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1. Introduction

In [1] a result regarding quadrilaterals was mentioned but without decent proof.
Here we give a proof of the result claimed in [1]. (Wording is the same in the
preliminaries and the theorem as used in [1])

2. Preliminaries

Let □ABCD be any given quadrilateral.
Let E be the midpoint of A and B, F be the midpoint of B and C, G be the
midpoint of C and D, and H be the midpoint of A and D.
Let I be any given point.
Let the Newton Lines of □AEIH, □BFIE, □CGIF , and □GDHI intersect at
points R, S, T , and U .
Let the diagonals of □RSTU intersect at point V .
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which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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3. Results

Theorem 3.1. 1. R, S, T, and U form a parallelogram.
2. V lies on the Newton line of □ABCD.
In particular, V is the midpoint of W and Z.

Proof. Let J be the midpoint of A and I, and let K be the midpoint of E and H.
Let L be the midpoint of E and F , and let M be the midpoint of B and I.
Let N be the midpoint of C and I, and let O be the midpoint of F and G.
Let P be the midpoint of G and H, and let Q be the midpoint of D and I.
Let W be the midpoint of A and C, and let Z be the midpoint of B and D.

We will utilize cartesian coordinates.
Let A have coordinates given by (0, 0).
Let B have coordinates given by (1, 0).
Let C have coordinates given by (xC , yC).
Let D have coordinates given by (xD, yD).
E has coordinates given by xE = 1

2
and yE = 0.

F has coordinates given by xF = 1
2
(xC + 1) and yF = 1

2
yC .

G has coordinates given by xG = 1
2
(xC + xD) and yG = 1

2
(yC + yD).

H has coordinates given by xH = 1
2
xD and yH = 1

2
yD.

Since I is arbitrary, we take its coordinates to be simply given by (xI , yI).
J has coordinates given by xJ = 1

2
xI and yJ = 1

2
yI .

K has coordinates given by xK = 1
4
(xD + 1) and yK = 1

4
yD.

L has coordinates given by xL = 1
4
(xC + 2) and yL = 1

4
yC .

M has coordinates given by xM = 1
2
(xI + 1) and yM = 1

2
yI .

N has coordinates given by xN = 1
2
(xC + xI) and yN = 1

2
(yC + yI).

O has coordinates given by xO = 1
4
(2xC + xD + 1) and yO = 1

4
(2yC + yD).

P has coordinates given by xP = 1
4
(xC + 2xD) and yP = 1

4
(yC + 2yD).

Q has coordinates given by xQ = 1
2
(xD + xI) and yQ = 1

2
(yD + yI).

W has coordinates given by xW = 1
2
xC and yW = 1

2
yC .

Z has coordinates given by xZ = 1
2
(xD + 1) and yZ = 1

2
yD.

Line JK is given by the equation y = yI(xD−2xI+1)+(2x−xI)(yD−2yI)
2(xD−2xI+1)

.
Line LM is given by the equation y = yI(4x−xC−2)−yC(2x−xI−1)

2(2xI−xC)
.

Line NO is given by the equation y = (yC+yI)(xD−2xI+1)−(yD−2yI)(−2x+xC+xI)
2(xD−2xI+1)

.

Line PQ is given by the equation y = 2x(2yI−yC)−yI(2xD+xC)+yD(2xI−xC)+yC(xI+xD)
2(2xI−xC)

.

R is the intersection of LM and NO, and has coordinates given by
xR = ((yC ∗ (xI +1)− yI ∗ (xC +2))/(2 ∗xC − 4 ∗xI)− ((xC +xI) ∗ (yD − 2 ∗ yI)−
(yC + yI) ∗ (xD − 2 ∗ xI +1))/(2 ∗ xD − 4 ∗ xI +2))/((2 ∗ yC − 4 ∗ yI)/(2 ∗ xC − 4 ∗
xI)− (2 ∗ yD − 4 ∗ yI)/(2 ∗ xD − 4 ∗ xI + 2)) and
yR =

2(xD+xC−1)y2I−((2xI+xC−2)yD+(2(xI+xC)−xD−3)yC)yI+(xC−1)yCyD+(2xI−xD−1)y2C
2(2(xD−xC+1)∗yI−(2xI−xC)yD+(2xI−xD−1)yC)

.
S is the intersection of JK and LM , and has coordinates given by
xS = (2((xD−xC−1)xI+xD+1)yI−xI(2xI−xC)yD+(xI+1)(2xI−xD−1)yC)

(2(2(xD−xC+1)yI−(2xI−xC)yD+(2xI−xD−1)yC))
and

yS =
2(xD−xC−1)y2I−((2xI−xC−2)yD−(2xI−xD+1)yC)yI−yCyD

2(2(xD−xC+1)yI−(2xI−xC)yD+(2xI−xD−1)yC)
.

T is the intersection of JK and PQ, and has coordinates given by
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xT = ((yI ∗ (xD − 2 ∗ xI + 1) − xI ∗ (yD − 2 ∗ yI))/(2 ∗ xD − 4 ∗ xI + 2) − (yD ∗
(xC − 2 ∗ xI)− yC ∗ (xD + xI) + yI ∗ (xC + 2 ∗ xD))/(2 ∗ xC − 4 ∗ xI))/((2 ∗ yC −
4 ∗ yI)/(2 ∗ xC − 4 ∗ xI)− (2 ∗ yD − 4 ∗ yI)/(2 ∗ xD − 4 ∗ xI + 2)) and
yT =

−(2(xD+xC−1)y2I−((2(xI+xD)−xC)yD+(2xI+xD−1)yC)yI+(2xI−xC)y2D+xDyCyD)

(2(2(xD−xC+1)yI−(2xI−xC)yD+(2xI−xD−1)yC))
.

U is the intersection of NO and PQ, and has coordinates given by
xU = −((yD ∗ (xC − 2 ∗ xI) − yC ∗ (xD + xI) + yI ∗ (xC + 2 ∗ xD))/(2 ∗ xC − 4 ∗
xI) + ((xC + xI) ∗ (yD − 2 ∗ yI)− (yC + yI) ∗ (xD − 2 ∗ xI + 1))/(2 ∗ xD − 4 ∗ xI +
2))/((2∗yC−4∗yI)/(2∗xC−4∗xI)−(2∗yD−4∗yI)/(2∗xD−4∗xI+2)) and yU =
−((2xD−2xC−2)y2I+((−2xI−2xD+3xC)yD+(2xI−3xD+2xC−1)yC)yI+(2xI−xC)y2D+(xD−xC)yCyD+(−2xI+xD+1)y2C)

(2((2xD−2xC+2)yI+(xC−2xI)yD+(2xI−xD−1)yC))
.

1. We subtract line PQ from LM and we get
yI(4x−xC−2)−yC(2x−xI−1)

2(2xI−xC)
−(2x(2yI−yC)−yI(2xD+xC)+yD(2xI−xC)+yC(xI+xD)

2(2xI−xC)
) = (xD−1)(2yI−yC)

(2(2xI−xC))− 1
2
yD

which does not depend on x, so LM and PQ are parallel.
We subtract line JK from NO and we get
(yC+yI)(xD−2xI+1)−(yD−2yI)(−2x+xC+xI)

2(xD−2xI+1)
−(yI(xD−2xI+1)+(2x−xI)(yD−2yI)

2(xD−2xI+1)
) = 1

2
yC− xC(2yI−yD)

2(2xI−xD−1)

which does not depend on x, so JK and NO are parallel.
Therefore, R, S, T, and U form a parallelogram.

2. The midpoint between T and R has coordinates given by
(1
2
(((yI ∗ (xD − 2∗xI +1)−xI ∗ (yD − 2∗ yI))/(2∗xD − 4∗xI +2)− (yD ∗ (xC − 2∗

xI)− yC ∗ (xD + xI) + yI ∗ (xC + 2 ∗ xD))/(2 ∗ xC − 4 ∗ xI))/((2 ∗ yC − 4 ∗ yI)/(2 ∗
xC − 4 ∗ xI)− (2 ∗ yD − 4 ∗ yI)/(2 ∗ xD − 4 ∗ xI +2)) + ((yC ∗ (xI +1)− yI ∗ (xC +
2))/(2 ∗xC − 4 ∗xI)− ((xC +xI) ∗ (yD − 2 ∗ yI)− (yC + yI) ∗ (xD − 2 ∗xI +1))/(2 ∗
xD − 4 ∗ xI + 2))/((2 ∗ yC − 4 ∗ yI)/(2 ∗ xC − 4 ∗ xI)− (2 ∗ yD − 4 ∗ yI)/(2 ∗ xD −
4∗xI +2))), 1

2
(
−(2(xD+xC−1)y2I−((2(xI+xD)−xC)yD+(2xI+xD−1)yC)yI+(2xI−xC)y2D+xDyCyD)

(2(2(xD−xC+1)yI−(2xI−xC)yD+(2xI−xD−1)yC))
+

2(xD+xC−1)y2I−((2xI+xC−2)yD+(2(xI+xC)−xD−3)yC)yI+(xC−1)yCyD+(2xI−xD−1)y2C
2(2(xD−xC+1)∗yI−(2xI−xC)yD+(2xI−xD−1)yC)

))

= (1
4
(xC + xD + 1), 1

4
(yC + yD)).

The midpoint between W and Z has coordinates given by
(1
2
(1
2
xC + 1

2
(xD + 1)), 1

2
(1
2
yC + 1

2
yD)) = (1

4
(xC + xD + 1), 1

4
(yC + yD)) So the point

of intersection of the diagonals of the parallelogram is the midpoint of W and Z.
Furthermore, we have that QP = LM and JK = NO, which follow simply by
observing that (1

4
(xC + 2xD) − 1

2
(xD + xI))

2 + (1
4
(yC + 2yD) − 1

2
(yD + yI))

2 =

(1
4
(xC + 2)− 1

2
(xI + 1))2 + (1

4
yC − 1

2
yI)

2

and
(1
2
xI − 1

4
(xD + 1))2 + (1

2
yI − 1

4
yD)

2 = (1
2
(xC + xI)− 1

4
(2xC + xD + 1))2 + (1

2
(yC +

yI)− 1
4
(2yC + yD))

2. □
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Figure 1. The Newton lines (in orange) of □AEIH, □BFIE,
□CGIF , and □GDHI intersect at points R, S, T , and U , and the
point V where the diagonals of □RSTU meet lies on the Newton
line (in green) of □ABCD (similar diagram and same desription
used in [1]).
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