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1. Introduction

In [1], a generalization of the Van Lamoen circle theorem was proven. Here, we
give a generalization of this result.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be any point in the plane.
Let lines AB and CD intersect at E.
Let lines AC and BD intersect at F .
Let lines AD and BC intersect at G.
Let H be a point on line DE.
Let I be the point on line DF such that DI : FI = DH : EH.
Let J be the point on line DG such that DJ : GJ = DH : EH.
Let K be the circumcenter of A,D, and I.
Let L be the circumcenter of A,D, and H.
Let M be the circumcenter of C,D, and J .
Let N be the circumcenter of C,D, and I.
Let O be the circumcenter of B,D, and H.
Let P be the circumcenter of B,D, and J .
Then K,L,M,N,O, and P lie on the same conic section.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. We borrow some phrasing and results from [1] and [2].
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates (xCyD−xDyC

yD−yC
, 0).

F has coordinates ( xCyD
xCyD−xDyC+yC

, yCyD
xCyD−xDyC+yC

).

G has coordinates ( xDyC
−xCyD+xDyC+yD

, yCyD
−xCyD+xDyC+yD

).

H has coordinates (xH , yC + ( yC−yD
xC−xD

)(xH − xC)).
I has coordinates
(xD −

(xD−xH)(xD−(
xCyD

xCyD−xDyC+yC
))

xD−(
xCyD−xDyC

yD−yC
)

, ( yD
xD−1

)(xD −
(xD−xH)(xD−(

xCyD
xCyD−xDyC+yC

))

xD−(
xCyD−xDyC

yD−yC
)

− 1)).

J has coordinates
(xD +

(xD−xH)(
xDyC

−xCyD+xDyC+yD
−xD)

xD−(
xCyD−xDyC

yD−yC
)

, ( yD
xD

)(xD +
(xD−xH)(

xDyC
−xCyD+xDyC+yD

−xD)

xD−(
xCyD−xDyC

yD−yC
)

)).

K has coordinates
xK = −(x2

Dy
2
C−2x3

Dy
2
C+x2

Cy
4
D+x4

Dy
2
C+xCxDy

2
D−xCxHy

2
D−xDxHy

2
C−xCxHy

4
D+

xCyCy
3
D+x2

DyCyD−xDyCy
3
D−x3

DyCyD−2x2
CxDy

2
D+2x2

DxHy
2
C−x3

DxHy
2
C+x2

Cx
2
Dy

2
D+

x2
Dy

2
Cy

2
D − xCx

2
DxHy

2
D − xDxHy

2
Cy

2
D − 3xCxDyCyD + xCxHyCyD + xDxHyCyD +

2xCxDxHy
2
D+5xCx

2
DyCyD−2xCxDyCy

3
D−2xCx

3
DyCyD+xCxHyCy

3
D−2x2

DxHyCyD+
xDxHyCy

3
D + x3

DxHyCyD + xCx
2
DxHyCyD − 2xCxDxHyCyD)/(2yD(xC − xD)(yC +

xCyD − xDyC))
and
yK = (x3

Dy
2
C +x2

Cy
4
D − 2x4

Dy
2
C +x5

Dy
2
C −xCxDy

4
D +xCyCy

3
D −xDyCy

3
D +xCx

2
Dy

2
D −

xCx
3
Dy

2
D + x2

CxDy
4
D − x2

DxHy
2
C + 2x3

DxHy
2
C − x4

DxHy
2
C − x2

Cx
2
Dy

2
D + x2

Cx
3
Dy

2
D +

x3
Dy

2
Cy

2
D + 2xCx

2
DxHy

2
D − xCx

3
DxHy

2
D − 2xCx

2
DyCy

3
D + x2

DxHyCy
3
D − x2

DxHy
2
Cy

2
D −

xCxDxHy
2
D−xCxDxHy

4
D−2xCx

2
DyCyD+4xCx

3
DyCyD−2xCx

4
DyCyD+x2

DxHyCyD−
2x3

DxHyCyD + x4
DxHyCyD − 2xCx

2
DxHyCyD + xCxDxHyCy

3
D + xCx

3
DxHyCyD +

xCxDxHyCyD)/(2y
2
D(xC − xD)(yC + xCyD − xDyC)).

L has coordinates
xL = (x2

CxDyD+xHx
2
CyD−xCx

2
DyC −xCx

2
DyD−2xHxCxDyD+xCyCy

2
D−xCy

3
D+

x3
DyC + xHx

2
DyD − xDy

2
CyD + xDyCy

2
D + xHy

2
CyD − 2xHyCy

2
D + xHy

3
D)/(2(xCyD −

xDyC)(xC − xD))
and
yL = −(xHx

2
CxD − x2

Cy
2
D − 2xHxCx

2
D + 2xCxDyCyD + xHx

3
D − x2

Dy
2
C + xHxDy

2
C −

2xHxDyCyD + xHxDy
2
D)/(2(xCyD − xDyC)(xC − xD)).

M has coordinates
xM = (x3

Cy
3
D−x3

Dy
3
C−x2

Cy
5
D−x4

Cy
3
D+x4

Dy
3
C+xCy

5
D−xHy

5
D+xCxHy

5
D−2xCyCy

4
D−

xDyCy
4
D + 3xHyCy

4
D + xCx

2
Dy

3
D − x2

CxDy
3
D + x3

CxDy
3
D + x2

DxHy
3
C − x3

DxHy
3
C −

x2
DxHy

3
D + xCy

2
Cy

3
D + 2x2

CyCy
4
D + 2xDy

2
Cy

3
D − xDy

3
Cy

2
D − x3

DyCy
2
D + 3x3

Dy
2
CyD −

3xHy
2
Cy

3
D+xHy

3
Cy

2
D−x2

Cx
2
Dy

3
D−x2

Cy
2
Cy

3
D+xCx

2
DxHy

3
D−2xCx

2
DyCy

2
D−2xCxDy

2
Cy

3
D+

xCxDy
3
Cy

2
D +xCx

3
DyCy

2
D − 3xCx

3
Dy

2
CyD +x3

CxDyCy
2
D +xCxHy

2
Cy

3
D +3x2

DxHyCy
2
D −

3x2
DxHy

2
CyD+2xDxHy

2
Cy

3
D−xDxHy

3
Cy

2
D−x3

DxHyCy
2
D+2x3

DxHy
2
CyD+x2

Cx
2
DyCy

2
D+

xCxDyCy
4
D−2xCxHyCy

4
D−xDxHyCy

4
D−2xCx

2
DxHyCy

2
D+xCx

2
DxHy

2
CyD)/(2yD(xCyD−

xDyC)(xC − xD)(yD − xCyD + xDyC))
and
yM = −(2x2

Cy
4
D−x3

Dy
2
C+x4

Dy
2
C−2xCy

4
D+xHy

4
D−xCxHy

4
D+2xDyCy

3
D+2x3

DyCyD−
2xHyCy

3
D − 2xCx

2
Dy

2
D + x2

CxDy
2
D − x3

CxDy
2
D + x2

DxHy
2
C − x3

DxHy
2
C + x2

DxHy
2
D +

x2
Dy

3
CyD+xHy

2
Cy

2
D+2x2

Cx
2
Dy

2
D+x2

Dy
2
Cy

2
D−xCx

2
DxHy

2
D−xCxDy

2
Cy

2
D+x2

Cx
2
DyCyD−
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xDxHy
2
Cy

2
D−3xCxDyCy

3
D−3xCx

3
DyCyD+xCxHyCy

3
D−2x2

DxHyCyD+xDxHyCy
3
D+

x3
DxHyCyD + xCx

2
DxHyCyD)/(2yD(xCyD − xDyC)(yD − xCyD + xDyC)).

N has coordinates
xN = −(x2

Dy
3
C − 2x3

Dy
3
C −x2

Cy
5
D −x4

Cy
3
D +x4

Dy
3
C −xCxDy

3
D +xCxHy

3
D −xDxHy

3
C +

xCxHy
5
D − xCyCy

4
D + xDyCy

4
D + 2x2

CxDy
3
D + x3

CxDy
3
D + 2x2

DxHy
3
C − x3

DxHy
3
C +

2xCy
2
Cy

3
D−xCy

3
Cy

2
D−x3

CyCy
2
D+2x2

CyCy
4
D−x2

DyCy
2
D−2xDy

2
Cy

3
D+xDy

3
Cy

2
D+x3

DyCy
2
D−

x2
Cx

2
Dy

3
D − x2

Cy
2
Cy

3
D + xCx

2
DxHy

3
D − 5xCx

2
DyCy

2
D + 6xCx

2
Dy

2
CyD − x2

CxDyCy
2
D −

2xCxDy
2
Cy

3
D +xCxDy

3
Cy

2
D +xCx

3
DyCy

2
D − 3xCx

3
Dy

2
CyD +x3

CxDyCy
2
D +xCxHy

2
Cy

3
D +

2x2
DxHyCy

2
D−4x2

DxHy
2
CyD+2xDxHy

2
Cy

3
D−xDxHy

3
Cy

2
D−x3

DxHyCy
2
D+2x3

DxHy
2
CyD+

x2
Cx

2
DyCy

2
D−2xCxDxHy

3
D+4xCxDyCy

2
D−3xCxDy

2
CyD+xCxDyCy

4
D−2xCxHyCy

2
D+

xCxHy
2
CyD−2xCxHyCy

4
D−xDxHyCy

2
D+2xDxHy

2
CyD−xDxHyCy

4
D+4xCxDxHyCy

2
D−

2xCxDxHy
2
CyD − 2xCx

2
DxHyCy

2
D + xCx

2
DxHy

2
CyD)/(2yD(xC − xD)(yC + xCyD −

xDyC)(yC − yD + xCyD − xDyC))
and
yN = (x2

Dy
2
C +x3

Cy
2
D−2x3

Dy
2
C +2x2

Cy
4
D+x4

Dy
2
C −xCy

4
D−yCy

3
D+y3CyD+xCxDy

2
D−

xCxHy
2
D − xDxHy

2
C − xCxHy

4
D + x2

CyCyD + 2xCyCy
3
D − 2xDy

3
CyD − xCx

2
Dy

2
D −

2x2
CxDy

2
D − x3

CxDy
2
D + 2x2

DxHy
2
C − x3

DxHy
2
C + xCy

2
Cy

2
D + x2

Dy
3
CyD + 2x2

Cx
2
Dy

2
D +

x2
Dy

2
Cy

2
D − xCx

2
DxHy

2
D − xCxDy

2
Cy

2
D + x2

Cx
2
DyCyD − xDxHy

2
Cy

2
D − 3xCxDyCyD +

xCxHyCyD+xDxHyCyD+2xCxDxHy
2
D+6xCx

2
DyCyD−2x2

CxDyCyD−3xCxDyCy
3
D−

3xCx
3
DyCyD+xCxHyCy

3
D−2x2

DxHyCyD+xDxHyCy
3
D+x3

DxHyCyD+xCx
2
DxHyCyD−

2xCxDxHyCyD)/(2yD(yC + xCyD − xDyC)(yC − yD + xCyD − xDyC)).
O has coordinates
xO = (x2

CxDyD+xHx
2
CyD−xCx

2
DyC −xCx

2
DyD−2xHxCxDyD+xCyCy

2
D+xCyC −

xCy
3
D −xCyD +x3

DyC +xHx
2
DyD −xDy

2
CyD +xDyCy

2
D −xDyC +xDyD +xHy

2
CyD −

2xHyCy
2
D + xHy

3
D)/(2(xC − xD)(yC − yD + xCyD − xDyC))

and
yO = (x2

Cy
2
D+x2

Dy
2
C +2xCxD−2xCx

2
D+x2

CxD+x2
CxH +x2

DxH −x3
DxH −2xCy

2
D−

xDy
2
C +xDy

2
D +xHy

2
C +xHy

2
D −x2

C −x2
D +x3

D +2xCx
2
DxH −x2

CxDxH −xDxHy
2
C −

xDxHy
2
D−2xCxDxH+2xCyCyD−2xHyCyD−2xCxDyCyD+2xDxHyCyD)/(2(xC−

xD)(yC − yD + xCyD − xDyC)).
P has coordinates
xP = −(x2

Cy
2
D−x3

Dy
2
C +x2

Cy
4
D+x4

Dy
2
C −xCy

2
D−xCy

4
D+xDy

2
D+xHy

4
D−xCxDy

2
D−

xCxHy
4
D + x2

DyCyD + 2xDyCy
3
D + 2x3

DyCyD − 2xHyCy
3
D − xCx

2
Dy

2
D + x2

DxHy
2
C −

x3
DxHy

2
C + x2

DxHy
2
D − xDy

2
Cy

2
D + xHy

2
Cy

2
D + x2

Cx
2
Dy

2
D + x2

Dy
2
Cy

2
D − xCx

2
DxHy

2
D −

xDxHy
2
Cy

2
D−xCxDyCyD−2xCxDyCy

3
D−2xCx

3
DyCyD+xCxHyCy

3
D−2x2

DxHyCyD+
xDxHyCy

3
D + x3

DxHyCyD + xCx
2
DxHyCyD)/(2yD(xC − xD)(yD − xCyD + xDyC))

and
yP = (x3

Dy
2
C − 2x2

Cy
4
D − 2x4

Dy
2
C +x5

Dy
2
C +x2

Dy
2
D −x3

Dy
2
D +2xCy

4
D −xDy

4
D −xHy

4
D −

xCxDy
2
D + xCxHy

4
D + xDxHy

4
D − 2xDyCy

3
D − x3

DyCyD + x4
DyCyD + 2xHyCy

3
D +

xCx
2
Dy

2
D + x2

CxDy
2
D + x2

CxDy
4
D − x2

DxHy
2
C + 2x3

DxHy
2
C − x4

DxHy
2
C − x2

DxHy
2
D +

x3
DxHy

2
D+xDy

2
Cy

2
D+x2

DyCy
3
D−xHy

2
Cy

2
D−2x2

Cx
2
Dy

2
D+x2

Cx
3
Dy

2
D−2x2

Dy
2
Cy

2
D+x3

Dy
2
Cy

2
D+

xCx
2
DxHy

2
D−xCx

3
DxHy

2
D−2xCx

2
DyCy

3
D+2xDxHy

2
Cy

2
D+x2

DxHyCy
3
D−x2

DxHy
2
Cy

2
D−

xCxDxHy
4
D−xCx

2
DyCyD+3xCxDyCy

3
D+3xCx

3
DyCyD−2xCx

4
DyCyD−xCxHyCy

3
D+

2x2
DxHyCyD−3xDxHyCy

3
D−3x3

DxHyCyD+x4
DxHyCyD−xCx

2
DxHyCyD+xCxDxHyCy

3
D+

xCx
3
DxHyCyD)/(2y

2
D(xC − xD)(yD − xCyD + xDyC)).
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One can then make the finite algebraic calculation to verify that

det


x2
K y2K xKyK xK yK 1
x2
L y2L xLyL xL yL 1

x2
M y2M xMyM xM yM 1
x2
N y2N xNyN xN yN 1

x2
O y2O xOyO xO yO 1

x2
P y2P xPyP xP yP 1

 = 0

as desired. □

The theorem in [1] is the special case of this result where we take D to be the
centroid.

Figure 1. Illustration of the result.
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