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1. Introduction

We give a generalization of a the result in [1]. We also give a generalization of a
theorem noticed by Andrew Crane about the Kimberling center X(546) [2].

2. Results

Theorem 2.1. Let A,B, and C denote the vertices of a given triangle.
Let D be the midpoint of A and B.
Let E be the midpoint of A and C.
Let F be the midpoint of C and C.
Let I be a point on line AF .
Let L be the point on line BE such that BL : EL = AI : FI.
Let O be the point on line CD such that CO : DO = AI : FI.
Let S1 denote the circle centered at A which passes through I.
Let S2 denote the circle centered at B which passes through L.
Let S3 denote the circle centered at C which passes through O.
Let S4 denote the circle passing through I, L, and O.
Suppose that S1, S2, and S3 are all concurrent at a point. Then this point lies on
S4 and the center of S4 lies on the circumcircle.
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Proof. A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC) with xC > 1 and yC > 0.
D has coordinates (1

2
, 0).

E has coordinates (1
2
xC ,

1
2
yC).

F has coordinates (1
2
(xC + 1), 1

2
yC).

I has coordinates (xI ,
xIyC
xC+1

).
L has coordinates (xI(xC−2)+xC+1

xC+1
, xIyC
xC+1

).

O has coordinates (xC − 2xI(xC− 1
2
)

xC+1
, yC(xC−2xI+1)

xC+1
).

S1 is given by the equation x2 + y2 = x2
I + ( xIyC

xC+1
)2.

S2 is given by the equation (x− 1)2 + y2 = (xI(xC−2)+xC+1
xC+1

− 1)2 + ( xIyC
xC+1

)2.
Assume that S1 and S2 meet at two points. The point with the smaller y-
coordinate (which we will denote as T ) is given by the coordinates
xT = (x2

C + 6 ∗ xC ∗ x2
I + 2 ∗ xC − 3 ∗ x2

I + 1)/(2 ∗ x2
C + 4 ∗ xC + 2)

and
yT = −(4 ∗ x4

C ∗ x2
I − x4

C + 4 ∗ x3
C ∗ x2

I − 4 ∗ x3
C − 36 ∗ x2

C ∗ x4
I + 4 ∗ x2

C ∗ x2
I ∗ y2C +

6 ∗ x2
C ∗ x2

I − 6 ∗ x2
C + 36 ∗ xC ∗ x4

I + 8 ∗ xC ∗ x2
I ∗ y2C + 16 ∗ xC ∗ x2

I − 4 ∗ xC − 9 ∗
x4
I + 4 ∗ x2

I ∗ y2C + 10 ∗ x2
I − 1)1/2/(2 ∗ (x2

C + 2 ∗ xC + 1)).
S3 is given by the equation
(x− xC)

2 + (y − yC)
2 = (

2xI(xC− 1
2
)

xC+1
)2 + (yC(xC−2xI+1)

xC+1
− yC)

2.
Assume that S1, S2, and S3 are concurrent at T . This forces xC and yC to obey
the relation (xT −xC)

2+(yT −yC)
2 = (

2xI(xC− 1
2
)

xC+1
)2+(yC(xC−2xI+1)

xC+1
−yC)

2. We now
solve for yC and we get
yC = −((−(6∗xC−54∗x2

C∗x2
I−36∗x3

C∗x2
I−3∗x2

C∗x4
I−9∗x4

C∗x2
I+20∗x3

C∗x4
I−36∗x2

C∗
x6
I+20∗x4

C∗x4
I−36∗xC∗x2

I+14∗xC∗x4
I+36∗xC∗x6

I−2∗x2
I∗(4∗x6

C+12∗x5
C+64∗x4

C∗
x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗x3
C∗x4

I−24∗x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗

x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−2∗x2
I+1)1/2+15∗x2

C+20∗x3
C+15∗x4

C+6∗x5
C+x6

C−
9∗x2

I+17∗x4
I−9∗x6

I−4∗xC∗x2
I∗(4∗x6

C+12∗x5
C+64∗x4

C∗x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗
x3
C∗x4

I−24∗x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗x2

C−20∗xC∗x4
I+20∗xC∗x2

I+
x4
I−2∗x2

I+1)1/2−2∗x2
C∗x2

I∗(4∗x6
C+12∗x5

C+64∗x4
C∗x4

I−24∗x4
C∗x2

I+9∗x4
C−128∗x3

C∗
x4
I−24∗x3

C∗x2
I−4∗x3

C+84∗x2
C∗x4

I+22∗x2
C∗x2

I−6∗x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−
2∗x2

I+1)1/2+1)/(x2
C+2∗xC−x2

I+1))1/2∗(2∗xC−4∗x2
C∗x2

I−(4∗x6
C+12∗x5

C+64∗x4
C∗

x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗x3
C∗x4

I−24∗x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗

x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−2∗x2
I+1)1/2+4∗xC∗x2

I+x2
C−x2

I+1))/(2∗(x4
C+4∗

x3
C+12∗x2

C∗x4
I−4∗x2

C∗x2
I+6∗x2

C−12∗xC∗x4
I−8∗xC∗x2

I+4∗xC+3∗x4
I−4∗x2

I+1)).
Now, S4 is given by the equation
(x− 1

2
(xI +

xI(xC−2)+xC+1
xC+1

))2+(y+
y2C(xI−xC−1)+xC(xC−1)(3xI−xC−1)

2yC(xC+1)
)2 = (xI − 1

2
(xI +

xI(xC−2)+xC+1
xC+1

))2 + ( xIyC
xC+1

+
y2C(xI−xC−1)+xC(xC−1)(3xI−xC−1)

2yC(xC+1)
)2.

To show that T is a solution to this, we solve for y in the equation
(xT − 1

2
(xI+

xI(xC−2)+xC+1
xC+1

))2+(y+
y2C(xI−xC−1)+xC(xC−1)(3xI−xC−1)

2yC(xC+1)
)2 = (xI− 1

2
(xI+

xI(xC−2)+xC+1
xC+1

))2 + ( xIyC
xC+1

+
y2C(xI−xC−1)+xC(xC−1)(3xI−xC−1)

2yC(xC+1)
)2

and we get that
y = (x2

C∗y2C−xC+3∗xC∗xI+xC∗(x6
C+2∗x4

C∗y2C−2∗x4
C+2∗x3

C∗y2C−4∗x2
C∗x2

I∗y2C+
x2
C∗y4C−x2

C∗y2C+x2
C+4∗xC∗x2

I ∗y2C+2∗xC∗y4C−x2
I ∗y2C+y4C+y2C)

1/2−3∗xI ∗(x6
C+

2∗x4
C∗y2C−2∗x4

C+2∗x3
C∗y2C−4∗x2

C∗x2
I∗y2C+x2

C∗y4C−x2
C∗y2C+x2

C+4∗xC∗x2
I∗y2C+

2∗xC ∗y4C−x2
I ∗y2C+y4C+y2C)

1/2−3∗x3
C ∗xI+2∗xC ∗y2C−xI ∗y2C+(x6

C+2∗x4
C ∗y2C−
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2∗x4
C+2∗x3

C∗y2C−4∗x2
C∗x2

I∗y2C+x2
C∗y4C−x2

C∗y2C+x2
C+4∗xC∗x2

I∗y2C+2∗xC∗y4C−
x2
I∗y2C+y4C+y2C)

1/2−x2
C+x3

C+x4
C+y2C−xC∗xI∗y2C)/(2∗(yC∗x2

C+2∗yC∗xC+yC)).
However, if we set y = yT here and correspondingly solve for yC in the equation
(x2

C∗y2C−xC+3∗xC∗xI+xC∗(x6
C+2∗x4

C∗y2C−2∗x4
C+2∗x3

C∗y2C−4∗x2
C∗x2

I∗y2C+x2
C∗

y4C−x2
C∗y2C+x2

C+4∗xC∗x2
I∗y2C+2∗xC∗y4C−x2

I∗y2C+y4C+y2C)
1/2−3∗xI∗(x6

C+2∗x4
C∗

y2C−2∗x4
C+2∗x3

C∗y2C−4∗x2
C∗x2

I∗y2C+x2
C∗y4C−x2

C∗y2C+x2
C+4∗xC∗x2

I∗y2C+2∗xC∗
y4C−x2

I∗y2C+y4C+y2C)
1/2−3∗x3

C∗xI+2∗xC∗y2C−xI∗y2C+(x6
C+2∗x4

C∗y2C−2∗x4
C+2∗

x3
C∗y2C−4∗x2

C∗x2
I∗y2C+x2

C∗y4C−x2
C∗y2C+x2

C+4∗xC∗x2
I∗y2C+2∗xC∗y4C−x2

I∗y2C+y4C+
y2C)

1/2−x2
C+x3

C+x4
C+y2C−xC ∗xI ∗y2C)/(2∗(yC ∗x2

C+2∗yC ∗xC+yC)) = −(4∗x4
C ∗

x2
I−x4

C+4∗x3
C∗x2

I−4∗x3
C−36∗x2

C∗x4
I+4∗x2

C∗x2
I∗y2C+6∗x2

C∗x2
I−6∗x2

C+36∗xC∗x4
I+

8∗xC∗x2
I∗y2C+16∗xC∗x2

I−4∗xC−9∗x4
I+4∗x2

I∗y2C+10∗x2
I−1)1/2/(2∗(x2

C+2∗xC+1))
then we will get
yC = −((−(6∗xC−54∗x2

C∗x2
I−36∗x3

C∗x2
I−3∗x2

C∗x4
I−9∗x4

C∗x2
I+20∗x3

C∗x4
I−36∗x2

C∗
x6
I+20∗x4

C∗x4
I−36∗xC∗x2

I+14∗xC∗x4
I+36∗xC∗x6

I−2∗x2
I∗(4∗x6

C+12∗x5
C+64∗x4

C∗
x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗x3
C∗x4

I−24∗x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗

x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−2∗x2
I+1)1/2+15∗x2

C+20∗x3
C+15∗x4

C+6∗x5
C+x6

C−
9∗x2

I+17∗x4
I−9∗x6

I−4∗xC∗x2
I∗(4∗x6

C+12∗x5
C+64∗x4

C∗x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗
x3
C∗x4

I−24∗x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗x2

C−20∗xC∗x4
I+20∗xC∗x2

I+
x4
I−2∗x2

I+1)1/2−2∗x2
C∗x2

I∗(4∗x6
C+12∗x5

C+64∗x4
C∗x4

I−24∗x4
C∗x2

I+9∗x4
C−128∗x3

C∗
x4
I−24∗x3

C∗x2
I−4∗x3

C+84∗x2
C∗x4

I+22∗x2
C∗x2

I−6∗x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−
2∗x2

I+1)1/2+1)/(x2
C+2∗xC−x2

I+1))1/2∗(2∗xC−4∗x2
C∗x2

I−(4∗x6
C+12∗x5

C+64∗x4
C∗

x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗x3
C∗x4

I−24∗x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗

x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−2∗x2
I+1)1/2+4∗xC∗x2

I+x2
C−x2

I+1))/(2∗(x4
C+4∗

x3
C+12∗x2

C∗x4
I−4∗x2

C∗x2
I+6∗x2

C−12∗xC∗x4
I−8∗xC∗x2

I+4∗xC+3∗x4
I−4∗x2

I+1)).
which is what we calculated above, so T lies on S4.

Now, P has coordinates
(1
2
(xI +

xI(xC−2)+xC+1
xC+1

),−y2C(xI−xC−1)+xC(xC−1)(3xI−xC−1)

2yC(xC+1)
).

The circumcircle of ∆ABC is given by the equation
(x− 1

2
)2 + (y − y2C+xC(xC−1)

2yC
)2 = 1

4
+ (

y2C+xC(xC−1)

2yC
)2.

We verify that P lies on this circle since we calculate
(1
2
(xI +

xI(xC−2)+xC+1
xC+1

)− 1
2
)2 + (−y2C(xI−xC−1)+xC(xC−1)(3xI−xC−1)

2yC(xC+1)
− y2C+xC(xC−1)

2yC
)2 −

(1
4
+(

y2C+xC(xC−1)

2yC
)2) = 0 and solving for yC gives yC = −((−(6∗xC−54∗x2

C ∗x2
I −

36∗x3
C∗x2

I−3∗x2
C∗x4

I−9∗x4
C∗x2

I+20∗x3
C∗x4

I−36∗x2
C∗x6

I+20∗x4
C∗x4

I−36∗xC∗x2
I+

14∗xC ∗x4
I+36∗xC ∗x6

I−2∗x2
I ∗(4∗x6

C+12∗x5
C+64∗x4

C ∗x4
I−24∗x4

C ∗x2
I+9∗x4

C−
128∗x3

C ∗x4
I−24∗x3

C ∗x2
I−4∗x3

C+84∗x2
C ∗x4

I+22∗x2
C ∗x2

I−6∗x2
C−20∗xC ∗x4

I+20∗
xC∗x2

I+x4
I−2∗x2

I+1)1/2+15∗x2
C+20∗x3

C+15∗x4
C+6∗x5

C+x6
C−9∗x2

I+17∗x4
I−9∗

x6
I−4∗xC ∗x2

I ∗(4∗x6
C+12∗x5

C+64∗x4
C ∗x4

I−24∗x4
C ∗x2

I+9∗x4
C−128∗x3

C ∗x4
I−24∗

x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗x2

C−20∗xC∗x4
I+20∗xC∗x2

I+x4
I−2∗x2

I+
1)1/2−2∗x2

C∗x2
I∗(4∗x6

C+12∗x5
C+64∗x4

C∗x4
I−24∗x4

C∗x2
I+9∗x4

C−128∗x3
C∗x4

I−24∗
x3
C∗x2

I−4∗x3
C+84∗x2

C∗x4
I+22∗x2

C∗x2
I−6∗x2

C−20∗xC∗x4
I+20∗xC∗x2

I+x4
I−2∗x2

I+
1)1/2+1)/(x2

C+2∗xC−x2
I+1))1/2∗(2∗xC−4∗x2

C∗x2
I−(4∗x6

C+12∗x5
C+64∗x4

C∗x4
I−

24∗x4
C ∗x2

I+9∗x4
C−128∗x3

C ∗x4
I−24∗x3

C ∗x2
I−4∗x3

C+84∗x2
C ∗x4

I+22∗x2
C ∗x2

I−6∗
x2
C−20∗xC∗x4

I+20∗xC∗x2
I+x4

I−2∗x2
I+1)1/2+4∗xC∗x2

I+x2
C−x2

I+1))/(2∗(x4
C+4∗

x3
C+12∗x2

C∗x4
I−4∗x2

C∗x2
I+6∗x2

C−12∗xC∗x4
I−8∗xC∗x2

I+4∗xC+3∗x4
I−4∗x2

I+1))
as desired. □



85 Generalization of a Result about a Certain Point on the Nine Point Circle

The result in [1] is the special case of this where we take I = F .

Andrew Crane noticed that when I = F , then the power center of S1, S2, and S3

is X(546), which is the midpoint of the orthocenter and the nine point center (it
lies on the Euler line). We generalize this for arbitrary I and show that the power
center lies on the Euler line via the following result.

Theorem 2.2. Let A,B, and C denote the vertices of a given triangle.
Let D be the midpoint of A and B.
Let E be the midpoint of A and C.
Let F be the midpoint of B and C.
Let I be a point on line AF .
Let L be the point on line BE such that BL : EL = AI : FI.
Let O be the point on line CD such that CO : DO = AI : FI.
Let S1 denote the circle centered at A which passes through I.
Let S2 denote the circle centered at B which passes through L.
Let S3 denote the circle centered at C which passes through O.
Let V denote the power center of S1, S2, and S3.
Then V lies on the Euler line.
Moreover, if we denote k as the ratio of the distance between A and I to the
distance between A and F , then the ratio of the distance between V and the ortho-
center and the distance between V and the nine point center is given by |3k2−4

3k2−2
|.

Proof. A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (1

2
, 0).

E has coordinates (1
2
xC ,

1
2
yC).

F has coordinates (1
2
(xC + 1), 1

2
yC).

I has coordinates (xI ,
xIyC
xC+1

).
L has coordinates (xI(xC−2)+xC+1

xC+1
, xIyC
xC+1

).

O has coordinates (xC − 2xI(xC− 1
2
)

xC+1
, yC(xC−2xI+1)

xC+1
).

S1 is given by the equation x2 + y2 = x2
I + ( xIyC

xC+1
)2.

S2 is given by the equation (x− 1)2 + y2 = (xI(xC−2)+xC+1
xC+1

− 1)2 + ( xIyC
xC+1

)2.
S3 is given by the equation
(x− xC)

2 + (y − yC)
2 = (

2xI(xC− 1
2
)

xC+1
)2 + (yC(xC−2xI+1)

xC+1
− yC)

2.
The radical line through S1 and S2 is given by the equation
x = 1

2
+ 1

2
x2
I −

x2
I(xC−2)2

2(xC+1)2
.

The radical line through S1 and S3 is given by the equation
2 ∗ x ∗ xC − x2

C + (((−2 ∗ xI + xC + 1) ∗ yC)/(xC + 1)− yC)
2 + (4 ∗ (xC − 1/2)2 ∗

x2
I − x2

I ∗ y2C)/(xC + 1)2 + 2 ∗ y ∗ yC − y2C − x2
I = 0.

The radical line through S2 and S3 is given by the equation
2 ∗ (xC − 1) ∗ x+ (yC ∗ ((3 ∗ x2

I − (xC + 1)2) ∗ yC + 2 ∗ (xC + 1)2 ∗ y))/(xC + 1)2 +
(3 ∗ (xC − 1) ∗ x2

I)/(xC + 1)− (xC − 1) ∗ (xC + 1) = 0.
V has coordinates
((x2

C +6∗xC ∗x2
I +2∗xC − 3∗x2

I +1)/(2∗ (xC +1)2), (x4
C +x3

C − 9∗x2
C ∗x2

I +x2
C ∗

y2C − x2
C + 9 ∗ xC ∗ x2

I + 2 ∗ xC ∗ y2C − xC − 3 ∗ x2
I ∗ y2C + y2C)/(2 ∗ yC ∗ (xC + 1)2)).

The circumcenter has coordinates (1
2
,
y2C+xC(xC−1)

2yC
).
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The nine point center has coordinates (1
2
xC + 1

4
,
y2C−x2

C+xC

4yC
).

The Euler line is the line passing through the circumcenter and the nine point
center, which is given by the equation

y =
y2C+xC(xC−1)

2yC
+ (

y2C+xC (xC−1)

2yC
−(

y2C−x2C+xC
4yC

)

1
2
−( 1

2
xC+ 1

4
)

)(x− 1
2
).

We then verify that V lies on this line since we calculate
y2C+xC(xC−1)

2yC
+ (

y2C+xC (xC−1)

2yC
−(

y2C−x2C+xC
4yC

)

1
2
−( 1

2
xC+ 1

4
)

)((x2
C +6 ∗ xC ∗ x2

I +2 ∗ xC − 3 ∗ x2
I +1)/(2 ∗

(xC + 1)2)− 1
2
)− ((x4

C + x3
C − 9 ∗ x2

C ∗ x2
I + x2

C ∗ y2C − x2
C + 9 ∗ xC ∗ x2

I + 2 ∗ xC ∗
y2C − xC − 3 ∗ x2

I ∗ y2C + y2C)/(2 ∗ yC ∗ (xC + 1)2)) = 0 as desired.
Now, the coordinates of the orthocenter O are (xC ,

xC

yC
(1− xC)).

Thus, we calculate that the ratio of distances between V and the orthocenter, and
V and the nine point center, is | xO−xV

xV −xN
| = | xC−((x2

C+6∗xC∗x2
I+2∗xC−3∗x2

I+1)/(2∗(xC+1)2))

(x2
C+6∗xC∗x2

I+2∗xC−3∗x2
I+1)/(2∗(xC+1)2)−( 1

2
xC+ 1

4
)
| =

|2((xC+1)2−3x2
I)

6x2
I−(xC+1)2

|. If we let xI =
1
2
k(xC + 1) then this ratio becomes |3k2−4

3k2−2
|. □

Figure 1. If S1, S2, and S3 intersect at a point, this this point lies
on S4, and the center of S4, P, lies on the circumcircle of ∆ABC.
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Figure 2. The power center, V , of S1, S2, and S3 lies on the Euler
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