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1. INTRODUCTION

Commandino’s theorem [1] states that the four medians of a tetrahedron are
concurrent at the centroid, and the resulting ratios of lines are 3 : 1. Here, we will
give a generalization of this result using ideas from [2].

2. RESULTS

Theorem 2.1. Let A, B,C, and D be the vertices of a given tetrahedron.
Let E be a point in the plane.

Let F' be a point on line AE.

Let G be the point on line BE such that BG : EG = AF : EF.

Let H be the point on line CE such that CH : EH = AF : EF.

Let I be the point on line DE such that DI : EI = AF : EF.

Let M be the centroid of F,G, and H.

Let P be the centroid of F,G, and 1.

Let R be the centroid of F, H, and I.

Let S be the centroid of G, H, and I.

Then

1. Lines AS, BR,CP, and DM are concurrent at point T,

2. AT : ST=BT :RT=CT:PT=DT:MT =3AF : EF, and

3. The line formed between any two values of T' (formed by varying the coordinates
of F') passes through E.
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which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

234


http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953

235 A GENERALIZATION OF COMMANDINO’S THEOREM

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0, 0).

B has coordinates (1,0,0).

C has coordinates (xc,yc, 0).
D has coordinates (zp, yp, zp)-

E has coordinates (zg, yg, 2g)-

F' has coordinates (vp, “04E, #2E),
(

$E+Z'F(1'E 1) zrye OEFZE)
) o) bl TR M

H has coordinates (x¢ + wF(wE*xC) 2ryptyo(@p—or) TEZE )
C TE ’ TE ' xR

I has coordinates (xD + zp(zp— xD)7y + zr(Yyp— yD)7 zrzp+zp(TE— xF))'

G has coordinates

TE TE TE
. 1 3xg—xc—1) 3 —
M has coordinates (iBE(IO'F )+§F( TE—XC )7 rryet+yc(ze fEF)’ xFZE>.
TE 3zg TE
. 1 3rg—xp—1) 3 — 3 —
P has coordinates (xE(xD-i- )Jtzr(Brg—rp—1) 3zryptyp(zg—2zr) 3zrzp+zp(cE -TF))'
3rg ) 3rg ) 3zg
- 3ep—zc—ap) 3 —zp) 3
R has coordinates (ﬂﬂE(zc-i-zD)-i—mF( rp—xc—2p) 3zrye+(yct+yp)(zeg—2zr) 3rrzptzp(zr— zF))
3(EE ? 3(EE ’ 3:EE
. 1 Sep—ac—rp—1) 3 - 3 -
S has coordinates (IE(IC+xD+ )+§F( TE—TC—TD )’ zrye+(yc+yp)(zE IF)7 rrzp+zp(TE xF)).
TR 3zg 3rg

Line AS is given by the equation

_ rp(zctrpt)tarBzp—rc—2p—1) 3zrys+(yc+yp)(@p—2r) 3rrzp+zp(rE—2r)
(SL’,y,Z) - (O 0 0)+t( 3z ) 3zg ’ 3Tg )
<~
T _ Y — Z
zp(zgtep+)tepBrg—2zo—rp—1) = 3Bzpyp+yctyp)l@g—2zr) = 3BzrpzptzplEg-—zp) *
3 3z g 3zp

Line BR is giffen by the equation

. zg(zctap)ter(Beg—vc—ap) 3zrye+(yctyp)(tg—2r) 3zrpzp+zp(zp—zF)
(2,,2) = (1,0,0)+#( o -1 o T )
<~

z—1 _ Y — z
xE(xC+xD)+xF(3xE—xC—xD)_1 — Bzpypt+yotyp)leg—zp) T Bzpzp+zplegp—zp)

3z g 3z g

E
Line C'P is given by the equation

_ rp(zp+)+rrBrp—azp—1) 3zryp+yp(TE—TF) 3zrpzptzp(TE—2F)
(xay7z> - (l’CayC70)+t( 32p —Zc, 32g —Yc, 32k )
e
T—xC _ y—yc — z
mE(acD+1)+xF(3xE zp—1) —x — 3zpygptyplegp—zp) T B3zpzptzpleg-—zp)
c 3z g yo 3z
Line DM is given by the equation
_ zg(zct+)terBrp—zc—1) 3zryptyc(zp—zr) TpzE
(ZL’ Ys ) o (ID’yD’ ZD)+t( 3zp —D; 3z —Yp; TR
ZD)
e
T—Tp — Y—YD = = Zz_ZD
1 3 -1 = 3 = TFZE .
zg(@c+ )+90F( eg—2o=_ . ””FUE+3?JC(9”E ) —yp EE—zp

One can then easily verify that there is a point T on all these lines whose coordi-

nates are given by

(ZE(fﬂc+ID+1)+fﬂF(3zE zo—zp—1) 3zrye+Wc+typ)(zp—zF) 3IFZE+ZD($E—IF))
drp—x ’ drp—2x ’ dep—=x :

Next, we Calculatg that o e

AT : ST =BT :RT =CT : PT =DT: MT

g zC+ZD+1)+zF(31E To— CL‘D*I)

— drp—zp

- | zE(zc+zD+l)+zF(3zE—zC—:vD—1)_(zE(zc+lD+1)+:L‘F(31E—zc—zD—l)) |
drp—zp 3z g

zp(zot+ep+l)tepBrp—rzo—xzp—1) 1

— drp—rp ‘

o ’ xE(ﬂ?C“CDHH%F(S%E*xC*”D*1)_(wE(%chrDHwF(ME*mC*xD))
dzp—zp 3z g
zE<GCCV+ID+1)Jr$F(i’ﬂE*IC*IDfl)7130

— dep—zp |

| IE($C+ID+1>+ZF(3ZE7I071D*1)7(1E(1D+1)+1F(31E71D*1>)
dzp—zp 3z g
zpotept)tepBrg—zg—xzp-—1) —&p

— dzp—rp ‘ — ’ 3rp

’ xE(xC+xD+l)+xF(3xE—:cC—:vD—1)_(acE(xC+l)+xF(3xE—:cC—l)) TE—TF |

dep—zp 3z g
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Now, line E'T' is given by the equation

— zg(rotrp+l)tarBrp—rc—zp—1) 3rpyp+(yotyp)(@p—ar)
(Il?,y, Z) - (xE’yE’ ZE)+t( dzg—zF —YE; drg—zFp
3zrpzptzp(TE—2F)
YE, drp—zp - ZE)
<
T—TR _ Y—YE _ Z—Z2E

zE(zC+a:D+1)+a:F(39:E o — —1) —z T 3zpypt+wotyp)leg—=p) - 3a:EzE+ZQ(zE—zE)

drp— E 4zE g —YE dep—zp

If we take another pomt formed by varying the values zp in the coordlnates of

T, whose coordinates are given by
(wE(ﬂcc+wD+1)+xW(3wE To—Tp— 1) 3zwyr+(yctyp)(zE— ww) 3zwzp+zp(zE— ww))
)

drp—xw drg—xw drp—xw
then we verify that this point hes on line ET by calculatmg that
(mE(mC+a:D+1)+a:W(3mE To—rp— 1)) g (SmWyE+(yC+yD)(a:E mW))_
T _ dep—zy yE)
xE(xC+ZD+1)+mF(3mE tg—ep=1) _ . 3epyp+wctyp)l@zp—zp)
dzp—zp E dzgp—zp Ye
Bewyp+wotyp)@g—ow) —y 3zywzptzp(Ep—2w) s
dzp—zyy E _ ( dzp—zyy E)
3rpyp+wctyp)@ep—=p) 3epzptzplep—rp)
izp-= YE Top—op E
(zE(zc+zD+111+zW(3a:E—a:c—zD—l))_xE 3sz€+zD(zE_zW>—ZE
_ Tp—x _ TRty _ :
- zE(a:C+mD+l)+:cF(3zE—zC—zD—1)_ ( Sa:FzE+zD(zE—mF)_ ) - O as deSlred' |:|
dzp—zp TE drp—zp 22

Commandino’s Theorem follows as the special case of the above where we take
F=A

FIGURE 1. Illustration of theorem 2.2 with z¢ = 0.7,yc =
0.9, 2p =048, yp = 0.3,2p = 1.1, = 0.8,y = 0.33, 2z = 0.31,
and zp = 0.2
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FIGURE 2. Reoriented illustration of theorem 2.2
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