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1. Introduction

There are a handful of known results regarding the concurrency of circles in the
plane, such as Miquel’s theorem [1]. Here, we demonstrate the existence of another
of these types of results, except we also involve a conic section.

2. Result

Theorem 2.1. Let A,B, and C denote the vertices of a given triangle.
Let D be a point in the plane.
Let E be the midpoint of A and D.
Let F be the midpoint of B and D.
Let G be the midpoint of C and D.
Let H be the midpoint of A and B.
Let I be the midpoint of A and C.
Let J be the midpoint of B and C.
Let S1 be the circle passing through E,F , and H.
Let S2 be the circle passing through E,G, and I.
Let S3 be the circle passing through F,G, and J .
Let S4 be the nine point circle of A,B, and C.
Let S5 be the conic section passing through E,F,G,H, I, and J .
Then S1, S2, S3, S4, and S5 are concurrent.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author
186

http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953


187 On The Concurrency of Four Circles and a Conic Section

Proof. Without loss of generality, we will work in Cartesian coordinates.
The coordinates of A are (0, 0).
The coordinates of B are (1, 0).
The coordinates of C are (xC , yC).
The coordinates of D are (xD, yD).
The coordinates of E are (1

2
xD,

1
2
yD).

The coordinates of F are (1
2
(xD + 1), 1

2
yD).

The coordinates of G are (1
2
(xC + xD),

1
2
(yC + yD)).

The coordinates of H are (1
2
, 0).

The coordinates of I are (1
2
xC ,

1
2
yC).

The coordinates of J are (1
2
(xC + 1), 1

2
yC).

S1 is given by the equation
(x− 2xD+1

4
)2 + (y − y2D−xD(xD−1)

4yD
)2 = (2xD−1

4
)2 + (

y2D−xD(xD−1)

4yD
)2.

S2 is given by the equation
(x− x2

CyD−2xCxDyC+2xCxDyD−x2
DyC−y2CyD+yCy2D

4(xCyD−xDyC)
)2

+ (y − x2
CxD−xCx2

D+2xCyCyD+xCy2D−xDy2C−2xDyCyD
4(xCyD−xDyC)

)2

= (1
2
xD − x2

CyD−2xCxDyC+2xCxDyD−x2
DyC−y2CyD+yCy2D

4(xCyD−xDyC)
)2

+ (1
2
yD − x2

CxD−xCx2
D+2xCyCyD+xCy2D−xDy2C−2xDyCyD

4(xCyD−xDyC)
)2.

S3 is given by the equation
(x− x2

CyD−2xCxDyC+2xCxDyD+2xCyC−x2
DyC−2xDyD−y2CyD+yCy2D+yC−yD

4(xCyD−xDyC+yC−yD)
)2

+ (y − x2
CxD−x2

C−xCx2
D+2xCyCyD+xCy2D+xC+x2

D−xDy2C−2xDyCyD−xD+y2C−y2D
4(xCyD−xDyC+yC−yD)

)2

= (1
2
(xD + 1)− x2

CyD−2xCxDyC+2xCxDyD+2xCyC−x2
DyC−2xDyD−y2CyD+yCy2D+yC−yD

4(xCyD−xDyC+yC−yD)
)2

+ (1
2
yD − x2

CxD−x2
C−xCx2

D+2xCyCyD+xCy2D+xC+x2
D−xDy2C−2xDyCyD−xD+y2C−y2D

4(xCyD−xDyC+yC−yD)
)2.

S4 is given by the equation
(x− 1

2
xC − 1

4
)2 + (y − y2C−x2

C+xC

4yC
)2 = (1

4
− 1

2
xC)

2 + (
y2C−x2

C+xC

4yC
)2.

Consider the point α with coordinates
xα = (xCy

2
Cx

4
D+((y3C+(xC−x2

C)yC)yD−2xCy
2
C)x

3
D+((2−2xC)y

2
Cy

2
D+((xC−1)y3C+

(−x3
C +2x2

C −xC)yC)yD+xCy
2
C)x

2
D+(((x2

C −xC)yC −y3C)y
3
D+(y4C −2x2

Cy
2
C +x4

C −
2x3

C+x2
C)y

2
D+((x3

C−x2
C)yC−xCy

3
C)yD)xD+xCy

2
Cy

4
D+((x3

C−x2
C)yC−xCy

3
C)y

3
D+

2x2
Cy

2
Cy

2
D)/(y

2
Cx

4
D − 2y2Cx

3
D + (2y2Cy

2
D + (2y3C + (2xC − 2x2

C)yC)yD + y2C)x
2
D + ((2−

8xC)y
2
Cy

2
D + ((2x2

C − 2xC)yC − 2y3C)yD)xD + y2Cy
4
D + ((2x2

C − 2xC)yC − 2y3C)y
3
D +

(y4C + (2x2
C + 2xC)y

2
C + x4

C − 2x3
C + x2

C)y
2
D)

and
yα = (yCyD(xD − xC)(2xCyCx

2
D − yCx

2
D + 2y2CyDxD − 2x2

CyDxD + 2xCyDxD −
2xCyCxD + yCxD − 2xCyCy

2
D + yCy

2
D − y2CyD + x2

CyD − xCyD))/(y
2
Cx

4
D − 2y2Cx

3
D +

yC(2yD(yC(yD+yC)− (xC −1)xC)+yC)x
2
D−2yCyD(yC((4xC −1)yD+yC)− (xC −

1)xC)xD+y2Cy
4
D−2yC(y

2
C−(xC−1)xC)y

3
D+(y4C+2xC(xC+1)y2C+x4

C−2x3
C+x2

C)y
2
D).

We verify that α lies on all four circles since we calculate that
((xCy

2
Cx

4
D+((y3C +(xC −x2

C)yC)yD−2xCy
2
C)x

3
D+((2−2xC)y

2
Cy

2
D+((xC −1)y3C +

(−x3
C +2x2

C −xC)yC)yD+xCy
2
C)x

2
D+(((x2

C −xC)yC −y3C)y
3
D+(y4C −2x2

Cy
2
C +x4

C −
2x3

C+x2
C)y

2
D+((x3

C−x2
C)yC−xCy

3
C)yD)xD+xCy

2
Cy

4
D+((x3

C−x2
C)yC−xCy

3
C)y

3
D+

2x2
Cy

2
Cy

2
D)/(y

2
Cx

4
D − 2y2Cx

3
D + (2y2Cy

2
D + (2y3C + (2xC − 2x2

C)yC)yD + y2C)x
2
D + ((2−

8xC)y
2
Cy

2
D+((2x2

C−2xC)yC−2y3C)yD)xD+y2Cy
4
D+((2x2

C−2xC)yC−2y3C)y
3
D+(y4C+

(2x2
C+2xC)y

2
C+x4

C−2x3
C+x2

C)y
2
D)− 2xD+1

4
)2+((yCyD(xD−xC)(2xCyCx

2
D−yCx

2
D+

2y2CyDxD − 2x2
CyDxD +2xCyDxD − 2xCyCxD + yCxD − 2xCyCy

2
D + yCy

2
D − y2CyD +
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x2
CyD − xCyD))/(y

2
Cx

4
D − 2y2Cx

3
D + yC(2yD(yC(yD + yC)− (xC − 1)xC) + yC)x

2
D −

2yCyD(yC((4xC−1)yD+yC)−(xC−1)xC)xD+y2Cy
4
D−2yC(y

2
C−(xC−1)xC)y

3
D+(y4C+

2xC(xC +1)y2C +x4
C −2x3

C +x2
C)y

2
D)−

y2D−xD(xD−1)

4yD
)2− ((2xD−1

4
)2+(

y2D−xD(xD−1)

4yD
)2)

= 0,
((xCy

2
Cx

4
D+((y3C +(xC −x2

C)yC)yD−2xCy
2
C)x

3
D+((2−2xC)y

2
Cy

2
D+((xC −1)y3C +

(−x3
C +2x2

C −xC)yC)yD+xCy
2
C)x

2
D+(((x2

C −xC)yC −y3C)y
3
D+(y4C −2x2

Cy
2
C +x4

C −
2x3

C+x2
C)y

2
D+((x3

C−x2
C)yC−xCy

3
C)yD)xD+xCy

2
Cy

4
D+((x3

C−x2
C)yC−xCy

3
C)y

3
D+

2x2
Cy

2
Cy

2
D)/(y

2
Cx

4
D − 2y2Cx

3
D + (2y2Cy

2
D + (2y3C + (2xC − 2x2

C)yC)yD + y2C)x
2
D + ((2−

8xC)y
2
Cy

2
D+((2x2

C−2xC)yC−2y3C)yD)xD+y2Cy
4
D+((2x2

C−2xC)yC−2y3C)y
3
D+(y4C+

(2x2
C +2xC)y

2
C + x4

C − 2x3
C + x2

C)y
2
D)−

x2
CyD−2xCxDyC+2xCxDyD−x2

DyC−y2CyD+yCy2D
4(xCyD−xDyC)

)2 +

((yCyD(xD−xC)(2xCyCx
2
D−yCx

2
D+2y2CyDxD−2x2

CyDxD+2xCyDxD−2xCyCxD+
yCxD−2xCyCy

2
D+yCy

2
D−y2CyD+x2

CyD−xCyD))/(y
2
Cx

4
D−2y2Cx

3
D+yC(2yD(yC(yD+

yC) − (xC − 1)xC) + yC)x
2
D − 2yCyD(yC((4xC − 1)yD + yC) − (xC − 1)xC)xD +

y2Cy
4
D − 2yC(y

2
C − (xC − 1)xC)y

3
D + (y4C + 2xC(xC + 1)y2C + x4

C − 2x3
C + x2

C)y
2
D)−

x2
CxD−xCx2

D+2xCyCyD+xCy2D−xDy2C−2xDyCyD
4(xCyD−xDyC)

)2−((1
2
xD−

x2
CyD−2xCxDyC+2xCxDyD−x2

DyC−y2CyD+yCy2D
4(xCyD−xDyC)

)2+

(1
2
yD − x2

CxD−xCx2
D+2xCyCyD+xCy2D−xDy2C−2xDyCyD

4(xCyD−xDyC)
)2)

= 0,
((xCy

2
Cx

4
D+((y3C +(xC −x2

C)yC)yD−2xCy
2
C)x

3
D+((2−2xC)y

2
Cy

2
D+((xC −1)y3C +

(−x3
C +2x2

C −xC)yC)yD+xCy
2
C)x

2
D+(((x2

C −xC)yC −y3C)y
3
D+(y4C −2x2

Cy
2
C +x4

C −
2x3

C+x2
C)y

2
D+((x3

C−x2
C)yC−xCy

3
C)yD)xD+xCy

2
Cy

4
D+((x3

C−x2
C)yC−xCy

3
C)y

3
D+

2x2
Cy

2
Cy

2
D)/(y

2
Cx

4
D − 2y2Cx

3
D + (2y2Cy

2
D + (2y3C + (2xC − 2x2

C)yC)yD + y2C)x
2
D + ((2−

8xC)y
2
Cy

2
D+((2x2

C−2xC)yC−2y3C)yD)xD+y2Cy
4
D+((2x2

C−2xC)yC−2y3C)y
3
D+(y4C+

(2x2
C+2xC)y

2
C+x4

C−2x3
C+x2

C)y
2
D)−

x2
CyD−2xCxDyC+2xCxDyD+2xCyC−x2

DyC−2xDyD−y2CyD+yCy2D+yC−yD
4(xCyD−xDyC+yC−yD)

)2+

((yCyD(xD−xC)(2xCyCx
2
D−yCx

2
D+2y2CyDxD−2x2

CyDxD+2xCyDxD−2xCyCxD+
yCxD−2xCyCy

2
D+yCy

2
D−y2CyD+x2

CyD−xCyD))/(y
2
Cx

4
D−2y2Cx

3
D+yC(2yD(yC(yD+

yC) − (xC − 1)xC) + yC)x
2
D − 2yCyD(yC((4xC − 1)yD + yC) − (xC − 1)xC)xD +

y2Cy
4
D − 2yC(y

2
C − (xC − 1)xC)y

3
D + (y4C + 2xC(xC + 1)y2C + x4

C − 2x3
C + x2

C)y
2
D)

− x2
CxD−x2

C−xCx2
D+2xCyCyD+xCy2D+xC+x2

D−xDy2C−2xDyCyD−xD+y2C−y2D
4(xCyD−xDyC+yC−yD)

)2 − ((1
2
(xD + 1) −

x2
CyD−2xCxDyC+2xCxDyD+2xCyC−x2

DyC−2xDyD−y2CyD+yCy2D+yC−yD
4(xCyD−xDyC+yC−yD)

)2

+ (1
2
yD − x2

CxD−x2
C−xCx2

D+2xCyCyD+xCy2D+xC+x2
D−xDy2C−2xDyCyD−xD+y2C−y2D

4(xCyD−xDyC+yC−yD)
)2)

= 0,
and
((xCy

2
Cx

4
D+((y3C +(xC −x2

C)yC)yD−2xCy
2
C)x

3
D+((2−2xC)y

2
Cy

2
D+((xC −1)y3C +

(−x3
C +2x2

C −xC)yC)yD+xCy
2
C)x

2
D+(((x2

C −xC)yC −y3C)y
3
D+(y4C −2x2

Cy
2
C +x4

C −
2x3

C+x2
C)y

2
D+((x3

C−x2
C)yC−xCy

3
C)yD)xD+xCy

2
Cy

4
D+((x3

C−x2
C)yC−xCy

3
C)y

3
D+

2x2
Cy

2
Cy

2
D)/(y

2
Cx

4
D − 2y2Cx

3
D + (2y2Cy

2
D + (2y3C + (2xC − 2x2

C)yC)yD + y2C)x
2
D + ((2−

8xC)y
2
Cy

2
D+((2x2

C−2xC)yC−2y3C)yD)xD+y2Cy
4
D+((2x2

C−2xC)yC−2y3C)y
3
D+(y4C+

(2x2
C+2xC)y

2
C+x4

C−2x3
C+x2

C)y
2
D)− 1

2
xC− 1

4
)2+((yCyD(xD−xC)(2xCyCx

2
D−yCx

2
D+

2y2CyDxD − 2x2
CyDxD +2xCyDxD − 2xCyCxD + yCxD − 2xCyCy

2
D + yCy

2
D − y2CyD +

x2
CyD − xCyD))/(y

2
Cx

4
D − 2y2Cx

3
D + yC(2yD(yC(yD + yC)− (xC − 1)xC) + yC)x

2
D −

2yCyD(yC((4xC −1)yD+yC)− (xC −1)xC)xD+y2Cy
4
D−2yC(y

2
C − (xC −1)xC)y

3
D+

(y4C+2xC(xC+1)y2C+x4
C−2x3

C+x2
C)y

2
D)−

y2C−x2
C+xC

4yC
)2−((1

4
− 1

2
xC)

2+(
y2C−x2

C+xC

4yC
)2)

= 0.
Now, the conic section passing through E,F,G,H, and I is given by the equation
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det


x2 y2 xy x y 1
x2
E y2E xEyE xE yE 1

x2
F y2F xFyF xF yF 1

x2
G y2G xGyG xG yG 1

x2
H y2H xHyH xH yH 1
x2
I y2I xIyI xI yI 1

 = 0.

One can then substitute the above values and carry out the respective calculations
to verify that

det


x2
J y2J xJyJ xJ yJ 1

x2
E y2E xEyE xE yE 1

x2
F y2F xFyF xF yF 1

x2
G y2G xGyG xG yG 1

x2
H y2H xHyH xH yH 1
x2
I y2I xIyI xI yI 1

 = 0

and

det


x2
α y2α xαyα xα yα 1

x2
E y2E xEyE xE yE 1

x2
F y2F xFyF xF yF 1

x2
G y2G xGyG xG yG 1

x2
H y2H xHyH xH yH 1
x2
I y2I xIyI xI yI 1

 = 0

which proves that S1, S2, S3, S4, and S5 are indeed concurrent as desired. □

Figure 1. Illustration
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