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1. INTRODUCTION

In [1] and [2], on a triangle, we constructed six circles, where each circle is centered
at a vertex of a triangle a passes through another, and made some remarks about
the nature of this construction. Here, we will continue making some observations
regarding a generalized version of this construction.

2. RESULTS

Theorem 2.1. Let A, B, and C' denote the vertices of a given triangle.
Let D be the midpoint of A and B.

Let E be the midpoint of A and C.

Let F' be the midpoint of B and C'.

Let G be a point on line AB such that AG < BG.

Let H be the point on line AB such that BH : AH = AG : BG.
Let I be the point on line AC' such that Al : C'I = AG : BG.
Let J be the point on line AC' such that CJ : AJ = AG : BG.
Let K be the point on line BC such that BK : CK = AG : BG.
Let L be the point on line BC' such that CL : BL = AG : BG.
Let Sy be the circle whose diameter is AH .

Let Sy be the circle whose diameter is BG.

Let Ss be the circle whose diameter is AJ.

Let Sy be the circle whose diameter is C1.

Let S5 be the circle whose diameter is BL.
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Let Sg be the circle whose diameter is CK.

Let Sy and Sy intersect at points R and T, with R external to line AB.

Let Sg and Sy intersect at points M and P, with M external to line AC.
Let S5 and Sg intersect at points N and O, with O external to line BC.
Let Sy and Sg intersect at point Q.

Let S1 and S3 intersect at point S.

Let Sy and S intersect at point U.

Then,

1. |[AB||PQ| = |AC||TUY,

2. |AB||OQ| = |BC||RS],

3. ZL(MQ,0Q) =2 x arctan(W),

4. the line that bisects Z(M N, OP) passes through C'.

5. M,N, and Q) are collinear,

6. O, P, and Q) are collinear,

7. N, R, and U are collinear,

8 M,S, and T are collinear,

9. PR, and S are collinear, and

10. O,T, and U are collinear.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (mo,yc)

D has coordinates (1/2,0).

E has coordinates ((1/2)xc, (1/2)yc).
F has coordinates ((1/2)(zc + 1), (1/2)yc).

G has coordinates (xq,0) where zg < 1/2.

H has coordinates (1 — zg, 0).

I has coordinates (zcra, Tgyc)-

J has coordinates (z¢(1 — z¢), yo(l — x¢)).

K has coordinates (1 + zg(xc — 1), zqyc).

L has coordinates (z¢ + z¢(1 — z¢), yo(1 — xg))

Sy is given by the equation (x — (1/2)(1 — a:G)) —(((1/2)(1 — 2g))?) =
S, is given by the equation (x — (1/2)(zg +1))? +y - ((1 (1/2)(zc +1))?)
Ss3 is given by the equation

(2~ (1/2)wc(1-26) P+ (y—(1/2)ye(1—26) P ((1/2)wc (1—26)?+(1/2)ye (1 -
76))?) = 0.

S, is given by the equation

(z = (1/2)(zc +xcwa))’ + (y — (1/2)(ye +zaye))? — ((ve — (1/2)(zc + xowa))* +
(ye — (1/2)(yc + zcyc))?) = 0.

Sy is given by the equation

(x = (1/2)(zc + za(l —xc) + 1)) + (y — (1/2)(ye(1 = 2¢)))* = (1 = (1/2)(zc +
ra(l —zc) +1))* + ((1/2)(ye (1 — 2¢)))*) = 0.

Sg is given by the equation

(v — (1/2)(w0 + 1+ za(zo — 1)+ (y — (1/2)(yo + m6ye))? — (e — (1/2)(ze +
1+ (e — 1)) + (e — (1/2)(ye + 26ye))?) = 0.

M has coordinates

(5% — 25 5o % (e /2 + (e * (1= 25 56)'12)/2) 4+ 42) /(2 20), Yo 2+ (0 * (1 —

0
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2% 15)Y?)/2).

N has coordinates

(—(2%yo* (yc/2+ (wox (1 =25 26)Y?) /2 — (1 — 2% 25) Y2 /2) — 22 —y2 + 1) /(2 %
o —2),yc/2+ (xo * (1 — 2% 26)Y?)/2 — (1 — 2% 25)"/?/2).

O has coordinates

(—(2*yc* (ye/2 — (o (1 —2%30)Y?) )2+ (1 — 2% 25)V?/2) — 22 —y2 +1)/(2 %
o —2),yc/2 — (e * (1 — 2% 26)Y?) /2 + (1 — 2% 25)"/?/2).

P has coordinates

(22— 25 yo x (o2 — (e (1 = 2%.26)/2)/2) + 42) /(2 ) ye /2 — (e x (1=
2% 15)%)/2).

@ has coordinates (z¢, Tg * Yo )-

R has coordinates (1/2, —(1 — 2% z25)"/?/2).

S has coordinates

((ye * (yc—ﬂs(;*yc))/@%—2*$c—|—y%+1),(yc—xc*yc—xg*yc+xc*xg*
yo)/ (24 — 2 x 2o+ yi +1)).

T has coordinates (1/2, (1 — 2 z4)"/?/2).

U has coordinates

((x& + 26 *y2)/ (2t + y2), (xc * yo — xc * xa * yo)/ (2 + ¥2))-

1. We calculate that

( |PQ| )2 _ (@3 =2xyc*(yc/2—(zox(1=2x2c) /) /D) +y2) /(2x20)) —(20))*+((ye /2 (wc*(1-2x26) ' /?) /2) — (zc*yc))*
ITU| ((1/2)=((@Z+acxyd)/ (zE+yE))) 2 +((1-2x26) /2 /2)~ ((zcxyc —zoxzaxyc) /(a3 +yE)))?

= 2% 443 = (fig)? <= |AB|%|PQ| = |AC|* |TU]| as desired.

2. We calculate that

(19902 = (=(2 5 yo = (yo /2 — (e + (1= 226)'/2) 2+ (1 — 25 w6) /2/2) — a2, —
ye+1)/(2xze—2) —z0)? 4+ ((yo/2— (we* (1 =2%26)"/?) /24 (1 = 2% 26)"/?/2) —
(za*ye))?)/((L/2) = ((yo * (yo — va*ye)) /(8 — 2% zc +yg +1)))* + ((—(1 - 2%
x6)Y?/2) = ((yo — Tc *xyo — 26 * yo + xc * 16 * yo) /(% — 2x xc + Y& +1)))%) =
(rc — 1> +y2 = (E—gw <= |AB| x |0Q| = |BC| * |RS| as desired.

3. We calculate that

Z(MQ,0Q) = arctan(%) + arctan(22= zQ)

(3
Yo
— arctan (2= (“Zwerlvc/2Hacx(1-2x) H)/2-(1- Caac) /22— b~y 1)/(rac=2)
)
(
)

2—

(yo /2+(zc*(1—25zg)1/2) /2—(1— 2*IG)1/2/2) (za*yc)

(—@ryc*(yc/2—(zox(1-2x25)"/?) /24 (1—2%2c) /2 /2) 22— y2c+1)/(2*xc—2))—x0)
(yo/2—(zc*(1-2xxc)1/2) /24 (1-2%25) /2 /2)—(za*yc)

) as desired.

/
/
1—

+ arctan(
= 2% arctan(w

4. In 5 and 6, we calculate that the slopes of lines M N and OP are opposite in
sign. This means that the line that bisects these two is vertical and has x value
rg = x¢ as desired.

5. Line M N is given by the equation y = 2¢ * yo — (1 — 2% 2¢)Y? * (z — z¢).
We verify that @) lies on line M N since we calculate

rgxyo — (1 = 2% 26)? % (xe — 1) — 26 * yo = 0 as desired.

6. Line OP is given by the equation y = 2 * yo + (1 — 2% 2¢)"? * (z — z¢).

We verify that @) lies on line OP since we calculate
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g *yo + (1 —2*950)1/2 * (xc — x¢) — g * yo = 0 as desired.

7. Line NR is given by the equation
y=(yo*(x—2g)+rc*(1—-2%x20)"?%(x—1))/(vc —yc * (1 —2x35)"?).
We verify that U lies on line N R since we calculate

(Yo * (12 +aa*ye) /(a8 +y2) —1a) +acx (1= 2x26) ' * (23 + w6 *y2) /(a3 +
y2)—1))/(zo—yex(1—2%26)?) —((voxyc—roxra*yc) /(r2+yE)) = 0 as desired.

8. Line MT is given by the equation

y = —(z*(yo+(1-2x26) % (xc—1))+yc* (g —1))/(ye*x (1 —2%25) /2 —20+1).
We verify that S lies on line MT since we calculate

~(((ye * (yo =z * ye)) /(a8 — 2% vc +yg + 1)) * (yo + (1 = 2% 26)"/? * (z¢ —
1) +yo * (ze — 1) /(e * (1 = 2% 26)"* =20 +1) = ((yo — 0 * yo — 26 *yo +
Toxxg*yo)/(xh — 2xxc +yi + 1)) = 0 as desired.

9. Line PR is given by the equation

y = (z*(yo— (1—2%25) % (zc— 1)) +yc* (g —1)) /(o +yc* (1 —2%15) /2 —1).
We verify that S lies on line PR since we calculate

(((ye * (yo — 6 *yo)) [ (2E — 2% xc +yg +1)) * (yo — (1 = 2% 26) "/ * (z0 — 1)) +
yo * (zg — 1))/ (e +yo * (1 — 2% 26)% = 1) — ((yo — Tc * Yo — Ta * Yo + T *
g *xyc)/(zh —2xxc +y& + 1)) = 0 as desired.

10. Line OT' is given by the equation

y=(yo* (r—2g) —2c* (1 —2%2)"?* (x—1))/(xc +yc * (1 —2x35)"/?).
We verify that U lies on line OT since we calculate

(Yo * (v + e *yg) /(28 +y&) —w6) —xo* (1= 2%26)"? * (13 + 26+ yt) /(23
ye) — 1))/ (e +yo* (1 = 2x26)"?) — ((xc * yo — ve * 26 *yo) /(28 + y2)) =

_|_
0
as desired. 0
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FIGURE 1. Illustration of theorem 2.1.



	1. Introduction
	2. Results
	References

