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1. INTRODUCTION

In [1] a result on quadrilaterals was proposed without a proof. Here, we will
provide a proof of a reformulation of this result.

2. RESULTS

Theorem 2.1. Let A, B,C, and D denote the vertices of a quadrilateral arranged
counterclockwise.

Let E denote the midpoint of A and B.

Let F' denote the midpoint of B and C'.

Let G denote the midpoint of C' and D.

Let H denote the midpoint of A and D.

Let line AC' intersect line BD at point 1.

Let line EG intersect line FH at point J.

Let K denote the midpoint of A and C.

Let L denote the midpoint of B and D.

Let Q be a point on line DK .

Let R be the point on line BK such that BR: KR = D@ : KQ.
Let S be the point on line AL such that AS : LS = DQ : KQ.
Let T be the point on line C'L such that CT : LT = DQ : KQ.
Let line QR intersect line ST at point U.

Then I,J, and U are collinear and IU : IJ =2DQ) : DK.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, )
D has coordinates (zp,

E has coordinates (3, )

F has coordinates (3(zc + 1), 3yc).
G has coordinates (1 (zc + zp), 3(yo + yp)).
(l

H has coordinates (5xp, 23/1))

I has coordinates ( S et ).
cyp—rpyc+yc’ ﬂccyD TpYyc+yc

J has coordinates (%(a:c +ap+1), (?/C +Yp)).
K has coordinates (%a:c, 2yo)

L has coordinates (3(zp + 1), 3yp).
1yeo
@) has coordinates (xq,yp + (vg — = )(%))
: ( zo- D(zg—2p) yc(32c—1)(zg—2p)
R has coordinates (1 + -2 Too—ap 20 iy —on)(Ls c—l))'
S has coordinates ((IDH)(‘;Q ZD) yD(xfz ID)).
rc—2Tp rc—2Tp

T has coordinates (]J + (3 ($D+1) zo)(zg—2p) + (%yD—yc)(wQ—mD))

3Tc—2p »ye 3¢c—2p '

Line QR is given by the equation

yc(%chl)(zQ*ID) %yc*yD
1 T T —(yp+(@e—zp)(£--—7))
o Yo —YD 2(5zg—zp)(gzc—1) 3%C %D
= To—T 2= = r—x .
y = (yp + (xq D)(%IC,ID)) +( Q)( 1+(%zc—l)(fozD)7x )
Sec—ep @

Line ST is given by the equation

y +<%yp—yc><wQ—wD)_(yD@cQ—zD))
y — (yD(IEQ—.CED)) + (fL‘ . ((ID+1)(CEQ—JUD)))( C %chzD To—2zp )
Tc—2zp rc—2xp zc+(%(w+1>—xc><wg—xm_(<xD+1><xQ—xD>) )

%chzD zo—2xp
zc((zptrc—3)zg—zp(zp+rc—1)+rc)yp—(zp—1)(zp+rc+l)(zQ—2Dp)yc
(2rxp—zc)(zcyp—(zp—1)yc) ’
_zo(zg—zp)yp—((ep—zc+3)zg—zp(@p—2c+l)—zc)yoyp—(zp—1)(zQ—=p)yd )
(2rzp—zc)(zcyp—(zp—1)yc) )

Line 1.J is given by the equation

U has coordinates (—

L(yo+yp)— YC8D

Yy = Yycyp + (l‘ _ TCcyYp )( . IcyD*ngZcﬂ/c )
— D .
TcyYyp—xpYyct+yc TcyYp—xpyct+yc Z($C+$D+1)—W

We then verify that U lies on this line since we calculate
YoyD (_ zo((zptrc—3)zg—zp(vp+rc—1)+tzc)yp—(vp—1)(zptrc+l)(z@—=D)yc zoyD )*
TcYyp—=pyc+yc (2zp—zc)(zcyp—(rp—1)yc) TcYyp—rpyc+yc

1 ____weyp
( 1Wetyn)— 555 Dva o )_(_xc(wQ*wD)y%*((fED*fEch?’)IQ*QJD(foch)*xc)ycyD*(fol)(IQ*xD)y%)

i(xCJF‘”D*l)*m (2zp—zc)(zcyp—(zp—1)yc)

= 0.
We then calculate that IU : IJ = %

zCyYD _(_””C((ID‘H”C 3zg— xD(wD+WC—1)+$c)yD—(wD—l)(wD+rc+1)(:vQ—wD)yc)
_ TCYD—TDYCtYC 2rp—zc)(zcyp—(zp—1yc)

- %_i(wc_kz[)_i_l)

ToYp—Tpyct+tyc
=229°"0 _9DQ: DK.

5XC—ITD
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