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1. INTRODUCTION

We give a generalization of a the result in [1]. We also give a generalization of a
theorem noticed by Andrew Crane about the Kimberling center X (546) |2].

2. RESULTS

Theorem 2.1. Let A, B, and C' denote the vertices of a given triangle.
Let D be the midpoint of A and B.

Let E be the midpoint of A and C.

Let F' be the midpoint of C' and C.

Let I be a point on line AF.

Let L be the point on line BE such that BL : EL = Al : F1I.

Let O be the point on line C'D such that CO : DO = Al : F1I.

Let Sy denote the circle centered at A which passes through I.

Let Sy denote the circle centered at B which passes through L.

Let S3 denote the circle centered at C' which passes through O.

Let Sy denote the circle passing through I, L, and O.

Suppose that S1, S, and S3 are all concurrent at a point. Then this point lies on
Sy and the center of Sy lies on the circumcircle.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (asc,yc) with z¢ > 1 and yo > 0.
D has coordinates (3,0).

E has coordinates (52¢, 39c)-
F has coordinates (3 (zc + 1), 3yc).
I has coordinates (1:1, 21Yc )

zo+1
. a:I(xC 2)+zc+1l zryc
L has coordinates ( po 389
2z (xc— ) yo(ro—2zx1+1)
O has coordinates (z¢ — ST ) acH ).

S is given by the equation z* +y* = 27 + (7143)
Sy is given by the equation (x — 1)? + y? = (% — 1)+ (29)°

Assume that S; and Sy meet at two points. The point with the smaller y-
coordinate (which we will denote as T') is given by the coordinates

rr= (22 +6*xzox2? +2%xc—3x23+1)/(2*x2i +4x 20+ 2)

and

yr = — (4*xc*x%—xc+4*xc*xl 4kl — 36*xc*x1+4*xc*xl*yc+
G*xc*ml 6*xc+36*mc*:pl—|—8*xc*ml*yc—|—16*ajc*xl—4*xc—9*
o+ Adxa?xyd +10x 22 — D)Y2/ (2% (22 + 2 x 30 + 1)).

Ss3 is given by the equation

2y (x —l) ro—2x7+1
(2= 20)? + (y — yo)* = (FH252)? + (elee2atl) )2,
Assume that S, S, and S3 are concurrent at 7. This forces z¢ and yc to obey

the rolati 2 N2 _ (2mre=3)\e | (yolwo—2u41)
e relation (zr —xc)*+ (yr —yc)* = (7 72)° + (* 3 ye)

solve for yo and we get
yo = —((—(6xxc—5dkrixrt—36xxdxrt—3xadxx]—9xrt k1342058 %17 —36%12 *
29420k xt %] —36%rox i+ 14xrox ] +36% T 0k xS — 2503 x (4l + 12522, + 6458 *
—24xxE x4+ 9% wd — 128 %l k0t — 24xxd 407 — dxxd -84k xl x 11+ 225 1k 1E — 6%
a:c—QO*xo*w1+2O*xc*x1+x1—2*x§+1)1/2+15*:1:20+20*:v%~|—15*xé+6*$50+:v60—
9*3:[—1—17*3:[ 9*3:1 dxxorrix(4xrd +12% 12+ 645 x kw0 — 24wl x 13+ 9% T — 128
T xat—24%xd xw? — 4kl +84xxtx x4+ 22% 1k k1t — 6% 1L —20xxo*x 0T+ 20% ok T+
x‘}—Q*x%%—l)l/z—Q*x%*m%*(4*x%+12*x%+64*x‘é*x‘}—24*x‘é*x%—l—9*xé—128*x%>|<
T —24%xd x 0% — Ak xd +-84xal kT4 22x 0% k12 — 6% 1L — 20%w oK 1T+ 20% TR T+ 1T —
2*:10%—}—1)112+1)/(x20+2*xc—a7§+14))1/2 (2%xc— 4*xc*x1 (4*mc+12*xc+64*xc*
x;}—24*x0*:13%4+9*x40—12523*x%1*x1—224*x01*2x1 4*xct84*2xc*§l+22*xc*x4l 6%
ng—QO*xC*xl—i—QO*xc*x1+x1—2*x1+1) Pydszoxri+aZ—xi+1)) /(2% (vh +4x*
Th A+ 12% 2 %0 — Ax 2 %03 4+-6% 2% — 1 2% 0% 0 — 8% wo* T+ A* w0+ 330 —4xxi4-1)).
Now, S, is given by the equation

1 zr(zc—2)+xo+1 yo(zr—zc—1)+zc(zc—1)Bzr—zc—1)\2 _ 1
('1' - —(1’ + = CxC_H < )) + (y+ = 2yc(zc+1) : ) - (IL’] - 5(‘1'[“‘
zr(xoc— 2)+xc+1>) + (q;ch + yc(xj—xc—1)+xc(xc—l)(3x1—xc—1))2

zo+1 zo+l1 2yc(zc+1) ’
To show that T is a solution to this, we solve for y in the equation

2 Tr—xo— X o — T —TC—
(xT_%(xl_i_961(93072)+mc+1)>2+<y+yc( 1—zc—1)+zc(zc—1)(Bzr—zc 1))2 _ (SCI %(xl_,_

2. We now

zo+1 2yc (zc+1)
11(10*2)+Ic+1)>2 + (xzyc + v&(zr—zo— 1)+Zc($0*1)(3$1*xc*1)>2
zo+1 zo+1 2yc (zc+1)

and we get that

y = (2252 —ro+3xroxr+ro*(xl 4+ 2%l xyd — 2% T+ 2% TP kS — Axx Lk T3 RYE A+
i xyt —rixyd A rorat kYL 25 wokydb — rixyL+yb+yd) V2 =3k x (a8 +
2kl * YL —2x 0+ 25w xyd — AxaZxrixydtaixys —rixyi ol Axrox iyl +
2xrokys — iyt +yb 2 )V =3k ad xar+ 2% woxyd —xrxyd + (28 + 25 x b xyE —
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2;<xé2+2*4x%*32;%1—24*a7§*a:§*y%i—x%;yé—x%*y%jx%qul*mc*Qm%*y%—i—Z*xC*yé—
eyt tyetye) P —at tab ety —voxarxyg) /(2 (yorag + 24 yoxrotyc))-
Hc;vvevzer7 if we set y = yr here6and coi“resg)ondin%ly sol\;e f021" Yo ithheZquatiOQH
TExYs—To+3*ToxX1+Tox (T H+2%THxys — 24X L+ 2% T xya —Ax x5 x LT x Y S+ T *
o et A AN NN
Yo —rixyd+ad+Axroxrixyd+2xwoxys — kgt +yb+y2) V2 =3xrx (2 + 2% xk *
2 4 3 402 2 22 L2 yd 32| 2,2

Yo — 24X+ 2% Tpx Yo — A% TE* IR YGH+TE* Yo —TexYa+Te+A*To*x ¥ Yo+ 2% x 0%
g_w2*02+ 4_f 2?1/2_3*03 ! C2 e T S 95 ]2_02 49
Yo—Ti*Yet+yot+ye TEHTT+2xTo*Ye —Trxye+H (TG + 2% TG xYe —2x 0+ 2%
Thoayl — Atk iyt A riays—rikyE AT A Ak r ok Tyl 25 roxy b — TRy YL+
Y22 — a2 ad ah i —xoxrrryd) /(2% (Yo xai 25 yoxxo+yc)) = —(dxak*
T3 —xhAkrd xr? —dxxd, — 36kt kAR i kI xyE 65t x0T — 6% 2%+ 30k oxT ]+
Sxxoxr kY2 16x1 0% 22 —dkxo— 9%t +Axrtxy2 +10%02 —1)12 /(2% (2242520 +1))
then we will get

yo = —((—(6xxc—5dxrixrt—36xrd xrt—3xadxx]—9xrt k13420528 %17 —36%12 *
29420k xt %27 —36% 1 ox i+ 14xro* 2] +36% T okl — 2503 (45l + 12522, + 6458 *
o] —24xx bk i+ 9k —128% 33 x 0] — 24% 1P k03 — Ak} + 84x 1t k1] 4+ 22%xE % 2% — 6k
22, —20%xxox 2t 4+20%x x4t — 2502+ 1) Y2+ 15502 42028 + 15558+ 6512, +-28 —
k21752 — 98— dxwoxadx (45l + 12522 + 64k rtx 0 — 24Ttk 13+ 9% — 128%
Thxx]— 245 kw0t — Axad -84kl k2] + 224 % %13 —6x 0L — 20xrox 2]+ 205 TR T+
24— 2502+ 1)V 2 = 2502524 (Al 4+ 125 0% + 6453t x0T — 245wt 422495, — 128533 %
o} —24%x} k1% — Ak P 4+ 84% r k1 +22x 02 x 02 — 6% 1% — 205w o* T+ 20k T ORI+ —
2522+ 1)V241) /(2242500 —2241)) V25 (25w 0 — dra k22 — (4528 4+ 12522 +64% %
T —24%xd x4+ 9% —128% w0 x0T — 245 xP k03— Akl +84x 1L x 11+ 22% 0L k12 — 6%
13 —20%xxc* 0 4205z ri ot — 2% 22+ 1)V 2 pdx ok + ot — w2 +1)) /(2% (wh +4x%
Th A+ 12% 2 %0 —dx 02 %03 4+-6x 2% — 1 2% 10 x0T —8*wox T+ 4* w0+ 3x 0T —4xxi4-1)).
which is what we calculated above, so T lies on Sy.

Now, P has coordinates

zr(xc—2)+zc+1 2(zr—zo—1)+zc(zc—1)(Bzr—zc—1)
(%(ZB[ - . Cxc-)i-l c )’ S 2ycc($cil) — )
The circumcircle of AABC' is given by the equation

24zc(zo—1 2 tzc(zo—1

(x_%)2+(y_yg 2cy(cc ))2:}1_’_(1@ 2cy(cc ))2.
We verify that P lies on this circle since we calculate
(I(IEI + rz(mc—2)+mc+1) - 1)2 + (_yzc(fl—fﬂc—1)+ﬂ¢c(’£c—1)(3$1—mc—1) y%+$c($c—1))2 _

2 zo+1 2 2yc (zc+1) o 2yc

(%+(W)2) = 0 and solving for yo gives yo = —((—(6*xc —Hd* x4 *x 13 —
3653k w? —3x Lk rt— 9k wEx 12+ 20% 8 % 2T — 365 2L %28 +20% 1 k1T — 36k To* T+
sxoxri+36xro*xd — 2% 2% * (452 +12x 28+ 64%xf x 0] — 24 % x b x 23+ 95 18 —
128« a8 x 0t — 24l %02 — Axxd, + 84x 22 xxF+22% 12 %12 — 6% 1% — 20% w0 * 1+ 20
x4+t — 2% 02+ 1) Y24 15522 420528, + 15 %78 + 6522+ 28 — 9% 22 +17*2F — 9%
28 —dxwokrdx (A xd +12% 23 +64x 18 % 0] —24%xl x 13+ 9k xl — 128 %28 v 1] — 24%
T2 — Ak ad 4+ 84x k1t + 22422 k12 — 6% 1% — 20% o x X+ 20% T ox 1T+ 2T — 2% 1+
DY2 252 %225 (4528, + 12522 + 6452k %23 — 24x 0l %22+ 9x 0l — 128 %23, %27 — 24 %
Thort—Axxd +84xx i xx ]+ 2241k 13 — 6% 1% — 20x w0k 1T+ 20% xR T+ 2T — 2% 23+
DY241) /(2242520 — 22 +1)) 2% (2500 — Akl %22 — (4l + 12522 +-64% x kv 25 —
24xxfx 12+ 9%l — 1285 P %07 — 24 12 % 1% — Ax 1l + 84% 1% x xT+22% 1% %12 — 6 %
13 —20%xxc* 0 4205 T+ at — 2% 22+ 1)V 2 pdx ok ot — w2 +1)) /(2% (wh +4x%
Th 412522 %0t — A% a2 %13+ 6% 2% — 1 2% 0o * 1t —8x T * 13+ 4% w0+ 352t —dx 22+ 1))
as desired. O
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The result in [1] is the special case of this where we take I = F.

Andrew Crane noticed that when I = F', then the power center of S, Ss, and S3
is X (546), which is the midpoint of the orthocenter and the nine point center (it
lies on the Euler line). We generalize this for arbitrary I and show that the power
center lies on the Euler line via the following result.

Theorem 2.2. Let A, B, and C' denote the vertices of a given triangle.

Let D be the midpoint of A and B.

Let E be the midpoint of A and C.

Let F' be the midpoint of B and C'.

Let I be a point on line AF.

Let L be the point on line BE such that BL : EL = Al : F1I.

Let O be the point on line CD such that CO : DO = Al : F1I.

Let Sy denote the circle centered at A which passes through I.

Let Sy denote the circle centered at B which passes through L.

Let S3 denote the circle centered at C' which passes through O.

Let V' denote the power center of Si, 5, and Ss.

Then V' lies on the Euler line.

Moreover, if we denote k as the ratio of the distance between A and I to the
distance between A and F', then the ratio of the distance between V' and the ortho-

center and the distance between V' and the nine point center is given by g’)]’zz—:g .

Proof. A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates xc,yc)

(

D has coordinates (%,0).

E has coordinates (5z¢, 2yc)

F has coordinates (5(xc + 1), ch)

I has coordinates (x7, ”fl)

1(xc—2)+zc+1 xfyc)
ro+1 P xo+1/°

ZxI(xcf%) yc(xc*2$1+1))

zo+1 ) zoc+1 )

S is given by the equation x? + y* = 17 + (—jgfl)z
—2)+zc+l
(Il(xcxc-)‘rlxc 1>2 (:L’xéici)Q

[\')II—'[\DI)—‘[Q

L has coordinates (£

O has coordinates (z¢ —

S, is given by the equation (x — 1) + y* =
Ss is given by the equation

1
(1 = 20)* + (y = yo)? = (P22 4 (rele2etl) 2
The radical line through S; and S5 is given by the equation
r =1+ 107 - GEeT
The radical line through S} and S5 is given by the equation
2% xxx0 — g + (2% 21 + 20+ 1) xyo)/(ve + 1) —yo)* + (4 (v — 1/2)% *
o — 22 xyd)(we+ 1)+ 2xyxyc —yi — 23 = 0.
The radical line through S5 and S5 is given by the equation
2% (xg— D) *xx+ (yo*x (3% 22 — (wc + 1)) *yo + 2% (xc + 1)? *xy))/(xzc + 1)* +
B*(zc— 1) x23)/(xc +1) — (zc — 1) x (zc + 1) = 0.
V' has coordinates
(22 +6xxo*2?+2%w0—3%22+1)/(2% (o +1)?), (v} + 22 — Ix 2% * 22 + 12 *
y%—x%+9*xc*m1—l—2*xc*y0—xc—3*x1*yc—|—yc)/(2*yc*(xc+1)2)).
1 yotec(eo— 1)).

The circumcenter has coordinates (3, e
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. . . 2 g2 +x
The nine point center has coordinates (%xc + ‘—11, yc4y—cCC)

The Euler line is the line passing through the circumcenter and the nine point

center, which is given by the equation
y%-!—wc(wc—l) y%—m%-&-mc

_ vetec(ze—1) + ( 2yc —(C g ))( . l)
y 2yc I—(TzotD) 2
We then verify that V' lies on this line since we calculate

2 4 re(o1) y%-&-zc(lc—l)_(y%—z%-&-zc)
etmgine) (e e ) (af + G xwe vt + 2xac — Bxaf+1)/(2
(e +1)%) —3) — (a8 +ad — 9% ad xaf + af xy& — 28 + I x 2o * x4+ 2% x( *
yE —xo —3x i xyd +y2)/ (2% yo * (vc +1)?)) = 0 as desired.
Now, the coordinates of the orthocenter O are (z¢, 7(1 — z¢)).

Thus, we calculate that the ratio of distances between V' and the orthocenter, and

. . -l zo—xv | ro—((z24+6xzo*rr?4+2xz0—3%27+1)/(2%(zc+1)?)) o
V and the nine point center, is [ T2 | = |(xré%*xc*2%2*%73”?“)/(2*(xCH)Q)i(%wc%)| —
2((zc+1)2—332) 1 : : 3k2—4
| 6o T . If we let 7 = 3k(2¢ + 1) then this ratio becomes |55 O

FiGURE 1. If 51,55, and S3 intersect at a point, this this point lies
on Sy, and the center of Sy, P, lies on the circumcircle of AABC'.
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FIGURE 2. The power center, V', of S1, S, and S3 lies on the Euler
line (in green).
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