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1. Introduction

It’s a trivial fact that the principle diagonals of a regular even sided polygon are
concurrent, and that the lines connecting a vertex and the opposite midpoint in
an odd sided regular polygon are concurrent. Here, we give generalizations of
these particular results.

2. Results

Theorem 2.1. Let v1, ..., v2k+1 denote the vertices of a regular 2k + 1-gon (ar-
ranged counterclockwise).
Let u denote some point in the plane.
Let w1 be a point on line uv1.
For all 1 < i ≤ 2k + 1, let wi be the point on line uvi such that
uwi : viwi = uw1 : v1w1.
Let m(va, vb) denote the midpoint of vertices va and vb.
Then
1. Line vk+1m(w1, w2k+1) and lines vim(wk+i, wk+i+1) and vk+i+1m(wi, wi+1)
for all 1 ≤ i ≤ k are all concurrent at point α.
2. For all 1 ≤ i ≤ k,
αvk+1 : αm(w1, w2k+1) = αvi : αm(wk+i, wk+i+1) = αvk+i+1 : αm(vi, vi+1) =

|uv1|
|uw1| cos( π

2k+1
)

, and
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3. The line between any two such points α and β (formed by varying the coor-
dinates of w1) passes through u, A, and B, with Aα : Bα =, where A is the
circumcenter of vi and B is the circumcenter of wi for all i.

Proof. Without loss of generality, we will work in Cartesian coordinates.
vj has coordinates (cos(2π(j−1)

2k+1
), sin(2π(j−1)

2k+1
)).

u has coordinates (xu, yu).
w1 has coordinates (xw1 , (xw1 − 1)( yu

xu−1
)).

wj has coordinates
xwj

= xu+(
(xu−xw1 )

xu−1
)(cos(2π(j−1)

2k+1
)−xu) and ywj

= yu+(
(xu−xw1 )

xu−1
)(sin(2π(j−1)

2k+1
)−yu).

m(w1, w2k+1) has coordinates
(1
2
(xw1 +xu+(

(xu−xw1 )

xu−1
)(cos( 4πk

2k+1
)−xu)),

1
2
(yw1 + yu+(

(xu−xw1 )

xu−1
)(sin( 4πk

2k+1
)− yu))).

Line vk+1m(w1, w2k+1) is given by the equation

y = sin( 2πk
2k+1

)+(x−cos( 2πk
2k+1

))(
sin( 2πk

2k+1
)−( 1

2
(((xw1−1)( yu

xu−1
))+yu+(

(xu−xw1 )

xu−1
)(sin( 4πk

2k+1
)−yu)))

cos( 2πk
2k+1

)−( 1
2
(xw1+xu+(

(xu−xw1 )

xu−1
)(cos( 4πk

2k+1
)−xu)))

).

m(wk+j, wk+j+1) has coordinates
(1
2
(xu+(

(xu−xw1 )

xu−1
)(cos(2π(k+j−1)

2k+1
)−xu)+xu+(

(xu−xw1 )

xu−1
)(cos(2π(k+j)

2k+1
)−xu)),

1
2
(yu+

(
(xu−xw1 )

xu−1
)(sin(2π(k+j−1)

2k+1
)− yu) + yu + (

(xu−xw1 )

xu−1
)(sin(2π(k+j)

2k+1
)− yu)))

= (xu+
xu−xw1

2(xu−1)
(cos(2π(k+j)

2k+1
)+cos(2π(k+j−1)

2k+1
)−2xu),

2yu(xw1−1)+(xu−xw1 )(sin(
2π(k+j)
2k+1

)+sin(
2π(k+j−1)

2k+1
))

2(xu−1)
).

By the identities sin(x)+sin(y) = 2 sin(x+y
2
) cos(x−y

2
), cos(x)+cos(y) = 2 cos(x+y

2
) cos(x−y

2
),

sin(x+ π) = − sin(x), and cos(x+ π) = − cos(x), it follows that m(wk+j, wk+j+1)
has coordinates
(xu+

xu−xw1

xu−1
(cos(π(2k+2j−1)

2k+1
) cos( π

2k+1
)−xu),

yu(xw1−1)+(xu−xw1 )(sin(
π(2k+2j−1)

2k+1
) cos( π

2k+1
))

xu−1
)

⇐⇒ (xu+
xu−xw1

xu−1
((− cos(2π(j−1)

2k+1
)) cos( π

2k+1
)−xu),

yu(xw1−1)+(xu−xw1 )((− sin(
2π(j−1)
2k+1

)) cos( π
2k+1

))

xu−1
)

Line vjm(wk+j, wk+j+1) is then given by the equation

y = sin(2π(j−1)
2k+1

)+(x−cos(2π(j−1)
2k+1

))(
yu(xw1−1)+(xu−xw1 )((− sin(

2π(j−1)
2k+1

)) cos( π
2k+1

))

xu−1
−sin(

2π(j−1)
2k+1

)

xu+
xu−xw1
xu−1

((− cos(
2π(j−1)
2k+1

)) cos( π
2k+1

)−xu)−cos(
2π(j−1)
2k+1

)
).

m(wj, wj+1) has coordinates
(1
2
(xu + (

(xu−xw1 )

xu−1
)(cos(2π(j−1)

2k+1
) − xu) + xu + (

(xu−xw1 )

xu−1
)(cos(2π(j)

2k+1
) − xu)),

1
2
(yu +

(
(xu−xw1 )

xu−1
)(sin(2π(j−1)

2k+1
)− yu) + yu + (

(xu−xw1 )

xu−1
)(sin(2π(j)

2k+1
)− yu)))

= (xu +
(xu−xw1 )(cos(

2πj
2k+1

)+cos(
2π(j−1)
2k+1

)−2xu)

2(xu−1)
,
2yu(xw1−1)+(xu−xw1 )(sin(

2πj
2k+1

)+sin(
2π(j−1)
2k+1

))

2(xu−1)
)

= (xu +
(xu−xw1 )(cos(

π(2j−1)
2k+1

) cos( π
2k+1

)−xu)

xu−1
,
yu(xw1−1)+(xu−xw1 ) sin(

π(2j−1)
2k+1

) cos( π
2k+1

)

xu−1
).

Line vk+j+1m(wj, wj+1) is then given by the equation

y = − sin(π(2j−1)
2k+1

)+(x+cos(π(2j−1)
2k+1

))(
yu(xw1−1)+(xu−xw1 ) sin(

π(2j−1)
2k+1

) cos( π
2k+1

)

xu−1
+sin(

π(2j−1)
2k+1

)

xu+
(xu−xw1 )(cos(

π(2j−1)
2k+1

) cos( π
2k+1

)−xu)

xu−1
+cos(

π(2j−1)
2k+1

)

).

We claim that the point α lies on all these lines, where the coordinates of α are
given by (

xu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

,
yu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

) since we calculate that

sin( 2πk
2k+1

)+(
xu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

−cos( 2πk
2k+1

))(
sin( 2πk

2k+1
)−( 1

2
(((xw1−1)( yu

xu−1
))+yu+(

(xu−xw1 )

xu−1
)(sin( 4πk

2k+1
)−yu)))

cos( 2πk
2k+1

)−( 1
2
(xw1+xu+(

(xu−xw1 )

xu−1
)(cos( 4πk

2k+1
)−xu)))

)−

(
yu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

) = 0,

sin(2π(j−1)
2k+1

)+(
xu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

−cos(2π(j−1)
2k+1

))(
yu(xw1−1)+(xu−xw1 )((− sin(

2π(j−1)
2k+1

)) cos( π
2k+1

))

xu−1
−sin(

2π(j−1)
2k+1

)

xu+
xu−xw1
xu−1

((− cos(
2π(j−1)
2k+1

)) cos( π
2k+1

)−xu)−cos(
2π(j−1)
2k+1

)
)−
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(
yu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

)

= 0, and

− sin(π(2j−1)
2k+1

)+(
xu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

+cos(π(2j−1)
2k+1

))(
yu(xw1−1)+(xu−xw1 ) sin(

π(2j−1)
2k+1

) cos( π
2k+1

)

xu−1
+sin(

π(2j−1)
2k+1

)

xu+
(xu−xw1 )(cos(

π(2j−1)
2k+1

) cos( π
2k+1

)−xu)

xu−1
+cos(

π(2j−1)
2k+1

)

)−

(
yu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

)

= 0.
Next, we calculate that
αvk+1 : αm(w1, w2k+1) = αvj : αm(wk+j, wk+j+1) = αvk+j+1 : αm(vj, vj+1)

= |
xu(1−xw1 )

(xw1−xu) cos( π
2k+1

)−xu+1
−cos(

2π(j−1)
2k+1

)

xu(1−xw1 )

(xw1−xu) cos( π
2k+1

)−xu+1
−(xu+

xu−xw1
xu−1

((− cos(
2π(j−1)
2k+1

)) cos( π
2k+1

)−xu))
|

= |
xu(1−xw1 )

(xw1−xu) cos( π
2k+1

)−xu+1
−(− cos(

π(2j−1)
2k+1

))

xu(1−xw1 )

(xw1−xu) cos( π
2k+1

)−xu+1
−(xu+

(xu−xw1 )(cos(
π(2j−1)
2k+1

) cos( π
2k+1

)−xu)

xu−1
)

| = | xu−1
(xu−xw1 ) cos(

π
2k+1

)
|.

Now, if we take two points α and β with coordinates respectively given by
(

xu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

,
yu(1−xw1 )

(xw1−xu) cos(
π

2k+1
)−xu+1

) and ( xu(1−q)
(q−xu) cos(

π
2k+1

)−xu+1
, yu(1−q)
(q−xu) cos(

π
2k+1

)−xu+1
),

then the line between them is given by the equation

y = ( yu(1−q)
(q−xu) cos(

π
2k+1

)−xu+1
)+(x−( xu(1−q)

(q−xu) cos(
π

2k+1
)−xu+1

))(

yu(1−xw1 )

(xw1−xu) cos( π
2k+1

)−xu+1
−(

yu(1−q)

(q−xu) cos( π
2k+1

)−xu+1
)

xu(1−xw1 )

(xw1−xu) cos( π
2k+1

)−xu+1
−(

xu(1−q)

(q−xu) cos( π
2k+1

)−xu+1
)
) =

xyu
xu

which is the line passing between u and the origin. □

Theorem 2.2. Let v1, ..., v2k denote the vertices of a regular 2k-gon (arranged
counterclockwise).
Let u denote some point in the plane.
Let w1 be a point on line uv1.
For all 1 < i ≤ 2k, let wi be the point on line uvi such that
viwi : uwi = v1w1 : uw1.
Then for all 1 ≤ i ≤ k,
1. Lines viwk+i and vk+iwi are concurrent at point α,
2. viα : wk+iα = vk+iα : wiα = uv1 : uw1, and
3. The line between any two such points α and β (formed by varying the coor-
dinates of w1) passes through u, A, and B, with Aα : Bα =, where A is the
circumcenter of vi and B is the circumcenter of wi for all i.

Proof. Without loss of generality, we will work in Cartesian coordinates.
vj has coordinates (cos(π(j−1)

k
), sin(π(j−1)

k
)).

u has coordinates (xu, yu).
w1 has coordinates (xw1 , (xw1 − 1)( yu

xu−1
)).

wj has coordinates

xwj
= xu+

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
and ywj

= yu+(
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

).

Line vjwk+j is given by the equation

y = sin(π(j−1)
k

)+(x−cos(π(j−1)
k

))(
sin(

π(j−1)
k

)−(yu+(
(xu−xw1 )(cos(

π(k+j−1)
k

)−xu)

xu−1
)(

sin(
π(k+j−1)

k
)−yu

cos(
π(k+j−1)

k
)−xu

))

cos(
π(j−1)

k
)−(xu+

(xu−xw1 )(cos(
π(k+j−1)

k
)−xu)

xu−1
)

).

Line vk+jwj is given by the equation

y = (yu + (
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

))
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+(x−(xu+
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
))(

(sin(
π(k+j−1)

k
))−(yu+(

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

))

(cos(
π(k+j−1)

k
))−(xu+

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)

).

We claim that the point α lies on all these lines, where the coordinates of α are
given by xα =

xu(1−xw1 )

xw1−2xu+1
and yα =

yu(1−xw1 )

xw1−2xu+1
. To verify this, we use the identities

sin(π(k+j−1)
k

) = − sin(π(j−1)
k

) and cos(π(k+j−1)
k

) = − cos(π(j−1)
k

) to calculate that

sin(π(j−1)
k

)+(xα−cos(π(j−1)
k

))(
sin(

π(j−1)
k

)−(yu+(
(xu−xw1 )(cos(

π(k+j−1)
k

)−xu)

xu−1
)(

sin(
π(k+j−1)

k
)−yu

cos(
π(k+j−1)

k
)−xu

))

cos(
π(j−1)

k
)−(xu+

(xu−xw1 )(cos(
π(k+j−1)

k
)−xu)

xu−1
)

)−

yα

= sin(π(j−1)
k

)+(
xu(1−xw1 )

xw1−2xu+1
−cos(π(j−1)

k
))(

sin(
π(j−1)

k
)−(yu+(

(xu−xw1 )((− cos(
π(j−1)

k
))−xu)

xu−1
)(

(− sin(
π(j−1)

k
))−yu

(− cos(
π(j−1)

k
))−xu

))

cos(
π(j−1)

k
)−(xu+

(xu−xw1 )((− cos(
π(j−1)

k
))−xu)

xu−1
)

)−

yu(1−xw1 )

xw1−2xu+1

= 0 and
(yu + (

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

))

+(xα−(xu+
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
))(

(sin(
π(k+j−1)

k
))−(yu+(

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

))

(cos(
π(k+j−1)

k
))−(xu+

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)

)−

yα

= (yu + (
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

))

+(
xu(1−xw1 )

xw1−2xu+1
−(xu+

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
))(

((− sin(
π(j−1)

k
)))−(yu+(

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)(

sin(
π(j−1)

k
)−yu

cos(
π(j−1)

k
)−xu

))

((− cos(
π(j−1)

k
)))−(xu+

(xu−xw1 )(cos(
π(j−1)

k
)−xu)

xu−1
)

)−

(
yu(1−xw1 )

xw1−2xu+1
)

= 0.
Next, we calculate that

vjα : wk+jα = |
cos(

π(j−1)
k

)− xu(1−xw1 )

xw1−2xu+1

xu+
(xu−xw1 )(cos(

π(k+j−1)
k

)−xu)

xu−1
− xu(1−xw1 )

xw1−2xu+1

| = |
cos(

π(j−1)
k

)− xu(1−xw1 )

xw1−2xu+1

xu+
(xu−xw1 )((− cos(

π(j−1)
k

))−xu)

xu−1
− xu(1−xw1 )

xw1−2xu+1

|

= | xu−1
xu−xw1

| and

vk+jα : wjα = |
cos(

π(k+j−1)
k

)− xu(1−xw1 )

xw1−2xu+1

xu+
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
− xu(1−xw1 )

xw1−2xu+1

| = |
(− cos(

π(j−1)
k

))− xu(1−xw1 )

xw1−2xu+1

xu+
(xu−xw1 )(cos(

π(j−1)
k

)−xu)

xu−1
− xu(1−xw1 )

xw1−2xu+1

|

= | xu−1
xu−xw1

|.
Now, if we take two points α and β with coordinates respectively given by
(
xu(1−xw1 )

xw1−2xu+1
,

yu(1−xw1 )

xw1−2xu+1
) and ( xu(1−q)

q−2xu+1
, yu(1−q)
q−2xu+1

), then the line between them is given
by the equation

y =
yu(1−xw1 )

xw1−2xu+1
+(x− xu(1−xw1 )

xw1−2xu+1
)(

yu(1−xw1 )

xw1−2xu+1
− yu(1−q)

q−2xu+1

xu(1−xw1 )

xw1−2xu+1
− xu(1−q)

q−2xu+1

) = xyu
xu

which is the line passing

between u and the origin. □

Analogous results hold for general triangles and parallelograms ([1] and [2]).
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Figure 1. Illustration of theorem 2.1. for regular pentagons

Figure 2. Illustration of theorem 2.2. for regular hexagons
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