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1. INTRODUCTION

In [1] a result regarding quadrilaterals was mentioned but without decent proof.
Here we give a proof of the result claimed in [1|. (Wording is the same in the
preliminaries and the theorem as used in [1])

2. PRELIMINARIES

Let JABCD be any given quadrilateral.

Let E be the midpoint of A and B, F' be the midpoint of B and C', G be the
midpoint of C' and D, and H be the midpoint of A and D.

Let I be any given point.

Let the Newton Lines of HAETH, OBFIE, OCGIF, and OGDHI intersect at
points R, S, T, and U.

Let the diagonals of LIRSTU intersect at point V.
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3. RESuULTS

Theorem 3.1. 1. R, S, T, and U form a parallelogram.
2. 'V lies on the Newton line of JABCD.
In particular, V is the midpoint of W and Z.

Proof. Let J be the midpoint of A and I, and let K be the midpoint of £ and H.
Let L be the midpoint of E and F', and let M be the midpoint of B and I.

Let N be the midpoint of C' and I, and let O be the midpoint of F' and G.

Let P be the midpoint of G and H, and let ) be the midpoint of D and [.

Let W be the midpoint of A and C, and let Z be the midpoint of B and D.

We will utilize cartesian coordinates.

Let A have coordinates given by (0, 0).

Let B have coordinates given by (1,0).

Let C have coordinates given by (z¢, yo).

Let D have coordinates given by (xp,yp).

E has coordinates given by zp = % and yg = 0.

F has coordinates given by xp = %(xc +1) and yp = %y(g.

G has coordinates given by xg = %(:L‘c +xp) and yg = %(?Jc +up).

H has coordinates given by gy = %xD and yy = %yD.

Since [ is arbitrary, we take its coordinates to be simply given by (zr,yr).
J has coordinates given by x; = %x; and y; = %y;.

K has coordinates given by zx = 1(zp + 1) and yx = Jyp.

L has coordinates given by z; = %(xc +2) and y;, = iyc.

M has coordinates given by x; = %(3:1 +1) and yp = %yl.

N has coordinates given by zy = 3(zc + z1) and yn = 3(yc + ).

O has coordinates given by xp = 7(2x¢ +xp + 1) and yp = %(ch +Yp).
P has coordinates given by xp = 7(x¢ + 2xp) and yp = i(yc + 2yp).

() has coordinates given by xg = 3(zp + z) and yo = %(yD +yr).

W has coordinates given by xw = ;7¢ and yw = %yc.

Z has coordinates given by x; = %(xD +1) and yz = %yu
(xp—2x7+1)+(2z—z1)(yp—2y1)

[=

[ L Lt L
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Line JK is given by the equation y = %

2(90D72$1+1) '
Line LM is given by the equation y = % (436_“;(_22931_}’50(?%_” =
. . . . xp—2x7+1)— —2 —2z+zc+T
Line NO is given by the equation y = Z(y(c;yf)( )D (;2_(21))—(2%?-}-1:;/;2)( +)C+ (I). |
; ; ; : __ 2z(2y1—yc)—yr1(2rp+xc)+yp (21 —xCc)+yc(T1+TD
Line PQ is given by the equation y = 5(r1—10) .

R is the intersection of LM and NO, and has coordinates given by
tr = ((yo* (xr+1) —yr*(2c +2))/(2*xxc —4*xr) — ((Tc+ 1) * (yp — 2% y;) —
(yo+yr)*(xp —2%xr+1))/2%axp —dxxr+2)/((2xyc —4*yr) /(2% xc — 4%
xr) — (2%xyp —4x*xy;)/(2*xp —4xx;+2)) and

_ 2(ptze—1)yi—(Qzr+rc—2)yp+2(zr+rc)—zp—3)yc)yr+(@c—1)ycyp+ 2z —zp—1)yZ
ZUR' o ] ] 22(zp—zc+1)*xyr—(2zr—zc)yp+Qrr—zp—1)yc) )
S is the intersection of JK and LM, and has coordinates given by

Q(zp—rc—D)zr+zp+)yr—z;(2r;—xc)yp+(zr+1) 2z —zp—1)yc) and
2Q@(zp—rc+1)yr—(2xr—zc)yp+Qx;—xp—1)yc))

Trs =

_ 2(@p—zc—1yi—((2xr—zc—2)yp—(2zr—zp+1)yc)yr—yoyn
Ys = =T 30Ep—wotDyr—(2ar—2c)ypt @er—ap—lye) '
T is the intersection of JK and P(), and has coordinates given by




BENJAMIN LEE WARREN 14

xp = ((yrx(xp —2*xax;+ 1) —axrx(yp —2*y;))/(2*xxp —4d*xx;+2) — (yp *
(xe —2%x1) —yo* (xp+ 1) +yr* (xc +2x2xp))/(2*xc —4* 1)) /(2% yo —
dxy))/(2xxc—4*xx)— 2*xyp —4*xy;)/(2*xxp —4xx;+2)) and

_ —(ept+rc—1y?—(2(=@r+zp)—zc)yp+2er+rp—1)yc)yr+(2zr—zc)yL+2pycyp)
Yr = Q@@p—zc+)yr—(2zr—zc)yp+(2rr—zp—lyc)) ’
U is the intersection of NO and PQ), and has coordinates given by
xy = —((yp * (xc — 2% x1) —yo * (xp +x1) +yr *x (xc + 2% 2xp)) /(2% xc — 4 %
xr)+ (ke +xr)*(yp —2%y;) — (yo +yr) * (xp —2xx;+1))/(2xaxp —4dxx; +
2))/((2xyc—4xyr)/(2xxc—4*x;)— (2xyp—4*y;)/(2xxp—4*x;+2)) and yy =
—((2ep—2z0—2)yi+((—2x1—2zp+3xc)yp+(2z1—3xp+2zc—)yc)yr+ 2z —zc)yh+(@p—zc)ycyp+(—2z+rp+1)yd)

(2((2:cD72xc+2)y1+(xcmeI)yDJr(Qfofol)yc)) .

1. We subtract line PQ from LM and we get
y1(4$—$c—2)—yc(29ﬁ—$1—1)_(293(2y1—yo)—y1(2$D+Ic)+yD(2271—930)+yc(11+1D)) _ _(zp=1)yr—yc)

2(2:171—:80) 2(2x1—xc) (2(2$1_$C))_%yD
which does not depend on x, so LM and P() are parallel.

We subtract line JK from NO and we get
(yc+y1)($D—2$1+1)—(Z/D—le)(—2x+xc+x1)_(y[(l’D—21’I+1)+(2$—$1)(yD—2y1)) _ 1, zc(2yr—yp)

2zp—2x7+1) 2zp—227+1) 2YC T 300 —ap—1)
which does not depend on z, so JK and NO are parallel.

Therefore, R, S, T, and U form a parallelogram.

2. The midpoint between T" and R has coordinates given by

(%(((yl*($D—2*x1—|—1)—:UI*(yD—Q*y[))/(Q*xD—4*x1+2)—(yD*(a:C—Q*
xr) —yox (xp+ar)+yrx (xe+2*xp))/(2xxc —4d*xxp))/(2*%yc —4*yr)/(2 %
xo—4xxr)— 2xyp —4xyr)/2xxp —4xx;+2))+ ((yox (xr+ 1) —yr * (xc +
2))/(2*xxc—4xxy)— ((xc+xr)*(yp —2xyr) — (yo +yr) * (xp — 2% 27+ 1)) /(2%

xp—4xx14+2))/((2*yc —24*y1)/(2*xc—4*$1) — (2% yp —4*y12)/(2>1<a:D —
1/ —Q2(=p+rc—1)y;—(2(z1+zp)—zc)yp+(2z1+xp—1)yc)yr+(2z1—rc)yp+2pYcyn)
dxag +2)))’ 5( 1(TQ(Q(QCD—acc-l-l)yl—(%l—wc)yD-f—(Qﬂf»’l—JED—1)yc)) N +
2(zptrc—1)yi—((z1+rc—2)yp+2@1+zc)—zp—3)yc)yr+(zc—Dycyp+ 2z —zp—1)y2 ))
2(2(xp—zc+1)xyr—(2zr—zc)yp+Q2rr—xrp—1)yc)

= (3(zc +2p+1), 1 (yc +yn)).

The midpoint between W and Z has coordinates given by

(3(3zc +5(zp + 1)), 5(39¢ + 39p)) = (j(zc +2p +1), 1 (ye + yp)) So the point
of intersection of the diagonals of the parallelogram is the midpoint of W and Z.
Furthermore, we have that QP = LM and JK = NQO, which follow simply by
observing that (§(z¢ + 22p) — 5(xp + #1))* + ((ye + 2yp) — 5(yp + y1))* =
((zc +2) = 5(ar +1)* + (Jye — 3y1)°

and
(371 — 1(zp +1))* + (u1 — 1p)* = ((zc +21) — 1(2zc +2p +1))* + (v +
yr) — 1 (2yc +yp))*. O
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FIGURE 1. The Newton lines (in orange) of JAEIH, OBFIE,
OCGIF, and OGDHI intersect at points R, S, T, and U, and the
point V' where the diagonals of LJRSTU meet lies on the Newton
line (in green) of JABCD (similar diagram and same desription
used in [1]).
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