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1. Introduction

In [1] a result on quadrilaterals was proposed without a proof. Here, we will
provide a proof of a reformulation of this result.

2. Results

Theorem 2.1. Let A,B,C, and D denote the vertices of a quadrilateral arranged
counterclockwise.
Let E denote the midpoint of A and B.
Let F denote the midpoint of B and C.
Let G denote the midpoint of C and D.
Let H denote the midpoint of A and D.
Let line AC intersect line BD at point I.
Let line EG intersect line FH at point J .
Let K denote the midpoint of A and C.
Let L denote the midpoint of B and D.
Let Q be a point on line DK.
Let R be the point on line BK such that BR : KR = DQ : KQ.
Let S be the point on line AL such that AS : LS = DQ : KQ.
Let T be the point on line CL such that CT : LT = DQ : KQ.
Let line QR intersect line ST at point U .
Then I, J, and U are collinear and IU : IJ = 2DQ : DK.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates (1

2
, 0).

F has coordinates (1
2
(xC + 1), 1

2
yC).

G has coordinates (1
2
(xC + xD),

1
2
(yC + yD)).

H has coordinates (1
2
xD,

1
2
yD).

I has coordinates ( xCyD
xCyD−xDyC+yC

, yCyD
xCyD−xDyC+yC

).

J has coordinates (1
4
(xC + xD + 1), 1

4
(yC + yD)).

K has coordinates (1
2
xC ,

1
2
yC).

L has coordinates (1
2
(xD + 1), 1

2
yD).

Q has coordinates (xQ, yD + (xQ − xD)(
1
2
yC−yD

1
2
xC−xD

)).

R has coordinates (1 +
( 1
2
xC−1)(xQ−xD)

1
2
xC−xD

,
yC( 1

2
xC−1)(xQ−xD)

2( 1
2
xC−xD)( 1

2
xC−1)

).

S has coordinates (
(xD+1)(xQ−xD)

xC−2xD
,
yD(xQ−xD)

xC−2xD
).

T has coordinates (xC +
( 1
2
(xD+1)−xC)(xQ−xD)

1
2
xC−xD

, yC +
( 1
2
yD−yC)(xQ−xD)

1
2
xC−xD

).

Line QR is given by the equation

y = (yD + (xQ − xD)(
1
2
yC−yD

1
2
xC−xD

)) + (x− xQ)(

yC ( 12xC−1)(xQ−xD)

2( 12xC−xD)( 12xC−1)
−(yD+(xQ−xD)(

1
2 yC−yD
1
2xC−xD

))

1+
( 12xC−1)(xQ−xD)

1
2xC−xD

−xQ

).

Line ST is given by the equation

y = (
yD(xQ−xD)

xC−2xD
) + (x− (

(xD+1)(xQ−xD)

xC−2xD
))(

yC+
( 12 yD−yC )(xQ−xD)

1
2xC−xD

−(
yD(xQ−xD)

xC−2xD
)

xC+
( 12 (xD+1)−xC )(xQ−xD)

1
2xC−xD

−(
(xD+1)(xQ−xD)

xC−2xD
)
).

U has coordinates (−xC((xD+xC−3)xQ−xD(xD+xC−1)+xC)yD−(xD−1)(xD+xC+1)(xQ−xD)yC
(2xD−xC)(xCyD−(xD−1)yC)

,

− xC(xQ−xD)y2D−((xD−xC+3)xQ−xD(xD−xC+1)−xC)yCyD−(xD−1)(xQ−xD)y2C
(2xD−xC)(xCyD−(xD−1)yC)

).

Line IJ is given by the equation

y = yCyD
xCyD−xDyC+yC

+ (x− xCyD
xCyD−xDyC+yC

)(
1
4
(yC+yD)− yCyD

xCyD−xDyC+yC
1
4
(xC+xD+1)− xCyD

xCyD−xDyC+yC

).

We then verify that U lies on this line since we calculate
yCyD

xCyD−xDyC+yC
+(−xC((xD+xC−3)xQ−xD(xD+xC−1)+xC)yD−(xD−1)(xD+xC+1)(xQ−xD)yC

(2xD−xC)(xCyD−(xD−1)yC)
− xCyD

xCyD−xDyC+yC
)∗

(
1
4
(yC+yD)− yCyD

xCyD−xDyC+yC
1
4
(xC+xD+1)− xCyD

xCyD−xDyC+yC

)−(−xC(xQ−xD)y2D−((xD−xC+3)xQ−xD(xD−xC+1)−xC)yCyD−(xD−1)(xQ−xD)y2C
(2xD−xC)(xCyD−(xD−1)yC)

)

= 0.
We then calculate that IU : IJ = xI−xU

xI−xJ

=
xCyD

xCyD−xDyC+yC
−(−

xC ((xD+xC−3)xQ−xD(xD+xC−1)+xC )yD−(xD−1)(xD+xC+1)(xQ−xD)yC
(2xD−xC )(xCyD−(xD−1)yC )

)
xCyD

xCyD−xDyC+yC
− 1

4
(xC+xD+1)

= 2
xQ−xD
1
2
xC−xD

= 2DQ : DK.

□
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Figure 1.
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