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1. INTRODUCTION

There are a handful of known results regarding the concurrency of circles in the
plane, such as Miquel’s theorem [1]. Here, we demonstrate the existence of another
of these types of results, except we also involve a conic section.

2. RESULT

Theorem 2.1. Let A, B, and C denote the vertices of a given triangle.
Let D be a point in the plane.

Let E be the midpoint of A and D.

Let F' be the midpoint of B and D.

Let G be the midpoint of C and D.

Let H be the midpoint of A and B.

Let I be the midpoint of A and C.

Let J be the midpoint of B and C.

Let Sy be the circle passing through E, F, and H.

Let Sy be the circle passing through E, G, and I.

Let S3 be the circle passing through F, G, and J.

Let Sy be the nine point circle of A, B, and C.

Let S5 be the conic section passing through E, F,G, H,I, and J.
Then Si, S, S3,S4, and Ss are concurrent.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
The coordinates of A are (0,0).

The coordinates of B are (1,0).

The coordinates of C' are (z¢, yc).

The coordinates of D are (xp,yp).

The coordinates of E are (3xp, syp).

The coordinates of F are (3(zp + 1), 3yp).

The coordinates of G are (1 (zc + zp), 3(ye + yn)).
1

The coordinates of H are (3,0).
The coordinates of I are (3z¢, 3yc).
The coordinates of J are (3(zc + 1), 3yc).
S1 is given by the equation
2 2

2xp+1y2 yp—zp(Ep—1)\2 _ (2zp—1)2 yp—zp(zp—1)\2
(r = =520+ (y — P )" = (=) + (=, )"
S, is given by the equation

t2yp—2rcTpyc+2TcTpYD—THYc—Y2Yp+Ycyh )2

4(zcyp—zDYC)
+(y— x%mp—a:chD+2xcycyp+mcy?3—xpy2o—2:cpycy1:>)2
y 4(zcyp—zpYyc)
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_ (lxp _ a}yp—2rcrpyc+2rcrpyp—rhyc—YoyYp+ycyp )2
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2 4(zcyp—zpYC) )

S3 is given by the equation

(CL’ _ tZyp—2rczpyc+2ccrpyp+2zcyc—rHYc—2TpYp—YSYp+Ycyh+yc—yp )2

4(xcyp—xpyc+yc—yp)

+ ( . fﬂQCJED*I?;*ICQXQDJr?ﬂDcycyDHEcyQDvLﬂJCJrJBQD*IBDy%*QJBDycyD*$D+y%~*yzp)2
Yy 4xcyp—rpyc+yc—yp)

_ (l(xD + 1) . z2yp—2zcrpyc+2zcrpyp+2zcyc—rhHyc—22pyp—Yeyp+ycyh+yc—yp )2
2 4zcyp—rpyc+yc—yp)

i (l _ a}ap—al—zcrh+2xcycyptrcyh+rotrh—rpyd —2zpycyp—rp+ud—v}h )2
2YD 4(xzcyp—rpyc+yc—yp) )

S, is given by the equation

2 _ .2 2 _ 2
(v = grc — 1) + (y — 52590 = (3 — gue)® + (279)°
Consider the point o with coordinates

To = (Toyerp+((Ye+(xo—22)yc)yp—2vcyd)rp+((2—220)y2yp+(ve —1)yd+
(—ad + 228 — xo)ye)yp +xcye) vy + (08 —xe)ye — Y& )yp + (yb — 20 ye +at —
2u% + 23 )yp + (28 — 23)ye — xeyd)yp)rp +weydyp + (w8 — 18 ye — oyt yh +
208yeyh)/ (Yo — 2yerh + (2y¢yp + (2y¢ + (2vc — 222 )ye)yp +y&)rh + (2 -
8x0)yiyd + (274 — 2x¢)yc — 2v)yp)xp + vEyh + (222 — 22¢0)yc — 2u2)y3 +
(Y + (204 + 220)y2 + ol — 22, + 2%)y3)

and

Yo = (Yeyp(ep — xc)(2xcycrh — yor) + 2Yeyprp — 20typrp + 2xcyprp —
2x0ycrp +Yorp — 2r0Ycyh + Yoyh — Yeyn + 1yp — reyp))/ (YEah — 2ye +
ye(2yp (Yo (yp +ye) — (vc —1)ze) +yo)rh — 2ycyp (yo((4re —1)yp +yo) — (xo —
Dzco)rp+yeyh—2yc(Yé—(zc—1)zo)yh+ (ye+2zc(vot+1)yE+aut— 232 )yh).
We verify that « lies on all four circles since we calculate that

((zeyerp + (Yo + (we —22)ye)yp — 2zcyd)rp + (2 - 220)yeyh + ((xo — Dye +
(=& +238 —xc)yo)yp +xeye)rh + (a8 —xo)ye —ye)yh + (Yo — 20¢ye + ¢ —
228 + 2 )yp + (28 — x8)ye — veyt)yp)rp +xoyiyp + (8 —ad)ye —zoyd)yp +
202yeyn)/ (Werp — 2ytah + (2yeyh + (298 + (2z¢ — 238)yc)yp +ye)xh + ((2 —
8xc)yeyp+ (228 —220)yo —2y5)yp)rp +y2yp + (228 —2x0)ye —2y8)yh + (Yo +
(208 +2x0)ye +at— 2wt +a8)yp) — 25)? + ((yoyp (rp —20) 2royerh —yorh +
2YeypTp — 20¢YpTp + 20cYpTp — 2XcYcp + Yolp — 2Tcycyh +Yoyh — Yoy +
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r&yp — xeyp))/(Werh — 2yexh + yo(2up(ye(yp + ye) — (xe — D) + ye)xh, —
2ycyD(yc((4ch—l)yD+yc)—(xc—1)xcgwa+y%y2%—2yc(y%—(xc—l)gc)y%+(y4o+
—xp(zp—1 T — —xp(zp—1

2c(rc+ 1)+l —2ud+ag)yp) — PRI — (R 4 (e ))
=0,

((weyerp + (Y& + (xo — xg)ye)yp — 2xcyd)xh + (2 — 220)yeyp + ((xe — 1)yé +
(—z¢ +2233202— xc)yo)yp;t royg) e+ (2 — $0)g04— Y& yH + (9240 — 203 ye+ 26 —
25620 + xzc)yD + ( gjb% - 3720)3%10 — $C2y%2>yD)xD3+ Teyeyp+ (gﬂ% —13)yc . fcgyé)yi”) +
22¢yeyn)/ Werh — 2yeah + (2yeyp + 2y + (2x¢ — 228)ye)yp + ye)rp + (2 —
810) Y2y + (202 —210)ye — 292 ) yp )T p+y2yh + (202 —220)yo — 2y )yh + (v +

2 2 2 2
2 2 4 9.3 2\,2\ _ Zoyp—2zcrpyc+2rcTpyYp—TpHYc—YoYD+Ycyn \2
(226 + 2z0)ye + v — 200 + 2¢)yp) A(zcyp—=DYc) )+

((yeyp(zp—2c)2xcycrh —yorh +2y2yprp —22ypTp+2xrcypTp — 22 cycp+
Yorp—2xcycyh+ycyh —yeyp+reyp—rcyp))/ Werp —2yexh+yo (2yp (ye (yp+
ye) — (e — Do) + yo)2h — 2yeyp(yo((4ze — Vyp + yo) — (xc — D)ae)zp +
Yeyp — 2yc (e — (ro — Dzo)yp + (Y6 + 2xc(zo + 1)y + o6 — 22 + 23)yh) —

TD

z2xp—xcrh+2TcYcyp+reyL—TpYL—2T pYcyD )2 o ( ( 1 o z2yp—22cTpYc+2TCcT YD —THYC—YSYDHYCYD

4(xcyp—rpyc) 2 4(xcyp—rpYc)
_ a}aep—zcrh+2rcyYcyp+royh —TpYE—2TpYcyp )2)
Yp 4(xcyp—xpyc)
0,

—~
N

(zeygah + ((We + (ze — 28)yo)yp — 2zcye)rh + (2 — 2z )yeyh + (e — 1)yé +
—r4 4223 — xc)yo)yp +xoyd)rh + (28 —xe)ye —y&)vh + (Y& — 20898 + o6 —
203+ 18 )yh + ((wh — 2 )ye — veyd)yp)rp + xcyeyh + (xd — w8 )ye — xcyd ) yh +
202yeyn)/ (yerp — 2yerh + (2gyp + (208 + (2xc — 238)ye)yp +y&)vh + (2 —
8zc)yiys + (222 —220)yo —2u )yp)rp +yéyh + (205 —220)ye — 208 )y + (v +

o~~~

w2 yp—2zczpyc+2zcrpyp+2rcyc—r5Yc—22pYp—YSYD+YcyH+yYc—yp
(228 +2z0)ye+ae—2w¢+ad)yh) — ¢ D . =

4(xrcyp—xpyc+yc—yp)
((yeyp(xp—zc)(2xcycrh —yorh+2y¢ypTp —223YypTp+2TcypTp —2TcYcTp+
Yorp—2xcycyn+ycyb—Yeyp+reyp—rcyp))/ Werh—2y¢wh+ye(2yp (Yo (yp+
yo) — (zo — Dae) + yo)rh — 2ycyp(yo((4ze — Dyp + yo) — (¢ — Dag)zp +

yeyp — 2yc(ye — (v — Dao)yh + (b + 2zc(ze + Vyg + w6 — 208 + 18)yh)
N ﬂ%mD—I2c—$C$QD+2IcyCyD+Icy2D+$c+IQD—sz%—QIDycyD—$D+y%—yQD)2 . ((l(x + 1) .
4(xcyp—rpyc+yc—yp) 2\*D
z2yp—2zczpyc+2rcrpyYp+2Tcyc—THYc—2TpYp—YSYD+YCcYH+YCc—YD )2
) ) 4($02yD_$DyC+yC_y§) ) ) s
+ (lyD _ zgrp—ro—rorp+2zrcycyptroyptro+rh—TpyYe—22pYcyYp—To+Yo—Yp )2)
02 4(zcyp—rpYc+yc—yp)
b

and

((xeydep + (Y& + (o —22)yo)yp — 2xcyd)rh + (2 — 2x0)yiyh + (v — Dyd +
(=2 + 222 —xc)yo)yp +roye)rh + (28 — vo)ye —y&)vh + (Yo — 20898 + o —
208+ 22)yh + (28 — 22)ye — xcy)yp)ep + zoyiyp + (xd — at)ye — eyl )yh +
20tyeyDd)/ (Wery — 2ugah + (2ueyh + (248 + (2r0 — 238 )ye)yp + y&)rh + ((2 —
8xc)yiyh+ (222 —2xc)ye — 2y )yp)xp +yEyh+ (224 —220)ye — 2y )y + (v& +
(208 +2zc)yé+as—20%+2t)yh)—32c—1 )2+ ((yeyp(xp—zc) (2xcycad, —ycah+
2y&yprp — 225ypTp + 22cypTp — 2Tcycxp + Yorp — 2xcycyh + Yoy — Yeyp +
w&yp — Teyn))/ (Werd — 2yerh + yo(2yp (e (yp + ye) — (ze — 1)ae) + yo)rh —
2ycyp(yo((4rc — Dyp +ye) — (zc — 1)900)9517 + yeyh — 2y (ye — (zo —21)9020)@% +
(yb+2z0(wo+1)yd +at — 2w+ )yh) — L) — (- fuwe)?+ (520 )?)
= 0.

Now, the conic section passing through E, F, G, H, and [ is given by the equation

)+
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det

Ty
TEYE
TrYr
tgel'le:
THYH

Tryr

x
TE
TR
Tra
Ty
Xy

Yy
YE
Yr
Yo
Y
yr

One can then substitute the above values and carry

to verify that

— = =

1

out the respective calculations

3 yr xgys xy oyy 17
5 Yy Tpys T yp 1
det sz ylzw rryr Trp Yr 1| _ 0
re Yo To¥e Te Yo 1
Y Yy raym T ym 1
L2 y? oxyr oxr oyr 1
and _2 )
Ty Yo TaYa Ta Ya 1]
5 yp Tpys T yp 1
det iUzF ?J% rryr Trp Yr 1| _ 0
TG Yo Ta¥e T Yo 1
Y Yy raym Tm ym 1
L2 yi wpyr oxr oyr 1
which proves that Si, S, S3,S4, and S5 are indeed concurrent as desired. O

FIGURE 1. Mlustration
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