
6(2xc—1) ’

$%+$20$H—J?QC+2IC$H+xcy%—2l‘c+l‘Hy%+$H+3y% )

6yc ’

M has coordinates
( —x%—l—xéxH—&—llx%—4mca:H—xcy%+2xc+xHy%+4mH—3
6(2zc—1) )
x‘é,—x%zH—:c?é+3x26a:H+:U2Cy%—3:E2C—xcxHyé—l—chy%—i—zc—zHy%—4$H—y20+2)
6yc (2xc—1) ’

N has coordinates

(2:)350+296%1H+2x2078x01H+210y%+4zc+2xHy%+8xH72y%75
6(2zc—1) )

7:v%fx%zH+3$%+4xcxHf:vcy%f3xcf:rHy%74xH+5y%+2)
6yc )

O has coordinates
(x%f:tzcxHJer%mecxH+xcy%+7chzHy%fo73
6(2zc—1) ’
7x‘é+x%xH+2x%7120y%+xcxHy%73zcxH+4xcy%fzc72xHyg.f2foyé+2)
6yc(2zc—1) '

P has coordinates , )
(4xCxH—2J:C—4xCxH+11J:C+4zHyC+acH—2yC—5
6(2zc—1) )
—4x%xH+4x9C’;+12:c2cxH—12x20—4xcxHy%—9xcxH+4xcy%+9xc+8xHy%+2xH—5y%—2)
6yc (2zc—1) :

Now consider the circle given by the equation
(x — 36 o (22 + 3xtxy — 4ol — 6xday + 22} Y2 + 4ok + 622 x gyl — 62t yd + 1k —
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637(;:16Hy% +3xcxy —k:zccyélJ + 12xcyé —drc+ SIHyé — 1217Hy% —6xy — Qyé + ZOy% +
4))2+(y— m (222 46240y — 87 — 12xd vy +Axdyt + 2023 + 1222 gy2 +
36z xy—1222y% — 3402 —12vcx gyt —30xcr g+ 20yl +3620yE+ 1920+ 62 YL+

2 4 2 2 —41‘209011+2:c20+4a:cxH+zc—4xHy%—J:H+2y%—1
122 5ye — 3xm — 4ye — 20ye + 2))° = ( 6(2z0—1) -

@(m% + 3xéxH — 4:13% — 61‘%@[{ + Qx%y% + 4x% + 626%:13113/(2] — Gx%y% + xzc —

6rorrys + 3.%0:175{ + Tyl 42— 12zcy? — 42:rc + 3:§Hyé — 12xpyd — 6z — 2y4 +
2 2 de>vxgt+drcrgys—3rcrg+irgys+x g —3y 1
QOZ/C + 4)) + ( _— = Syc(ggclfl) AR 36yc(2l‘c—1)<

8xt— 122t w p+4xdyt+200d +120 v pyd 436220y — 1202 y2 — 340t — 12000 gy —
30zcxy + 2xcys + 36xcyd + 1920 + 6yl + 120 5yE — 3z — 4yd — 20y2 +2))2.

203 + 6xtay —

We respectively verify that K, L, M, N, O, and P lie on this circle since we respec-

tively calculate
(—4z%zH+2mé+4mczH+zC—4zHy%—mH+2y%—1 1
6(2zc—1) 36yZ,

423, + 6zt r gyt — 622yt + 14 — 6xcrpyd + 3vcry + voys + 1220yE — dve +
32 1y — 122 jry2 — 6 gy — 2yl + 20y +4))2 4 (A tirornye—Svern Henyiton —3ve

6yc (2zo—1)
: (222 + 6xtoy —8xh — 12zt w gy +4xdyd + 2028 + 1202w gy + 362228 —

(2243wt oy —dxt —6xdory+2xdys+

36yc(2zc—1)

120292 — 3422 —12vcr gy —30rca g +220yt+36x0y2+ 1900 +62 gyt + 120 HYyé —
—Ax2 ry+222 oz g+ro—dr gyt —o 292,—1

Bug — dyd — 20y2 + 2))? — ((—retEet CG(I;xcfl) ML 3611% (zg +

Srbry — Axd — 6xday + 20yl + 4l + 6xlapyl — 62kyd + vk — 6rerpyd +
3rcry + ey + 1200y — dae + 3xpys — 120y — 62y — 2ys + 20y% +4))* +

ded,z g +drcr gyt —3zox g+ic gyi g —3y2
CcvH CTHYC CTH HYc+ZTH—9Yo 1 5 4 B 4 3
( 6yc(2zc—1) 3690 220 —1) (224 +6x¢ry —8vp — 12200y +

4x%y% + QOx% + 12x%xHy(21 + 36x%xH — 12x%y% — 34:10% — 12xCxHy% —30zcxy +
2xcyd + 36xcyd + 1920 + 6yl + 1205yE — 3wy — 4yt — 20y% + 2))?) =0,

(*21%*QI%QCHJrlOJ%*‘WCUC}é(;QwCy126)~+2$c*QIHy%*ZCCHﬂLQy%*l _ 3612 (ZII% + 353%«1’}[ N 4:Eé N
TC— Yo
6ty + 2xdyd + 4ol + 622w gyl — 622y + 24 — 6rerpyt + 3wcry + voyd +
1220yt — 4xc + 3rpys — 1205y2 — 6z — 2yt + 20y2 + 4))?
+ (x%—&-a%xH—x%+2xcaxH+zcy%—2zc+zHy%+$H+3y20 N 1
6yc 36yc (2xc—1)
1203wy + 4xdyd + 202, + 12222 gyd + 362t xy — 1222y2 — 342, — 12200 5y2 —
30zcry + 2x0yl + 36xcyd + 1920 + 6wyl + 1205Y5 — 3wy — 4y — 2003 +
2))2 . (( 7496%111+2:1:2C+4xcxH+xc741Hy%fo+2y%71 1
6(2zc—1) 36y2
2x%y%+4x%+6m%xHy%—6m%y%+x20—GxCxHyS%+3xcxH jxcyé—i-lech%—élec—k
S 120y — G — 2 2008 )P (RS oo
SoroeoT (208 +6x¢wy —8vg — 120t wy +Axdyt + 200 + 1208 @y + 3638w —

1202y% — 3422 —12vcx gyt —30rcx g +220yl+36xcy2+1920+62 gyt +1220 Yyé —
3rg — 4yl — 20y2 +2))?) = 0,

(22 + 6xtay — 8¢ —

(22432t wy —4xlh —6xday+

(—x%—i—x%xH—HleC—4xcacH—xcy%+2xc+xHy%+4xH—3 1 (
6(2zc—1) 36y,
202y + dad + 6xiw gyl — 6xiyl + 2k — 6rorpyd + 3rory + vyl + 12z0y% —
dro + 3epys — 1205y — 6z — 2yt + 20y2 + 4))?
+(x‘éfz%:pHfx%+3x%zH+x%y%f3x%f:vczHy%Jri’»xcy%Jr:vcwayé74:1:Hfy%JrZ_ 1 (2 5 +
6yc (2o —1) Soyc (2ac—1) \“C
6rtoy — 8xd — 1228xy + dadyl + 2028 + 1222 xyy? + 362%xy — 122292 —
34r% — 12xcxpyd — 30xcxy + 20y + 36z0yd + 1920 + 62yl + 1225925 —

rd +3rtry —4xl — 6xiwy +
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4 2 2 —4x%mH+21%+4xcxH+xc—42:Hy%—xH+2y%,—1 1 5
3IH - 4yC - 2090 + 2)) - (( 6(2cc—1) - 36y20 ('IC +

Svbay — Axd — 6xday + 208y + 4ol + 6xtapyl — 62yl + 2k — 6rerpyd +
3rory + oyl + 12z0y% — dxo + 3rpys — 12vy2 — 6xg — 2% + 20y + 4))* +
(4x%xH+4:cca:Hy%—3accxH+4xHy%+a:H—3y% . 1 (
6yc(2zc—1) 36yc(2zc—1)
4ady? + 2022, + 1222w gyt + 3622wy — 120292 — 3422 — 12xcw gy — 30z02H +
2xcyd + 36xcyd + 1920 + 6yl + 120myE — 3y — 4yt — 202 + 2))?) =0,

222+ 6xtwy —8xh — 12zt xy +

( 233%+2:v20$H+2z2c—8$C$H+2xcyé+4$c+2z1_]y%+8zH—2y%—5 1
6(2zc—1) 36y,
202 y% + 4l + 6xiwpyd — 632yE + 1% — 6x0rHYE + 3T0TH + ToYyh + 120075 —
dro + 3epys — 120y — 6z — 2yt + 20y2 + 4))?
—z3,— 22z g+3z2 +drcry —xoyd —3ro—1 gy —4T g +5y2,+2
4 ( c~ToTH C CTH 6230 C—THYc HT9oYo _ 36yc(21x071) (2%% + 61‘%:6}[ _
8xt— 122t w p+4xdyt+200d + 1205 v pyi 436220y — 12022 — 340t — 12000 gy —
30zcry + 2xcyl + 36x0yd + 1970 + 6xgys + 1205y — 3vg — 4yé — 2002 +
2))2 N (( —4:v20$H+212c+4$C:cH+asc—4:0Hyé—axH+2y%—1 1
6(2zc—1) 36y,
203 yi +Axd +6xiwyyd —63iyd +ai —6rcrpyi+3rcry 1oyl +1220yE — 40+
3 2 _3zox T Y2 4T g —3y2
3w p Yl — 120yl — 62— 2yl -+ 20y +4) )2 (FLHLEECTIVE O LI TR e

Soroeo=n (208 +6xtwy —8ud — 120wy + 4wyt + 200 + 12022y + 3628w —

120292 — 3422 —12vcx gy —30rca g +220yt+36x0y2+ 19200 +62 gyt + 120 HYyé —
3rg — 4yl — 20y2 +2))?) = 0,

(22 +3xt g —4rt—6xd o+

(224 3xtoy —4xt — 6o+

23, —x2,x gy +222 focxH+zcy2 +7chxHy2 —xg—3 1 5 4 4 3
C C C C C _ _ _

( 6(2m0—T) o7 (xg + 3xtxy 4xf b6riry +
3,2 3 2 2 2.2 2 2 2
2raye + 4x(j: + 6$C$H?2Jc — 6zoye —|—4xc — chxHy% +3rcxry +xcys + 12x0ye —

dre + 3rpye — 12vnye — 620 — 2y + 20y8 + 4))
+( —x‘é—i—x?éxH—&-Qa%—x%y%+xcmHy%—3:cC:vH+4xcyé—a:C—QzHy%,—2wH—y%+2 - 1 (2$5 +
6yc(2zc—1) 36yc (2xc—1) C

6rtrg — 8xd — 120t xy + dadyd + 202}, + 12222 5y2 + 36220y — 122292 —
3422, — 12xcxpyt — 30xcry + 2x0yl + 36z0ys + 1920 + 6rhys + 1205Y% —

4 2 2 f4x%zH+2x%+4meH+xcf4zHy%f:vH+2y%71 1 5
3ry — 4yC - 20yC + 2)) - (( 6(2xc—1) - 36y2 (‘TC +

3xbay — 4l — 6xday + 2yl + 4ad + 6xiapyd — 62iyl + 2i — 6rorpyd +
3rcry + xeyh + 1200y — dvo + 3zhys — 1205y — 62 — 2y + 20y% +4))* +

4x%xH+4waHy%—chxH+4ccHy%+zH—3y%, 1 5 4 4 3
( 6yc(2zc—1) T 36yc(2zo—1) (2z¢ +6xcoy —8xe — 1225wy +

dadyd + 20z, + 1202w gy’ + 362ty — 120292 — 3422 — 12xcapyl — 30zcwy +
2xcyd + 36xcyd + 1920 + 6yl + 12vmyE — 3y — 4yt — 202 + 2))%) =0,

and

(4:)3%351{7212074xcxH+11xc+4xHy%+zH72yé75_ 1

6(2zc—1) 36y,
43, + 6xir gyt — 62%y3 + 12 — 6xcTRYS + 3ToTH + Toys + 1200y — dwo +
3rpys — 12xgyt — 6z — 2y + 20y + 4))?

+( —4x%zH+4x%+12xQCxH—12:1:20—4zcxHy2C—9xcacH+4azcy%+9xc+8zHy%+2zH—5y%—2 N 1 (2[13'5 +
6yc(2zc—1) 36yc(2zc—1) c

6rtrg — 8xd — 120t xy + dadyd + 202}, + 12222 5y2 + 36220y — 122292 —
34ag — 12zcxnye — 30z + 2r0ys + 36xcye + 1970 + 6xpys + 1205y8 —

4 2 2 f4xé:rH+2x%+4xcmH+xcf4xHy%f:vH+2y%71 1 5
3y — 4yC - 20yC + 2)) - (( 6(2xc—1) - 36y2 (‘TC +

3xhay — 4l — 6xday + 22yl + 4ad + 6xiapyd — 622yl + 2k — 6rorpyd +

(22 +3xt g —4xt—6ad oy +2uiy2+
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3rcry + ey + 1200y — dve + 3rpys — 120y — 62y — 2y + 20y% +4))% +
(4$3’C$H+4$C$Hy%—3IC$H+496HZ/%~+IH—3?J% . 1
6yc(2zc—1) 36yc (2zc—1)
dxdyd + 20x, + 12020 gy2 + 36zt wy — 122292 — 3422 — 12xcx gy’ — 30zcwH +
2xcyd + 36zcyd + 192¢ + 6yl + 1205y — 3wy — 4yt — 20y2 +2))?) = 0 as
desired. In the case that x¢ = % then we also take xy = %
Now, one can easily verify that all of these circles (formed by varying values of
xp) are coaxal, whose axis line passes through the centroid and is given by the
equation y = (yo * ((2* (v2 * (Y2 + 2% (22 —xc+ 1)) + (vc — 1) x 2o * (22 — 20 +
5) — 1) sz —yb —2x a2 xy2 —2xxoxy2 —xh — 2% 23 + 2% 20+ 1)) /(2% 20 —
) (y2* (2 + 2% (ze — 2) * (zo+ 1)) + (wc — 2) % (o + 1) % (22 —zc +1))). O

The theorem of the Van Lamoen circle is the special case of the previous theorem
where we take H = D.

(222 + 6zt wy — 8z — 122 x g +

The next result extends this further.

Theorem 2.3. Let A, B, and C denote the vertices of a given triangle.
Let D be any point in the plane.

Let E be a point on line AD.

Let F' be the point on line C'D such that CF : DF = AFE : DE.

Let G be the point on line BD such that BG : DG = AE : DE.

Let H be the midpoint of E and F.

Let I be the midpoint of E and G.

Let J be the midpoint of F' and G.

Let K be the point described in theorem 2.1 (point of concurrency of lines AJ, BH,
and CI).

Let L be the circumcenter of A, I, and K.

Let M be the circumcenter of A, H, and K.

Let N be the circumcenter of C,J, and K.

Let O be the circumcenter of C, H, and K.

Let P be the circumcenter of B, I, and K.

Let Q) be the circumcenter of B, J, and K.

Then L, M, N,O, P, and @ lie on the same conic section.

Proof. A has coordinates (0, 0).

B has coordinates (1,0).

C has coordinates (¢, yc).

D has coordinates (xp,yp).
(

E has coordinates (zg, xin)
F' has coordinates (z¢ ( )(ZED —x0),yo + (32 )(?JD —Yc))-
G has coordinates (zp — 72 4 1, #242),

H has coordinates (3(zg + zo + ($2)(zp — xc)), %(%EyDJrZi)(xD_wE))).
I has coordinates (%(ZxE — 22+ 1) D).

J has coordinates (5(zp — 22 —i— 1+ z¢ —|— ($2)(xp — zc)), 1(2””“;0;“ 28)Y).

K has coordinates (vTCCUD Ic$E+2xDIE+xD TE ZTDYCc— IEyc+2IEyD)
3xp—xp ’ 3xp—xE
L has coordinates

T = (4x%x2DxEyD — 4x%me%yD + 16xcx2Dx2EyD + 8xcw2DxEyD — SxCxDx%yD —
1223 2% yc — 1208 v pyc — 3xhye +4rhriyc — 8 riyp + 1623 v4yc — 8x%h x4 yp +
4t rpyiyp+Trhrryc—205 2 pyp—4r priyc+8r priyp —4r pr Lyt yp+4r prAYcy s —
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Srpriyc + 4rprhyp + 4xhycyp + vhye — 8rhyph — 2x%yp)/ (24vcrhrEyn —
8rcrprhyp — 24xhxpyc — 122hye + 8rhadyc + 162 pyc — 4xprhyc)

and

yr = (—dairdep — 22223 + daiabal + dxiatrp — 22iwpri — dvcrdad —
drcrhrp — rory — dvcrhad + rorhrp + 4rcrpry + 12001 pr%Ys + ToTpTh —
drordyt, — xoxd + 8xhad + 122%2% — dadwrpyl + 6xhop — 20%y% + o) —
120423, 4+ 4ot a%yd — 1625 0% ycyp — 1205 0% + 4rd v py? — 8x% w pycyp — 3r5r s +
8rpryyp + 6rpry — 2uprEyd + 8rparhycyp + 4rpriyy + 3rpah — dugyd —
%)/ (24xcxbxpyp —8rcrpriyp — 24r 5 RYc — 1205 yc + 8% 1%yc + 1605 RYC —
drpriyc).

M has coordinates

y = (—2iah + 22k xprp — 2l — dxcrhap +4vcx? + drcrprs — drcrprp —
4ot a4+ 8rhap — rhyd + 223 + 2wprRys — 4rpTEycyp — 2TpTE — THYE +
drtycyp — 4xnys)/(120% — deprg)

and

yu = (2223 — 32 atop + 3xiwpa? — xlad, + 62t ep — viad — 122204 2% +
r2adrp+6riapri+rieprt—rirh+12zc0 0% —drcrhrptrorhyd — 2z oy, —
12zcatay, — 3rcahrpyd +4rcrhrpycyp +4xcrhrp +4rcrpry + 3rcrpriyd —
8xcrprhycyp + 4rcrprhyh — 2r0rpTy — TorRye + 4rcrtycyp — drorhyp +
8x%at, —Aahah + 20 x py? — Arhrp+ 3rhyd — dahat, — datrhyd + 8xharhycyp +
4ot rt —Trh v pys+122%5 2 5Ycyp+2T prhyd —8T prhycyp+8T prhysH+5r prLyd —
162 pr%ycyp + 12xprhyt, — hyé + dedycyp — 4xhyd) /(1205 ye — 1625 rpyc +
24x%xpyp + 4rpriyc — 8TpTLYD)-

N has coordinates

TN = (xgcx%yc+7x%x%xEyD—x%xpx%yc—4x20xDx%yD+x%x%yD—SxCx%xEyc—
drcrdyc+8rcrdriyc+arcrtriyp+8rcrhrpyc+2rcrh T pYp — 4T o pTLYD —
drcrpriyc — 4rcrpThyp + 2x0rhyp — 8rhrhyc — 8xhrpyc + THyd — 2rhyo +
dahxdyp +8rhatyc +4ahxhyp — v hrpyEyp +4rhrpyc + e hrpyp — 4rprhyp —
TpTRYS+42 prTYEYD — 4T pTHYOYD — 20 pTRYe — 22 prEY D+ LYY D — 4T ycyh +
43yl + x3yp)/(12xcxbrpyp — 4rcrprayp — 1200 v pyc — 6% yc + 45 0%yc +
8L rpyc — 2TpTLyc)

and

yn = (=228 a%+ 22t wprt+21ivd v p+atad, —8riatat —briahrp— 22t pri+
3xirprd + rvird + 8rcrhad + Srocrdhrp — 2werbhyd + 2xcxd, + 8rcathwd +
16xcx%xEycyD—ZICx%xE—8xca:Dx?}5+2xchx%y%—16xcxpx2EycyD+16xchx%y%—
2rcx pri+2r0rs—8rhxh— 1223 x4 —14xh x py2 —6xhx p—Trhyd — % +122% 0%+
8xh %yt —8rhrhycyp +120h a5+ 112 v pys — 4ahxpycyp + 325 e — 2T prhyd +
8z pTyycyp — 8rprihyt — 6xpri —Srpriyd + 8rpriycyp — 4rprRys — 3T prh +
rhyd — drdycyp + dadyd, + %)/ (24zcathrpyp — 8xcxprhyp — 24rhrpyc —
1223 yo + 8rhx%yc + 16252 pYyc — 4T prhyc).

O has coordinates

ro = (22rdyc+Trsahrpyp — v priyc —4rc e prhyp +rirhyp —8rcrhr pYc+
QxCx?byc+8xcx%x%yc +4xcx%x2EyD —4xcx%xEyD — 4:z:cxpx%y,3 — 2xcxpx%yc—|—
drcrprpyp — 8xhahyc + 4rprEye + THyl + Tpyc + dxhriyp + dahatyc —
80ha%yp—ThT pYEYD —20hT YD —TpTHYS+HAT prEYEYD — 4 DAYy H —T DT YO+
22 pT YD+ TEYEYp—4rEycyp+ryyp)/(12xcrhrpyp—4Tcrprpyp— 120 pYc+
62%yc + 4xha%yc + 4rhrryc — 12052 5yp — 22pT%yc + 4rpTiyp)

and

yo = (—2xdad+ 223 wpat+20i 0 v p+-5riat —8xtahat+3xtahrp—2xkr pat,—
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xCxDxE + 223, + 8rorhrd — 12xCxD.rE 2roxdhyd — 2xexd, + 8rorhay, +
16zcrhrpycyp — drcrpry, + 2xcxpriyé — 16zcxpriycyp + 16xcxpriyl, +
2rcxprt — 8xhwd + drdwd — 1drdrpyl + 4xbop + 915 y2 +4rhad, + 8rhrtyd —
8rhriycyp — 4rhri + 3xhrpyd — 12052pycyp — 2xprhyd + 8TpThycyp —
8z prhyh—brpriyé+16xpriycyp—122 prhyh+riyt —4rtycyp+4riyd) [ (24rcrdhrpyp—
8rcxpriyp—241%rpyc+120%yo+815 1% yc+8rh T pyc— 2412 pyp — 4T pT LY+
8T pTLYD)-

P has coordinates

Ip = (4x%x2DxEyD — 4x20xpx%yp + 16xcx%x%y[) + 8xcx2DxEyD — 8xchx%yD —
1223 2% yc — 1208 v pyc + 98 ye + 4o xhyc — 8rhrtyp + 1625 0% yc — 8x%hr%yp +
4x%xEy%yD + 3x%xEyC — 14x%:1:EyD — 4:EDa:%yC + 8$Dx%yD — 4me2Ey%yD +
Ax prHycyh—5dr priyc+8x pryyp+arycyh+riye—8ryyh—2r5yp)/ (24rcrhr sy —
8rcxpriyp—24r% v pyc+120%yo+815 1 %yc+8rh T pyc— 2415 T pyp — 4T pTEYC+
8T pTHYD)

and

yp = (— 4xchxE + QxCxD + 4ot ot xd — 20txpry — 4xc$DxE + 12:10chsz =
5xCxD 4xchxE chxDxE+4xchxE+12xchxEyD+xchxE drordyh —
rexy+8xhrt — 8% — dvhrpyt — 20 x g+ 2xh Yt + 223 — 8rhat + drh it yl —
162%2%5ycyp+81hHr5+81hHx pycyp+8x prhyh+22 prh—22 priyd 481 prhycyp—
16z priyt—22pr%)/(24zcrb 2 RYyp—8T 0T preyp—241% x yc+122% yo+8r5 v 4 yc+
8rhrpyc — 24152 pYp — 4T pTeyc + 8TpTLYD).

(@ has coordinates

rg = (222t — 20iwprp + 2%0% + dvorhap + 2rcxd, — dvcxpry, — AxcrprE +
2rc1y + 4ot rd + dxhrp + vhyd + T2, — daprh — 2xprRys + 4xpTEycyp —
drprp + vyl — 4riycyp + drtys + %) /(1204 — drpag)

and

yo = (—ada) + SxCxDxE 3.Z'CZL‘D.Z'E + mCxE GxC:EDa:E + ZmCxD + 1228 2%,1% —
20t rhap — 6xCxDxE QxCxDmE + 2222%, — 12zca},2%, + 8ZL‘C:L“DZL‘E Torhyd +
Toxd + 12:rch:BE + 3zorhrpyt — drcrirpycyp — Srerhry — 8ToTpry —
3xca:DxEyC + 8xc$Da:EycyD 4xchxEy% +3rcrprh+ roThyd —ArcTyycyp +
4xchyD + :L*CJCE 83:Dch + 83:D3:E 208 epyd + 22%xp + 4oyl — 223 +
8x%xh +4xdriyd —8xhrtycyp — 8rh1rh —8rhr pys + 16235 T pycyp — 20 prhYE +
8z prhycyp—8rprhyh—2rpri+irpriyt—16xpriycyp+16zpriyh+2xpry) /(1223 yc—
16222 pyc + 24222 5yp + 4TpTiYc — STPTLYD).

One can then make the tedious but finite calculation that

@3 yi xpyr wn oyr 1
3 Vi Tmym Tv ym 1
det xZV y]22\[ Tyyn TN yn 1 —0
ro Yo ToYo To Yo 1
tp yp xpyp xp yp 1
5 vh Teye rq Yo L
as desired. O
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FIGURE 1. Hlustration of theorem 2.1

FIGURE 2. Illustration of theorem 2.2



FIGURE 4. Ilustration of theorem 2.3
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