
International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 ©IJCDM
Volume 9, 2024, pp. 225-229.
Received July 10, 2024. Published on-line December 31, 2024.
web: http://www.journal-1.eu/
©The Author(s) This article is published with open access1.

On Certain Circles in Reference to a Triangle

Benjamin Lee Warrena 2

University of Binghamton, Mathematics,
4400 Vestel Pkwy E, Binghamton, NY 13902

e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Mathematics Subject Classification (2010). 51N20.

1. Introduction

In [1] and [2], on a triangle, we constructed six circles, where each circle is centered
at a vertex of a triangle a passes through another, and made some remarks about
the nature of this construction. Here, we will continue making some observations
regarding a generalized version of this construction.

2. Results

Theorem 2.1. Let A,B, and C denote the vertices of a given triangle.
Let D be the midpoint of A and B.
Let E be the midpoint of A and C.
Let F be the midpoint of B and C.
Let G be a point on line AB such that AG < BG.
Let H be the point on line AB such that BH : AH = AG : BG.
Let I be the point on line AC such that AI : CI = AG : BG.
Let J be the point on line AC such that CJ : AJ = AG : BG.
Let K be the point on line BC such that BK : CK = AG : BG.
Let L be the point on line BC such that CL : BL = AG : BG.
Let S1 be the circle whose diameter is AH.
Let S2 be the circle whose diameter is BG.
Let S3 be the circle whose diameter is AJ .
Let S4 be the circle whose diameter is CI.
Let S5 be the circle whose diameter is BL.
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Let S6 be the circle whose diameter is CK.
Let S1 and S2 intersect at points R and T , with R external to line AB.
Let S3 and S4 intersect at points M and P , with M external to line AC.
Let S5 and S6 intersect at points N and O, with O external to line BC.
Let S4 and S6 intersect at point Q.
Let S1 and S3 intersect at point S.
Let S2 and S5 intersect at point U .
Then,
1. |AB||PQ| = |AC||TU |,
2. |AB||OQ| = |BC||RS|,
3. ∠(MQ,OQ) = 2 ∗ arctan( 1

(1−2∗xG)1/2
),

4. the line that bisects ∠(MN,OP ) passes through C.
5. M,N, and Q are collinear,
6. O,P, and Q are collinear,
7. N,R, and U are collinear,
8. M,S, and T are collinear,
9. P,R, and S are collinear, and
10. O, T, and U are collinear.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (1/2, 0).
E has coordinates ((1/2)xC , (1/2)yC).
F has coordinates ((1/2)(xC + 1), (1/2)yC).
G has coordinates (xG, 0) where xG < 1/2.
H has coordinates (1− xG, 0).
I has coordinates (xCxG, xGyC).
J has coordinates (xC(1− xG), yC(1− xG)).
K has coordinates (1 + xG(xC − 1), xGyC).
L has coordinates (xC + xG(1− xC), yC(1− xG)).
S1 is given by the equation (x− (1/2)(1− xG))

2 + y2 − (((1/2)(1− xG))
2) = 0.

S2 is given by the equation (x− (1/2)(xG+1))2+ y2− ((1− (1/2)(xG+1))2) = 0.
S3 is given by the equation
(x−(1/2)xC(1−xG))

2+(y−(1/2)yC(1−xG))
2−(((1/2)xC(1−xG))

2+((1/2)yC(1−
xG))

2) = 0.
S4 is given by the equation
(x− (1/2)(xC +xCxG))

2+(y− (1/2)(yC +xGyC))
2− ((xC − (1/2)(xC +xCxG))

2+
(yC − (1/2)(yC + xGyC))

2) = 0.
S5 is given by the equation
(x− (1/2)(xC + xG(1− xC) + 1))2 + (y − (1/2)(yC(1− xG)))

2 − ((1− (1/2)(xC +
xG(1− xC) + 1))2 + ((1/2)(yC(1− xG)))

2) = 0.
S6 is given by the equation
(x− (1/2)(xC +1+ xG(xC − 1)))2 + (y− (1/2)(yC + xGyC))

2 − ((xC − (1/2)(xC +
1 + xG(xC − 1)))2 + (yC − (1/2)(yC + xGyC))

2) = 0.
M has coordinates
((x2

C − 2 ∗ yC ∗ (yC/2 + (xC ∗ (1− 2 ∗ xG)
1/2)/2) + y2C)/(2 ∗ xC), yC/2 + (xC ∗ (1−
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2 ∗ xG)
1/2)/2).

N has coordinates
(−(2 ∗ yC ∗ (yC/2+ (xC ∗ (1− 2 ∗xG)

1/2)/2− (1− 2 ∗xG)
1/2/2)−x2

C − y2C +1)/(2 ∗
xC − 2), yC/2 + (xC ∗ (1− 2 ∗ xG)

1/2)/2− (1− 2 ∗ xG)
1/2/2).

O has coordinates
(−(2 ∗ yC ∗ (yC/2− (xC ∗ (1− 2 ∗xG)

1/2)/2+ (1− 2 ∗xG)
1/2/2)−x2

C − y2C +1)/(2 ∗
xC − 2), yC/2− (xC ∗ (1− 2 ∗ xG)

1/2)/2 + (1− 2 ∗ xG)
1/2/2).

P has coordinates
((x2

C − 2 ∗ yC ∗ (yC/2− (xC ∗ (1− 2 ∗ xG)
1/2)/2) + y2C)/(2 ∗ xC), yC/2− (xC ∗ (1−

2 ∗ xG)
1/2)/2).

Q has coordinates (xC , xG ∗ yC).
R has coordinates (1/2,−(1− 2 ∗ xG)

1/2/2).
S has coordinates
((yC ∗ (yC − xG ∗ yC))/(x2

C − 2 ∗ xC + y2C + 1), (yC − xC ∗ yC − xG ∗ yC + xC ∗ xG ∗
yC)/(x

2
C − 2 ∗ xC + y2C + 1)).

T has coordinates (1/2, (1− 2 ∗ xG)
1/2/2).

U has coordinates
((x2

C + xG ∗ y2C)/(x2
C + y2C), (xC ∗ yC − xC ∗ xG ∗ yC)/(x2

C + y2C)).

1. We calculate that
( |PQ|
|TU | )

2 =
(((x2

C−2∗yC∗(yC/2−(xC∗(1−2∗xG)1/2)/2)+y2C)/(2∗xC))−(xC))2+((yC/2−(xC∗(1−2∗xG)1/2)/2)−(xG∗yC))2

((1/2)−((x2
C+xG∗y2C)/(x2

C+y2C)))2+(((1−2∗xG)1/2/2)−((xC∗yC−xC∗xG∗yC)/(x2
C+y2C)))2

= x2
C + y2C = ( |AC|

|AB|)
2 ⇐⇒ |AB| ∗ |PQ| = |AC| ∗ |TU | as desired.

2. We calculate that
( |OQ|
|RS| )

2 = ((−(2 ∗ yC ∗ (yC/2− (xC ∗ (1− 2 ∗ xG)
1/2)/2 + (1− 2 ∗ xG)

1/2/2)− x2
C −

y2C +1)/(2∗xC −2)−xC)
2+((yC/2− (xC ∗ (1−2∗xG)

1/2)/2+(1−2∗xG)
1/2/2)−

(xG ∗yC))2)/(((1/2)− ((yC ∗ (yC −xG ∗yC))/(x2
C −2∗xC +y2C +1)))2+((−(1−2∗

xG)
1/2/2)− ((yC − xC ∗ yC − xG ∗ yC + xC ∗ xG ∗ yC)/(x2

C − 2 ∗ xC + y2C + 1)))2) =

(xC − 1)2 + y2C = ( |BC|
|AB|)

2 ⇐⇒ |AB| ∗ |OQ| = |BC| ∗ |RS| as desired.

3. We calculate that
∠(MQ,OQ) = arctan(

xQ−xN

yN−yQ
) + arctan(

xO−xQ

yO−yQ
)

= arctan(
xC−(−(2∗yC∗(yC/2+(xC∗(1−2∗xG)1/2)/2−(1−2∗xG)1/2/2)−x2

C−y2C+1)/(2∗xC−2))

(yC/2+(xC∗(1−2∗xG)1/2)/2−(1−2∗xG)1/2/2)−(xG∗yC)
)

+ arctan(
(−(2∗yC∗(yC/2−(xC∗(1−2∗xG)1/2)/2+(1−2∗xG)1/2/2)−x2

C−y2C+1)/(2∗xC−2))−xC

(yC/2−(xC∗(1−2∗xG)1/2)/2+(1−2∗xG)1/2/2)−(xG∗yC)
)

= 2 ∗ arctan( 1
(1−2∗xG)1/2

) as desired.

4. In 5 and 6, we calculate that the slopes of lines MN and OP are opposite in
sign. This means that the line that bisects these two is vertical and has x value
xQ = xC as desired.

5. Line MN is given by the equation y = xG ∗ yC − (1− 2 ∗ xG)
1/2 ∗ (x− xC).

We verify that Q lies on line MN since we calculate
xG ∗ yC − (1− 2 ∗ xG)

1/2 ∗ (xC − xC)− xG ∗ yC = 0 as desired.

6. Line OP is given by the equation y = xG ∗ yC + (1− 2 ∗ xG)
1/2 ∗ (x− xC).

We verify that Q lies on line OP since we calculate
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xG ∗ yC + (1− 2 ∗ xG)
1/2 ∗ (xC − xC)− xG ∗ yC = 0 as desired.

7. Line NR is given by the equation
y = (yC ∗ (x− xG) + xC ∗ (1− 2 ∗ xG)

1/2 ∗ (x− 1))/(xC − yC ∗ (1− 2 ∗ xG)
1/2).

We verify that U lies on line NR since we calculate
(yC ∗ ((x2

C +xG ∗ y2C)/(x2
C + y2C)−xG)+xC ∗ (1−2∗xG)

1/2 ∗ ((x2
C +xG ∗ y2C)/(x2

C +
y2C)−1))/(xC−yC∗(1−2∗xG)

1/2)−((xC∗yC−xC∗xG∗yC)/(x2
C+y2C)) = 0 as desired.

8. Line MT is given by the equation
y = −(x∗(yC+(1−2∗xG)

1/2∗(xC−1))+yC∗(xG−1))/(yC∗(1−2∗xG)
1/2−xC+1).

We verify that S lies on line MT since we calculate
−(((yC ∗ (yC − xG ∗ yC))/(x2

C − 2 ∗ xC + y2C + 1)) ∗ (yC + (1 − 2 ∗ xG)
1/2 ∗ (xC −

1)) + yC ∗ (xG − 1))/(yC ∗ (1− 2 ∗ xG)
1/2 − xC + 1)− ((yC − xC ∗ yC − xG ∗ yC +

xC ∗ xG ∗ yC)/(x2
C − 2 ∗ xC + y2C + 1)) = 0 as desired.

9. Line PR is given by the equation
y = (x∗(yC−(1−2∗xG)

1/2∗(xC−1))+yC ∗(xG−1))/(xC+yC ∗(1−2∗xG)
1/2−1).

We verify that S lies on line PR since we calculate
(((yC ∗ (yC − xG ∗ yC))/(x2

C − 2 ∗ xC + y2C +1)) ∗ (yC − (1− 2 ∗ xG)
1/2 ∗ (xC − 1))+

yC ∗ (xG − 1))/(xC + yC ∗ (1− 2 ∗ xG)
1/2 − 1)− ((yC − xC ∗ yC − xG ∗ yC + xC ∗

xG ∗ yC)/(x2
C − 2 ∗ xC + y2C + 1)) = 0 as desired.

10. Line OT is given by the equation
y = (yC ∗ (x− xG)− xC ∗ (1− 2 ∗ xG)

1/2 ∗ (x− 1))/(xC + yC ∗ (1− 2 ∗ xG)
1/2).

We verify that U lies on line OT since we calculate
(yC ∗ ((x2

C +xG ∗ y2C)/(x2
C + y2C)−xG)−xC ∗ (1−2∗xG)

1/2 ∗ ((x2
C +xG ∗ y2C)/(x2

C +
y2C)− 1))/(xC + yC ∗ (1− 2 ∗ xG)

1/2)− ((xC ∗ yC − xC ∗ xG ∗ yC)/(x2
C + y2C)) = 0

as desired. □
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Figure 1. Illustration of theorem 2.1.
.
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