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1. INTRODUCTION

It’s a trivial fact that the principle diagonals of a regular even sided polygon are
concurrent, and that the lines connecting a vertex and the opposite midpoint in
an odd sided regular polygon are concurrent. Here, we give generalizations of
these particular results.

2. RESULTS

Theorem 2.1. Let vy, ..., v9,41 denote the vertices of a reqular 2k + 1-gon (ar-
ranged counterclockwise).

Let u denote some point in the plane.

Let wy be a point on line uv;.

Forall 1 <i <2k +1, let w; be the point on line uv; such that

uw; Y w; = uwy - V1W1.

Let m(vy,vy) denote the midpoint of vertices v, and vy,.

Then

1. Line vgrym(wy, wogt1) and lines v;m (Wi, Wiyiv1) and Vgyiprm(wi, wisq)

for all 1 < i <k are all concurrent at point .

2. Foralll <1<k,
QU1 - am(Wy, Waky1) = QU 1 QM (Whig, Whiig1) = QUkyir1 : am(Vs, V1) =

|uvy |
|uwi | cos( )’ and
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3. The line between any two such points a and 5 (formed by varying the coor-
dinates of wy) passes through u, A, and B, with Aa : Ba =, where A is the
circumcenter of v; and B is the circumcenter of w; for all 1.

Proof. Without loss of generality, we will work in Cartesian coordinates.
v; has coordinates (cos(zggj;l)),sin(QZgJ:ll))).
u has coordinates (z, yy).
wy has coordinates (., , (Tw, — 1)(;%7))-
w; has coordinates

Ly —Tw 2m(j—1 Ly —Tw . 2m(5—1
$wj = l’u—{—(%)(COS( 2554_1 ))_$u) and ywj = yu_{'((ﬁu—_ll))(snl( 2;34_1 ))_yu)
m (w1, wors1) has coordinates

(Ty—2w . Ty —Tww . -

(3 (wun - (T2 (cos(52) = ). § (W 3+ (U527 (iG55 — ).
Line vgym(wy, wek41) is given by the equation

. op o v (S~ (B (@, ~ 1) (G227) Fya+ (T2 (sin (A1) )
Yy = 31n(22,€f1)+(33—008(22kf1))( %zl ( 2jk 5 — cols( dmk )j;+)1)) )
2k+1 w

0s(55 1)~ ( (Twy +aut
m(Wk+j, Witj+1) has coordinates

(o))

Ty — T 2 (k+5—1 (T4 —2w 2 (k+7
<%<xu (52 (cos (PG >>—xu>+xu+<)—x 201 (cos(25EED) — ), L (yu +
€T ﬁw 2m(k —1 Ty —Tw 2w (k
(oo (gin(220H0Y gy 4oy, o+ (e (sin(2ERD) )
Tu—Tw o (kti 2 (ktj—1) 2 (Tuoy — 1)+ (@u—2, ) (sin( Z5ELD ) 4 gin (2T 1) )
("Eu"” 1<COS( 224:?))""008( (21:21 ) Tu), — 12(zu 12)k+1 ).

By the 1dent1tles sin(z)+sin(y) = 2sin(*¥) cos(5Y), cos(x)+cos(y) = 2 cos(*F2) cos(5Y),

sin(z 4+ ) = —sin(z), and cos(z 4+ ) = — cos(z), it follows that m(wit;, Wetj41)
has coordinates
m(2k+2j-1)

(xu—i-%;;f“’l (cos(F5T
2m(j=1)

— (xu+xu—xw1 ((_ 005(27;53;11))) COS(2k+1) xu), yu(xwl—1)+(xu—xw1)ii—7slin( 2hT1 ))cos(2k+l)))
Line vjm(wkﬂ, Wy+j+1) 1s then given by the equation

vu(ewy =D+ u—zw)) (- sin R cos(81) ariy)

— wn(2m(—1) 27(j—1) Tg—1 in(=5 )
= sin(—;——)+(x—cos = L — .
’ Corr )+ G Tut T (= cos (PR >>cos<2k+1>—xu>—cos<2253+f>> )

) yu<xw171)+<xrxw1)(sin(’“2’;zii{*“>cos(ﬁl)))

) cos( Ty), p

2k+1)

m(w;,w;4+1) has coordinates
(zu Tw ) 2 (j—1 (Iu—iEw ) 27 (g
S+ (P52 (cos(BRE) — ) 4w + (525 (cos(H) — ), 3 (yu +

T

(
(o) (sin(20=0) — g,) 4y, + (L 22y (sin(Z2) — )

- (xu+ Sl ww1><cos<2k+(1>+c3s<2’;2“;f>>f2wu> 2ya(@u; 1)+ a:w(l><sm<)2k+1>+sin<2’;%;”>>)
2(xy—1 ’ 2(xy—1
_ ($ + (xu*xwl)(cos(ﬂgzkjgll))COS(2k+1) Za,) ?Ju(xwl*1)+(mu*1w1)Sin(ﬂ(gijgll))cos(ngrl))
u Toy—1 ’ Toy—1

Line vgtjy1m(wj, wjy1) is then given by the equation

vu(@wy —1)+ @y —zw, ) sin( TGl eos (D) | g (m(2i=1))

_ : W(Qj—l) 77(2j—1) —1 2k+1
y = —sin( 2k+1 )+ (z+cos( 2k+1 ) (Bu—ww )(cos(?{] D) cos( gy ) —u) 251
Tut 1 2k+1 T +cos( ﬂzkj-»-l ))
We claim that the point « lies on all these lines, where the coordinates of a are

o (1—=2y ) Yu(1—2w,)
given by ((xwrwu)cos(%’;l)fxﬁl’ (mwlfzu)cos(%ﬁl)ﬂuﬂ) since we calculate that
. ,r (zu— )\ (o .,r

sin(22E )+ ( (1=, ) (2 )) (S -G () rutu eintgzk) vy

2k+1 (wwl—wu)cos(#ﬂ)—xu—kl 2k+1 cos(22ka1) ( (xwl+xu+((a@u xwl))(COS(ﬁLﬁ)—ﬂUu)))

yu(lffwl) o
((:pwlf:vu)cos(%il)fqurl) =0,
2n(j—1)
yu(xw171)+(xu xwl)(( sin( % ) cos( k ) . 27(j—1

sin( 21 4 ( rull_tuy) —cos(ZU=Ly)( e — E— 2&1)))_

2k+1 (2w —2u) cos(ggyy) —utl AL TN o T (— cos( Pt cos(gy) ) —cos (G
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Yu(1=Zw,)
( (Twy —2u) cos( 2k11 )—xu+1 )
=0, and

. 2j—1
yu(Tw, —1)+(Zu—1w1)sm(w(2kj+1 ))COS<2kﬂﬁ)

w(2j—1)

o (m(2j—1) Tu(1=Zw, ) m(2j—1) w1 Hsin(To )
— sin( )+( s +cos( ( 5=
2k+1 (-Tw 7IU)COS(7)7$H+1 2k+1 (zy—2x )(cos(ﬂ-(2j 1))COS(L)—Z ) :
1 2k+1 Tut u—Twy zf:-_ll 2k+1 u +COS(7F(22]€J+—11))
( yu(l_mwl) )
(Twy —2u) o857 ) —Tut1
Next, we calculate that
QU1 - aom(wy, Wopt1) = Qv @ AM(Whj, Wit j11) = QUktj41 - @m(Vj, Vj41)
Ty (1—2wq ) _ (27r(j71))
_| (zwlfzu)cos(m:;l)fmu#»l cos 2k+1 |
- Ty (1—zwy) Tu—ZTw 2m(j—1) s
(mwl_mu)COS(gkﬁ-l)—wu-ﬁ-l_(x“+ Zu—ll ((_COS( 2k]+1 ))COS(TH)_’”“))
Ty (1-—zw,) e m(2j—1)
. | (le_Q:U)COS(Qk:-l)_'T""'l (= cos( 2k+1 ) | o | Ty—1
a1y e +(xu*xwl)(cos(%_;ll))COS(%)*GUU)) (Tu—aw ) cos(zg) "
(zwq 7zu)cos(2k7;1)fzu+1 w Ty —1
Now, if we take two points a and S with coordinates respectively given by
( Ty (1 =T, ) Yu(1—Tw, ) ) and ( zu(1—q) Yu(1—q) )
(@wy —2u) cos(557 ) —Tutl? (Tw) —Tu) cos(gr7 ) —Tutl (q—au) cos(55g ) —Tut1’ (¢—u) cos(gr7) —2u+1/’

then the line between them is given by the equation

yu(l—zwq ) —( yu(l—q) )
o yu(lfq) B xu(lfq) (zwl 7zu)cos(72k7;1)fzu+1 (‘171’“>C05(72k711)7zu+1 o
Y= ((qfxu)cos(%?;l),xwrl)‘f‘(l? ((q,xu)cos(#ﬂ)fqu))( Tul—2w,) ~ wa(l—q) )) =
(zwq 7J;u)cos(2k11)fzu+l (qfwu)cos(Qk:_l)frqul
“% which is the line passing between u and the origin. O

Theorem 2.2. Let vy, ...,v9 denote the vertices of a regular 2k-gon (arranged
counterclockwise).

Let u denote some point in the plane.

Let wy be a point on line uv;.

For all 1 < i < 2k, let w; be the point on line uv; such that

ViW; CUW; = 1w L uwy .

Then for all 1 < i <k,

1. Lines viwyy; and vgy;w; are concurrent at point o,

2. Vit T Wi = Vi Wie = Uy uwy, and

3. The line between any two such points o and [ (formed by varying the coor-
dinates of wy) passes through u, A, and B, with Aa : Ba =, where A is the
circumcenter of v; and B is the circumcenter of w; for all 1.

Proof. Without loss of generality, we will work in Cartesian coordinates.
v; has coordinates (cos(@), sin(@)).
u has coordinates (z, yy).
wy has coordinates (., , (Tw, —1)(;%5))-
w; has coordinates

TGy,

(Tu—2w, )(cos(—
Tw; = Tut Tu—1

ﬂ'(jk*l))

(@ —2wy ) (cos( —Zy) \ , sin k )= Yu
Ty—1 )(cos( T )—xu)‘

) and g, = yurt(

Line vjwy; is given by the equation
TR gy | sin(ERIZL)

=, -, )
k u

sin(

sin( T ) (g, (e :

).

. m(7—1 w(j—1
y= sm(%)—i—(x—cos( (]k ) ru—zwy ) (cos(TERIZ) o)
u—Twy k ad

Tq—1 )

cos(iw(jk_l))—(zu—i-(
Line vy w; is given by the equation

(@ —2wy ) (cos( m(=1)

y:(yu"f_( zuflk

)—Tu) in(M)— u
) . W(jzl))*iu))

cos(
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L(j];l) )—yu

m(j—1) .
.o j— (zy—zwq )(cos(—F—=)—zy) | , sin(
(sin(TUEIZL) )) (g (ST Rt o Z0D, )

k u

Loy — Ty COSM—xu
—|—($—(Iu+( 1) (cos(—5—) )))(

ZTy—1 . _ (=1 _ )
(coS(‘ﬁ(ktcjil)))*(fEqu(xu xwl)(c;j(,l ) wu))

We claim that the point « lies on all these lines, where the coordinates of a are

. _ zu(l—zwy) _ yu(1—2wy) . . . L.
given by To = xwl_—mjﬂ.and Yo = le_—zxujrl To verify thlg, we use the identities
sin(@) = —sin(@) and COS(W) = —COS(@) to calculate that

TrI=D) oy)  sin(TERIL

(wu—ww; ) (cos( )
w(k-zj—l))_xu

Ty —1

. , sin( T — (g +(
sin(ZU=1) 4 (2, —cos( T2 ) )(

cos(

)_

k k ) _ m(ktj=1)_
y COS(WOI;l))f(xu (zu xwl)(coi171 % ) Cvu))
«
, o V((— cos( T ) O N
Sin(w(ng))f(yu ((mu wi ) (( :;37(1 7)) —zu) |, (= sin(—F—"))—yu

j Zu(l—Zw w(j— — cos m(j—=1) —ay
_ Sin(w(jk_l))—k( (1—zw,) —cos( (Jk 1)))( (= cos(F=H) )—

Tawy —2Ty+1 o _ _ TG=1)yy_
1 COS(TF(Jk 1))7(mu+($u zwq ) (( :ji(l & ) wu))

yu(l_xwl)
zw1—2:vu+1
=0 and . .
(o (Bemz s ) (D)

“ w1 cos(“) —g,

w(j—1) Lom(j—1)
.o j— (T —zwq ) (cos(—F—>)—zu) (—F—)—vu
(1) (sin(ZERIL ) — (g, (e ey (e )
(0 (,+ Eem ) ) - )
@ v zy—1 (Cos(ﬂ(k+j—1)))_(x +(Zu*1w1)(cos(7r(]k_1))*Iu))
k u xqy—1
Yo
— (yu + (<mu—xw1><cos<@>—zu) (sin(@mu )
= (Yu zu—1 cos(Z=10) ¢,
. (=1 som(i=1)
. w(j— (quzw )(COE( )*iu) bm( )*yu
(e ((— sin( T2 ))) — (g +( LRt " K )
( Z‘u(l—z‘wl) —(l’ +(xufzw1)(cos(%)fxu)))( k w u—1 cos(%)—zu )_
Tapy —2Ty+1 u Toy—1 ﬂ'(jil))—zu)

m(j— (zu—zwy )(cos(
(= cos(TL=2))) — (wu+ Lk )

( yu(l_wwl) )

Ty —2x,+1
=0.
Next, we calculate that

m(j—1) Ty (1—2wq )
k )—

w(j—1) )— zy(1—zwq )
Twq —2zq+1 ’ k

Twq —2xq+1

cos( cos(

VO Wiy = |

(@u—zwy) cos(CERIT ) 0y 2y (1-aw)) (@u—zw) (—cos(PIT)) 2y)  ay(1-ww))
Tut Tu—1 T Tw; 2outl Tyt Tu—1 T Twy 2outl
= —fﬁ;l | and
u w1y
w(k+j—1) Ty (1= zwq ) w(j—1) Ty (1= zwq )
VO : Wi = | cos( k )_zwlf2zu+1 ‘ _ | (—cos(—5 ))_zwlf2zu+1
AEAR (@u—zwy)(cos(PI)_ar)  wy(1-awy) (@u—zwy)(cos(PI)_ar) 2y (1-zwy)
Tut Tq—1 _zw172zu+1 Tut Ty —1 _zw172zu+1
— |
Tu—Twy :

Now, if we take two points o and  with coordinates respectively given by
( 1‘u(1_zw1) yu(l—:twl) ) and ( xu(l_Q) yu(l_Q)
xw1—2xu+1’ T, —2x,+1 q—2x4+17 q—2z4+1

by the equation

), then the line between them is given

yu(lffwl) yu (1—q)

_ yu(l—zwl) zu(l—zwl) zwl—21u+1_q—2zu+1 _ TYu . . . .
Y= somma t (x xw1—2xu+1)( ey saia ) = o Which is the line passing
Twq —2zy+1 g—2xy+1
between v and the origin. U

Analogous results hold for general triangles and parallelograms ([1] and [2]).
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F1GURE 1. Illustration of theorem 2.1. for regular pentagons
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FIGURE 2. Illustration of theorem 2.2. for regular hexagons
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