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1. INTRODUCTION

Consider three concurrent cevians. If each cevian is extended to intersect the
circumcircle, the triangle formed from the three resulting points is known as the
circumcevian triangle [1]. Now, if we consider the anticevian triangle where each
line is orthogonal to the respective cevian, we will call the resulting triangle be-
tween these points the antiorthocevian triangle. Here, we will prove that these
two triangles are in perspective.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be some point in the plane.

Let line C'D intersect the circumcircle of AABC' at point E.

Let line BD intersect the circumcircle of AABC' at point F.

Let line AD intersect the circumcircle of AABC' at point G.

Let o be the line passing through A which is orthogonal to line AD.
Let 8 be the line passing through B which is orthogonal to line BD.
Let v be the line passing through C' which is orthonal to line C'D.
Let o and [ intersect at point H.

Let a and ~ intersect at point I.

Let B and vy intersect at point J.

Then lines EH, FI, and GJ are concurrent.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

D has coordinates (zp,yp).

The circumcircle of A, B, gmd C' is given by the2 equation

(z — %)2 +(y— xc(wg;cl)erc)Q _ le + (wc(mz;clﬂyc)z.

FE has coordinates

(((zeyp — zpye)(ye(yp — yo) + (o — V(wp — 20)))/(Ye((yp — vo)* + (vp —

?0312)), (((fﬁgj —1yp — (zp—Dye)(wcyp —xpye))/ (Wol(yp —ye)* + (xp —xc)?))).
as coordinates

((un(ye(yp + (zp = ye) + (ve = Dro(rp — 1))/ (Yo (yh + (20— 1)%)), (yn(¥2 +

(rc — Dac)yp — (xp — 1)ye))/ (ye(yh + (zp — 1)?))).

G has coordinates

((2p((¥e + (vo — Vxe)yp + 2pye))/ (Yo (yp + 25)), (up((We + (o — Dze)yp +

nyC))/(yC(yD + ID)))

a is given by the equation y = x(— zg)

3 is given by the equation y = (v — 1)(=22).

YD
7 is given by the equation y = yo + (z — xc)(%)

H has coordinates (1 — zp, (zp * (xp — 1)) /yp).

I has coordinates

(—(yp * (yo * (yp —ye) + 20 * (vp — x¢)))/(xc * yp — Tp * ye), (xp * (Yo * (yp —
yc) + o x (xp — xc)))/(zc * yp — Zp * yc))

J has coordinates

(= (yp*(yex(yp—yc)+(xe—1)xxp—ai+1)+(xp—1)xyc)/((zc—1)*yp—(xp—1)*
ye), (@p—1)*(yo*(yp—yc)+(xc—1)*(xp—zc)))/(xc—1)*yp—(xp—1)*yc))-
Line F'H is given by the equation

y = (e —1)*yp — (xp — 1) *yc) * (xc*yp —rp*yc))/ (Yo * ((yp —yo)* +(xp —
20))— (2p = 1)52) /) * (2-+5p — 1)/ (e *yp — 2 +ye) * (o + (yp — o) +
(zc—1)*(zp—20)))/(ye* ((yp—yc)*+(zp—12c)?))+2p—1)+((xp—1)*2D) /YD
Line F'I is given by the equation

y = (((yp* (¢ +(xzc—1)*2c) *yp—(xp—1)*yc))/ (yo * (v +(xp —1)%)) — (zp *
(yo* (yp —ye) +xe*(xp —xc)))/(xc*yp —xp *yc)) * (x + (Yp * (yo * (yp —yc) +
zo*(vp—xc)))/(@e*yp —xp*yc)))/((yp * (yo* (yp + (wp — 1) *yc) + (vc — 1)
zox(rp—1)))/(ye* (yp+(xp—1)*))+ (Yo * (Yo * (yp —yc) + o *(rp —20))) /(T *
yp — xp *yc)) + (xp * (yo * (Yp — yo) + xc * (xp — 2¢)))/(Tc * yp — Tp * Yc).
Line GJ is given by the equation

y = ((lyp* (W& + (xc = 1) xxc) *yp + zp * yc))/(ye * (yp + 25)) — ((xp — 1) *
(yo* (yp —yc) +(xc —1) x(zp —x¢))) /(2o —1) xyp — (xp — 1) xyc)) * (2 + (yp *
(ye* (yp —yc) + (zc —1) *xp—at+ 1)+ (xp— 1) *yc)/((xc — 1) xyp — (xp — 1) *
ye)))/(zp* (& + (wc — 1) xxc) * yp +xp *yc)) /(Yo * (yh +2B)) + (yp * (yo *
(yp—yc)+(zc—1)*xp—ag+1)+(zp —1)*yc)/((xc—1)*yp— (xp — 1) *yc)) +
((xp = 1) * (yc = (yp —yc) + (xc — 1) * (xp —2¢))) /(e = 1) *yp — (xp — 1) * yc).
Lines FH and F'I intersect at the point whose coordinates are given by

(o ((wp+c— 1) kit (e — 1)) sy — (s (Bt 20— 2) ey — o (25
ro—1)xxp—2i—2%x0+2)+(2*%x0c—1)x (22 —2c—1)) — (w0 —1)** 2% % (2% xp —
ro—1))*xyh+yox (Y2 ((2xxp —1)xy2+xpx(xp*(xp—d*xwc+1)+4dxxi+rc—4)—
2% —xc+2)+(xe—1)*xxo*(vh —dxxo*xrh+a% +2x 21 p+3*xo*Tp— 1L — 2%
To))xyh — (2% 2k yb +xoR T K YL — 3K TH XYL —To*RTpRYL— TpRYS+Ys— 2% Tk
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4 yn2 4 od 02 22 03 02 3 2 3 2 3 w2 yen)2 2 2
TDRYSFTp*RYe+T o+ XD * Yo+ AT o* TR YG— 3T * Y&+ 2% T+ X * Yo — 4k TH*ThH*

VEHroxThxyi+ah xys — 2% XL kT pRYS + TR TR YL — TR TpRYE+TERYE — T *
T+ 253k wh — 2Lk 1 + TR T — T HTH —Th kT + XL kT — T AT D+ 2K TR T D —
rdxxp)xyp+(xp—1)xxp*(2xxp—1)*xy2—(xp—1)*xp*(zp*((3*xxc—2)*Tp—4%
ritzo+1)+xex(2xzc—1))xyd+(vc—1)*xox(xp—1)xxp*(xp—xc) * (25, — 2%
zoxrptac)*yc)/(we—1)xyp—(xp—1)xyc)*(xc*yp —rp*yc)*(yp* (Yo *(yp—
yo)—(zc—1)xxc)+(xp—1)*xp*yc)), (1o —1)*zc* (Yo + (vc—1)*x0) *Yph — Yo *
(x%*y%+2*xc*xD*y%—2*xD*y%—xc*yé—l—Z*x%*xD—3*x%*xD+xC*xD—x%—|—
zo)*yh+yix(xp*x (3% (xp—1)xy2 —xp*((2xxc—1)*xxp — 3% 2% +2) — 3% 22 +2)+
zo)*xyh—(xp—1)*xp*yc* (Y2 * (Y2 +1h —2xxo*rp+2%rs —10—3)+(T0—1)* T *
(rp—z0)?)*xyb+(xp—1)*xxpryd*((252% —2xxp—1)*y2 — (xp—xc)*(xp*((2%T0—
)*xp—2%xc+2)—x0))*yp—(xp—1)**%2% %2+ (2%xc—1)* (xp—1)** 2% * (xp —
o) xys —(xo— 1) xxex(xp—1)*x2h % (xp—xc)**yc)/(yp* ((x¢ — 1) xyp — (xp —
D)xyc)*(zc*xyp—xp*yc)*(yp*(Yox(yp—yc) — (xc—1)xxc)+(xp—1)*xxp*Yc))).
We then verify that this point lies on line GGJ since we calculate

(((yp*((y&+(zc—1)*xc)*yp+ap*yc))/ (yox(yp+2p))—(zp—1)*(yo* (yp—yo)+
(zc—1)*(zp—2c)))/((xc—1)*yp—(zp—1)*yc))*(((yc*((xp+rc—1)*y¢+(zc—
)2 *xyh—(y2*((3xxp+rc— 2)*90 rpx((2xxc—1)*xp—2i—2%20+2)+ (2% T0—
D# (2 —zc—1))—(vc—1)**ag*(2xxp—zc—1))*yp+yc* (Y2 *((2xzp— 1)y +
rpx(zpx(xp—Adxxo+1)+4*xri+rc—4)—2%1E —wc+2)+(rc—1)*xo* () —d*To*
T+ 1L+ 2525 % T p+ 3% To*Tp —TE—2%10) ) kY H — (25T kyS+ T o ThH Ry L — %% *
Yo—To*T pRYSE—T pRYEHYS—2xT okt h* YA+ T h Ry iRk yEHArsokr xyd —3x
ThryZ 4258 %1%}y — Ak T E AT kYR A TR TR YE AT RYZ — 2K TR T pRYEHTE AT DR
Y& —xo*xrpryitadayd —xbxad +2xxd xad —rixrd +adxrh —abxat —rdxad +
wixa? —axxp+2*xrsxrp—aexrp)*yp+(xp—1)*xp*(2xxp—1)*yS— (xp—1)*
rpx(zp*((3xxc—2)xxp—4*ri+rc+1)+ro*(2%10—1))*yd+ (0 —1)*20* (Tp—
)*xp*(xp—rc)* (2% —2xxc*xp+ro)*yc)/(((xc—1)*yp—(xp—1)*yc)*(xc*xyp—
wp*yo)*(Yp* (yo*(yp—yc) —(xc—1)xxc)+(2p—1)*xxp*yc)))+ (yp* (Yo (yp —
Yot (re—1)ezp—a A1)+ (zo—sge) /(ro—1)mn—(ro—1eyo)))/((roe((g+
(xc—1)*xzc)*yp+rpxyc))/(Yex(yh+ah))+(yp*(ye*(yp—yc)+(xc—1)xxp—ai+
1) +(zo D))/ (e 1) ey — (2o L) ege)) 4 ((rp— 1)< et (ym—ye )+ (ro—1)
(zp—2c)))/((wc—1)*yp—(xp—1)*yc) = (((wxc— D) *xc* (Y2 +(vc —1)*20) *YpH —
Yok (Thxy2+2xToxTp*Ys — 2% T p*RYE —To* YL+ 2% 3 % p —3x T KT p+TCORTD —
rh+zo)*yh+yix(zp*(3x(xp—1)xyd —rpx((2%xc—1)*xxp—3*02+2) —3%2%+2)+
zo)*xyh—(xp—1)*xp*yc* (Y2 * (Y +ah —2xxo*xrp+2xrs —x0—3)+ (T —1)*T0*
(rp—z0)?)*xyb+(xp—1)xxpryd*((252% —2xxp—1)*y2 — (zp—xc)*(xp*((2%x0—
)sxp—2%xc+2)—x0))*yp—(xp—1)**1% %y + (2%xc—1)* (xp—1)**2%* (xp —
zo)*xys—(ro—1)*xox(xp—1)* %1% x(xp—xc)**yc)/(yp*((xc—1)xyp—(xp—1)*
yo)*(xexyp—xp*yc)*(Yp*(Yo*(yp—yc) — (e —1)*xc)+(xp—1)*xxp*yc))) = 0
as desired. O
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FIGURE 1. The circumcevian and antiorthocevian triangles are in perspective.
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