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1. Introduction

Commandino’s theorem [1] states that the four medians of a tetrahedron are
concurrent at the centroid, and the resulting ratios of lines are 3 : 1. Here, we will
give a generalization of this result using ideas from [2].

2. Results

Theorem 2.1. Let A,B,C, and D be the vertices of a given tetrahedron.
Let E be a point in the plane.
Let F be a point on line AE.
Let G be the point on line BE such that BG : EG = AF : EF .
Let H be the point on line CE such that CH : EH = AF : EF .
Let I be the point on line DE such that DI : EI = AF : EF .
Let M be the centroid of F,G, and H.
Let P be the centroid of F,G, and I.
Let R be the centroid of F,H, and I.
Let S be the centroid of G,H, and I.
Then
1. Lines AS,BR,CP, and DM are concurrent at point T ,
2. AT : ST = BT : RT = CT : PT = DT : MT = 3AE : EF , and
3. The line formed between any two values of T (formed by varying the coordinates
of F ) passes through E.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0, 0).
B has coordinates (1, 0, 0).
C has coordinates (xC , yC , 0).
D has coordinates (xD, yD, zD).
E has coordinates (xE, yE, zE).
F has coordinates (xF ,

xF yE
xE

, xF zE
xE

).

G has coordinates (xE+xF (xE−1)
xE

, xF yE
xE

, xF zE
xE

).
H has coordinates (xC + xF (xE−xC)

xE
, xF yE+yC(xE−xF )

xE
, xF zE

xE
).

I has coordinates (xD + xF (xE−xD)
xE

, yD + xF (yE−yD)
xE

, xF zE+zD(xE−xF )
xE

).

M has coordinates (xE(xC+1)+xF (3xE−xC−1)
3xE

, 3xF yE+yC(xE−xF )
3xE

, xF zE
xE

).

P has coordinates (xE(xD+1)+xF (3xE−xD−1)
3xE

, 3xF yE+yD(xE−xF )
3xE

, 3xF zE+zD(xE−xF )
3xE

).

R has coordinates (xE(xC+xD)+xF (3xE−xC−xD)
3xE

, 3xF yE+(yC+yD)(xE−xF )
3xE

, 3xF zE+zD(xE−xF )
3xE

).

S has coordinates (xE(xC+xD+1)+xF (3xE−xC−xD−1)
3xE

, 3xF yE+(yC+yD)(xE−xF )
3xE

, 3xF zE+zD(xE−xF )
3xE

).
Line AS is given by the equation
(x, y, z) = (0, 0, 0)+t(xE(xC+xD+1)+xF (3xE−xC−xD−1)

3xE
, 3xF yE+(yC+yD)(xE−xF )

3xE
, 3xF zE+zD(xE−xF )

3xE
)

⇐⇒
x

xE(xC+xD+1)+xF (3xE−xC−xD−1)

3xE

= y
3xF yE+(yC+yD)(xE−xF )

3xE

= z
3xF zE+zD(xE−xF )

3xE

.

Line BR is given by the equation
(x, y, z) = (1, 0, 0)+t(xE(xC+xD)+xF (3xE−xC−xD)

3xE
−1, 3xF yE+(yC+yD)(xE−xF )

3xE
, 3xF zE+zD(xE−xF )

3xE
)

⇐⇒
x−1

xE(xC+xD)+xF (3xE−xC−xD)

3xE
−1

= y
3xF yE+(yC+yD)(xE−xF )

3xE

= z
3xF zE+zD(xE−xF )

3xE

.

Line CP is given by the equation
(x, y, z) = (xC , yC , 0)+t(xE(xD+1)+xF (3xE−xD−1)

3xE
−xC ,

3xF yE+yD(xE−xF )
3xE

−yC ,
3xF zE+zD(xE−xF )

3xE
)

⇐⇒
x−xC

xE(xD+1)+xF (3xE−xD−1)

3xE
−xC

= y−yC
3xF yE+yD(xE−xF )

3xE
−yC

= z
3xF zE+zD(xE−xF )

3xE

.

Line DM is given by the equation
(x, y, z) = (xD, yD, zD)+t(xE(xC+1)+xF (3xE−xC−1)

3xE
−xD,

3xF yE+yC(xE−xF )
3xE

−yD,
xF zE
xE

−
zD)
⇐⇒

x−xD
xE(xC+1)+xF (3xE−xC−1)

3xE
−xD

= y−yD
3xF yE+yC (xE−xF )

3xE
−yD

= z−zD
xF zE
xE

−zD
.

One can then easily verify that there is a point T on all these lines whose coordi-
nates are given by
(xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
, 3xF yE+(yC+yD)(xE−xF )

4xE−xF
, 3xF zE+zD(xE−xF )

4xE−xF
).

Next, we calculate that
AT : ST = BT : RT = CT : PT = DT : MT

= |
xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−(

xE(xC+xD+1)+xF (3xE−xC−xD−1)

3xE
)
|

= |
xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−1

xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−(

xE(xC+xD)+xF (3xE−xC−xD)

3xE
)
|

= |
xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−xC

xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−(

xE(xD+1)+xF (3xE−xD−1)

3xE
)
|

= |
xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−xD

xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−(

xE(xC+1)+xF (3xE−xC−1)

3xE
)
| = | 3xE

xE−xF
|.
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Now, line ET is given by the equation
(x, y, z) = (xE, yE, zE)+t(xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−xE,

3xF yE+(yC+yD)(xE−xF )
4xE−xF

−
yE,

3xF zE+zD(xE−xF )
4xE−xF

− zE)
⇐⇒

x−xE
xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−xE

= y−yE
3xF yE+(yC+yD)(xE−xF )

4xE−xF
−yE

= z−zE
3xF zE+zD(xE−xF )

4xE−xF
−zE

.

If we take another point, formed by varying the values xF in the coordinates of
T , whose coordinates are given by
(xE(xC+xD+1)+xW (3xE−xC−xD−1)

4xE−xW
, 3xW yE+(yC+yD)(xE−xW )

4xE−xW
, 3xW zE+zD(xE−xW )

4xE−xW
),

then we verify that this point lies on line ET by calculating that
(
xE(xC+xD+1)+xW (3xE−xC−xD−1)

4xE−xW
)−xE

xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−xE

− (
(
3xW yE+(yC+yD)(xE−xW )

4xE−xW
)−yE

3xF yE+(yC+yD)(xE−xF )

4xE−xF
−yE

)

=
3xW yE+(yC+yD)(xE−xW )

4xE−xW
−yE

3xF yE+(yC+yD)(xE−xF )

4xE−xF
−yE

− (
3xW zE+zD(xE−xW )

4xE−xW
−zE

3xF zE+zD(xE−xF )

4xE−xF
−zE

)

=
(
xE(xC+xD+1)+xW (3xE−xC−xD−1)

4xE−xW
)−xE

xE(xC+xD+1)+xF (3xE−xC−xD−1)

4xE−xF
−xE

− (
3xW zE+zD(xE−xW )

4xE−xW
−zE

3xF zE+zD(xE−xF )

4xE−xF
−zE

) = 0 as desired. □

Commandino’s Theorem follows as the special case of the above where we take
F = A.

Figure 1. Illustration of theorem 2.2 with xC = 0.7, yC =
0.9, xD = 0.48, yD = 0.3, zD = 1.1, xE = 0.8, yE = 0.33, zE = 0.31,
and xF = 0.2
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Figure 2. Reoriented illustration of theorem 2.2
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