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1. INTRODUCTION

In [1], a generalization of the Van Lamoen circle theorem was proven. Here, we
give a generalization of this result.

2. RESULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.
Let D be any point in the plane.

Let lines AB and CD intersect at E.

Let lines AC and BD intersect at F.

Let lines AD and BC intersect at G.

Let H be a point on line DE.

Let I be the point on line DF such that DI : FI = DH : EH.
Let J be the point on line DG such that DJ : GJ = DH : FH.
Let K be the circumcenter of A, D, and I.

Let L be the circumcenter of A, D, and H.

Let M be the circumcenter of C, D, and J.

Let N be the circumcenter of C, D, and I.

Let O be the circumcenter of B, D, and H.

Let P be the circumcenter of B, D, and J.

Then K,L,M,N,O, and P lie on the same conic section.
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Proof. We borrow some phrasing and results from [1] and [2].
A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
D has coordinates (zp, yD)

E has coordinates (*<¥2—=DYc ()),

(z
(Fetp—tnic
F has coordinates ( zCyp Ycyp ).
(=
(

TocYp— szc+yc TcyYyp—xpYyct+yc

h rdin
G has coordinates mcyD+$Dyc+yD _QCCZJD"F$D?/C+ZJD)

H has coordinates (zy, yc + (22=22)(zy — zc)).

I has coordinates

(xp—zp)(xzp—( “CYD )

(p—zn)(zp—( oD )

_ zCcYp—zpyctyc YD _ zCcYp—zpYyctyc
(xD zp—(ZCYDTEDYC ,(xD_1)<xD zp—(ECYD=EDYC 1))
D= Yp—YCo D Yp—YC

J has coordinates
TDYC

DYC _ _
( @p—wn) (=B reTvy —*D) (22 (zp + @p—2eu)( =yt e pva D l"D)))
D TCYD—*DYC '\zp D —(TCYD—?DYC :
ep—( o= ) ep—(= o= )
K has coordinates
_ 2.9 3,2 2.4 4,2 2 2 2 4
T = —(Ipyc_2$Dyc+$cyp+$Dyc+xc$DyD—l‘cﬂnyD—l‘DJIHyc—IcSCHyD—i—

TOYoYHTTHYCYD—TDYCYH—THYcYp— 20T pYH T2 DT HYE—THT HYETTETHY D+
THYEYH — TeTHTaYD — TpTHYEYDH — STeLpYoYp + TeTuYeYD + LpTHYcYp +
200X pTHYHFDTCTDYCYD—2T 0T pYcYDH—2TcTHYcYp+TeTaYcYDH—2TDTHYCYD+
TpTuycyy + Thraycyp + Terhruycyp — 2xcrpruycyp)/(2yp(xc — xp)(ye +
TcyYp — $Dyc))

and

yrk = (@hyd +xgyp — 20hyE + 2HyE — xeTpyp + Teycyyh — Tpycyy + rerhyph —
vyt ey — ahry © 2rbeagt o rhrat o rhabyh 4 shabyb +
Thyeyp + 2xerhrnyh — Torhrayh — 2X0THYcYh + THTHYCYDH — THTHYGYD —
TeTpTHYH —ToTpTHY D — 2TcTHYcYp +ATcrhycyp — 22T hycyp +THTHYCYD —
2 TaYcYp + TpTaYoyp — 20eTHTHYCYD + TeLpTaYoyp + TeThruYoyp +
zexprayoyp)/(2yh(rc — xp)(Yo + Toyp — Tpyc))-

L has coordinates

w, = (23T pYD + THTEYD — ToTDYe — TTHYD — 2THTCLDYD + TeYoyh — Teyh +
rhye + TaTHhyp — TpYEYDp + TpYcyh + TaYEYD — 2xaycyh + rryh)/(2(xcyp —
zpyc)(zc — =p))

and

yr = —(zpatap — 22yh — 2xprort, + 2xcxpycyp + TuTh — ¥HYE + THTDYE —
2xyxpYycyp + urpyh)/(2(xcyp — rpyo)(ze — p)).

M has coordinates

ey = (8yh —2hyd —12yp —TEYH+ TYS +TeYh — THYH +TeTHYD — 2TcYcyp —
nycy4D + BxHycyj‘f, + xox%y% — xzcxpy?’p + xdxpyd + rhrpyd — hrpyd —
wDa:HyD + :vcyoyD + 2xcycyp + 2nyoyD anyoy% — 23ycyd + 3rhydyp —
3xHycyD+:vacyD aﬁc:vpyp $cycyD+$C-TD$HyD 2rcThycyp—2TcxpYEYDH+
roTpYEYH + rerhycyp — 3TeTHYEYp +1ETpycyp + TeTrYEYD + 3Thrrycyh —
3THTaYEYD + 2T DT HYGYD — TDTHYEYD — THTHYCYD + 2T DT YYD + T LT YYD+
TeTpYcyYh—22cTHYcYp—TpTHYCYp—2Tc DT aYcYp+rerhruyeyp)/(2yp(Teyp—
zpyc)(rc — xp)(Yp — Tcyp + Tpyc))

and

Ym = — (256?;3/% —ThYe+UpYE 2ecyp ey —Ternyh+2Ipycyp+2rpycyp
2:vacyD QxCJJDyD + :BCnyD xchyD + xDxHyC xDxHyC + 2hrpyd +
Thyeyp +TryEyh + 238 hyh + ThYLYh — TerhTrYph — TeTpYLYh +TETHYcYp —
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Tpr YYD —3xcxpycyd — 3rcrhycyp +rorpycyd — 2hTpYcyp + T pTaycyh +
rhagycyp + xerhraycyp)/(2yp(xcyp — xpye)(yp — Teyp + Tpyc)).

N has coordinates

ry = —(2hys — 20yt — xtyDH — TEYD + THhYE — Toxpyl + Terpy — TprHYs +
Terpyh — TeYoyp + Toyoyp + 255rpyh + xiapy) + 20hTHYY — THhrays +
20 0YEYDH—TCYSYh—TEYCYHT2TEYOY DT DYCYH—22 DYEYHTTDYEYH T HYCYH—
TETHYH — TEYeYh + rerhruyh — Srerhycyl + 6rorhytyp — TETpYCYh —
20T pYSYDH + TeTpYLyD + Terhycyh — 3Terhysyp + TETpYcyD + TerayeyD +
20T YcYp —ATHhTHYEYD+2T DT HYEYDH — T DT HYSYD —THTHYCYH+2TH T HYEYD+
TETDYoYD — 2T pTrYH +ATCT DYCYDH — 3TCTDYHYD +TeT YYD — 2T T HYC YD +
TCTHYeYp—2TCTHYcYp—TDTHYCYH 2T DT HYEYD—T pTHYCYhHATcT pTHYcYDH—
2rcxpryiyp — 2xcrhrrycyh + rerhruyiyp)/(2yp(zc — xp)(ye + zeyp —
rpyc)(Ye — Yo + TcYp — Tpyc))

and

yn = (Thye +abyh — 20hyd + 208y p +TpYE — Toyp — YeYb + YSyYp +rorpyh —
TeTHY) — TDTHYE — Totuyp + Teycyp + 2Tcyoyl — 2XpYSyp — Torhyh —
203 pyh — TETpYh + 20HTHYE — THhTHYE + ToYRYD + THYSYD + 23T hyD +
THYEYD — TeTDTHYDH — TLeTDYLYD + TETHYcYp — TpTHYEYDH — 3TeTpYcyp +
TorrYoYp+rpraYcyp+22cTpTaYH+6TcTDYcyp — 23T pYcYD —3TCT DYy —
3rexhycyp+reraycyh —22HTuYcyYp+TpTEYcYh+THT HYCYDTLCTHT HYCYD —
2zcxprrycyp)/(2yp(ye + xcyp — pye) (Yo — yp + Teyp — Tpyc))-

O has coordinates

ro = (TETpYp + THTEYD — LT hYc — TeThYp — 2 HTcT pYp + TeYoyp + Tolyc —
ToYh — ToYp +Thyo + THTHYD — LDYEYD +TDYcYh — TpYo +TpYp + THYEYD —
2xuycyp + ruyp)/(2(xe — xp)(yo — Yo + Toyp — ToYC))

and

vo = (22y% +1hy2 + 2xcxp — 2r0xh + 24T p + ThTy + ¥HhTH — ThTH — 2T0yh —
ny% + xpy% + xHy% + mHy%) - x% - xQD + x3D + Qx(;a%xH — x%xDxH - xDxHy% -
TpTHYD — 2Tt pTH +2Tcycyp — 2T aYcyp — 2TcrpYcyp +2xprrycyp)/(2(zc —
rp)(yYc — yp + Tcyp — TpYc))-

P has coordinates

xp = —(22yp —THYe +LYp + TpYE — Teyh — Toyp + Tpyh +TYp — TeTpyp —
rorrYh + THhyoyp + 22pYcyp + 28hyoyp — 2XHYcYh — TeTHYH + THTHYE —
rhrTaye + ThTrYh — ToYeyp + TrYeYD + Texbhyh + THYeyh — Terhryh —
TDTHYEYDH — LeTDpYCYD — 2TcLpYcYD — 20T hYcyp + LT aycyp — 28T HYcYD +
TpTaycyp + rhraycyp + rorhruycyn)/(2yp(xe — xp)(yp — Toyp + Tpyc))
and

yp = (Tpye — 2x¢yp — 2xpye + Tpye +Thyh — ThYh +28cyYp — TpYp — THYp —
TexpYh + TeTuyYp + TpTuYh — 2Cpycyyh — Thycyp + Thycyp + 2xaycyi +
TeThyp + TETpYD + TeTpYp — ThTHYE + 20hTRYE — TpTaYe — THTaYH +
THTHYH YYD HTDYCYD—THYEYD — 20T DY D TTET YD 2T hYEYH TTHYEY
TeTHTHYD —ToTHTaYD — 2X0THYcYD + 2T DT aYEYD + THTHYCYD — TDTHYGYD —
TeTpTHYDH — TeTpYcyp +3TeTpycyp +3Tcrhycyp — 2TcTpYcyYp — TeTaycyp +
2ehx gycyp—3TpTHYcyH—3THTHYcYD+EDTHYCYD—TCTHT HYCYDHELCT DL HYCYDH+
zerprrycyn)/(2yp(re — xp)(yYp — Teyp + Tpyc)).
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One can then make the finite algebraic calculation to verify that

2% Yk TrYk Tk Yk 1]
w3y wpyr xp oy 1

det 3 Yy Tmym Tm ym 1 —0
3 oy x 1| —
N YUn NYN N YN
tH Yy ToYyo To Yo 1
2% yp xpyp xp Yyp 1l

as desired. O

The theorem in [1] is the special case of this result where we take D to be the
centroid.

FIGURE 1. Ilustration of the result.
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