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1. INTRODUCTION

Here we will give an analytical proof of the existence of the Steiner circle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point on line AC.

Let E be a point on line BC'.

Let lines AE and BD intersect at point F'.

Let G be the circumcenter of A, D, and F.

Let H be the circumcenter of A,C, and E.

Let I be the cirumcenter of B,C, and D.

Let J be the cirumcenter of B, E, and F.

Then,

1. Circles ADF,ACE, BCD, and BEF are concurrent at point K, and
2. Points G,H,I,J, and K are concyclic.

Proof. Without loss of generality, we will use Cartesian coordinates.
A has coordinates (0,0).

B has coordintes (1,0).

C' has coordinates (z¢, yco).

D has coordinates (zp, (xp * yc)/xc).

E has coordinates (zg, ((xg — 1) xyc)/(xc — 1)).

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

264


http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953

265 F1vE CoNCURRENT CIRCLES FORMED FROM Two CEVIANS

F has coordinates

(—(xp*xaxp* (xc —1))/(v¢c —xc *xp — e *xTp +Tp *xxg), —(Tp * Yo * (xp —
1))/(x¢ —xc*xp —x0c *xp +Tp *TR)).

G has coordinates
(zp*(zp*(zp—1)*xy2 +xo*(xo* (xp—2)+ 1) xzp — a2 xxp+22)) /(2% z0 *
(zp —zc)*xp —xc*xp +20)), —(2p* (((xc — 1) % 2p + 20) ¥ xp — TC) * Y2 +
(e —1)xaix(xp—1)*x2p))/2*xc* ((rp —xc) *Tp — o *Tp + Tc) * Yo))-
H has coordinates

(e = (zo = 1) x2p)/2 = (x5 — 1) xy2) /(2% (xc = 1)), ((wc x 25 — 1) xyo) /(2%
(e — 1)) + ((zc — 1) * zc * 2p) /(2 * yc)).-

I has coordinates

(zp*2% +xc+xp*xyd)/(2*xc), —(((xc — 1) *xxp — xc) * Y2 + (xo — 1) * % *
rp —x +12) /(2% x0 * yo)).

J has coordinates

(—(xp* (vp — 1)? %92 + (xo — ¥ *xp* 2% — (v¢ — 1) * (xp — 20) * 75 + (0 —
) sxzcxap —at +2c)/ (2% (xc — 1) * ((xp — zc) ¥ xp — xc * xp + 2¢)), (25 —
)« ((zeg*(xp — 1) x2p — 2xxc — 1) *2p + 20) * Y2 + (xc — 1)* x 20 * (xp —
Dxag))/2x*(xe—1)* ((xp —zc) *xp — T *Xp + o) * Yo )).

Circle ADF is given by the equation
(x—(zp*(xpx(xp—1)xyi+xc*(xo*(xp—2)+ 1) *xxp—xi*xxp+2%)) /(2% 20 *
(zp —xc)*xp—zc*xxp+1c)))* + (y+ (xp* (((xc — 1) *xp +20) * 05 — TC) *
i+ (re—1)xxix(zp—1)x2p))/(2*xxc*((xp —x0)*Tp —To*Tp+T0) *Yc))? —
((xp*(xpx(xp—1)xyd +axox(xe* (xp—2)+1)*xp —at xxp+12))/(2%z0 *
(zp—zc)*zp—xc*xxp+xc)))*+ (xp* (((xe — 1) *xp +x0) * TR — TC) * Y& +
(o —1)*2%*(xp—1)xxg))/(2*xzc* ((xp —20)* TR —TC*Tp +T0) *Yc))?) = 0.
Circle AC'E is given by the equation

(¢ — ((z0 — (r0 — 1) % 26)/2 — (x5 — 1) *y3)/(2 % (e — D) + (3 — (((zc »
v — 1) 40),/ (2 % (v — 1)) + (w0 — 1) %20 % 28)/ (25 ye)))? — ((~ (20 — (v —
1) ) 2~ (0 — 1) #42)/ (2 (20 — D))+ (—(((c 5 — 1) #50)/ 2 # (e
1) + (re — 1) * 0 % 25) /(2 5 50)) = 0.

Circle BC'D is given by the equation

(v — (2p 3 + 20+ 2p #42)/ (2 20))2 + (y+ (20 — 1) %20 — 20) %84 + (e —
VxaZ*xxp—xd+22)/(2*xoxyc))> — (1— (zp*zi +zo+rp*ys)/(2xxc))? +
((xe — 1) *xzp —x0) * Y2 + (xoc — 1) x 2t xxp — 22 + 22) /(2% zc * yc))?) = 0.
Circle BEF' is given by the equation

(z+(zpx(xp—1)*xy2+(zc—1)**xp*2t— (zoc—1)*(xp—xc)*TR+ (T0 —1)* 1O *
rp—zi+z0)/(2%(xc—1)*((xp—zc)*xp—20*Tp+70)))* +(y— ((xE—1)* ((TO*
(xp—1)xxp— (2%xc—1)*xp+x0)*yé+ (x0—1)**)20%(xp—1)*1E)) /(2% (xc—1)*
(zp—zc)*xp—rxc*xrptac)*yc))? —((1+(zpx(rp—1)*xy2+(xc—1)*xxp*arh—
(xc—1)*(xzp—zc)*rp+(vc—1)*Tc*rp—Ti+20) /(2% (20— 1)*((Tp—TC) *T 5 —
re*xrp+r0)))’+(—(zp—1)*((zex(xp—1)*xp— (2520 —1)*xxp+x0)* Y2+ (T0—
1)2xxc*(xp—1)*zg))/(2*(xc—1)*((xp—xc)*2p —Tc*Tp+20)*Yyc))?) = 0.
Now, consider the point K whose coordinates are given by

(zpx((2i*xa%+ ((xo—1)*s%xp—2% —x0)*TR+r0)*Ys+ (10— 1)** 2% 2%+ (T0 —
1)2xa2x(zp—1)*xg))/((zexrp+re*xxp—Tp—20)**Y2+ (xo— 1)* % T * 1% + 2%
(wc—1)*s2i*(zp—1)*rp+(vc—1)2 %22 %22 — 2% (voc—1)* a2l *xxp+Tt — 2% 28+
1%), (xp*(xp—1)*yc*((zo*xrp+(rc—1)*xp—20) %Yo+ (v —1)?*x0* TR+ (00 —
VxaZxxp—ai+a))/(zoxrp+rcxrp—rp—rco)**xyi+(xo—1)? %t x5+2%(xc—
1)?s2i*(xp—1)*xp+(zo—1)**xixah — 2% (xc—1)?xai*xxp+ad —2xxd +22)).
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We verify that K lies on all the above circles since we calculate that
(zpx((z2*xa%+((xo—1)**xp—x% — xc)*xE+:cc)*yC+(xo 1) *xc*xE—l—(xc—
1)?2x22x(xp—1)*2g))/((ze*rp+xo*xxp —Tp —x0)* *yi + (vc — 1)? % 22 * 2% +
2% (we—1) 2%zl *(xp—1)*xxp+(vc—1)?xxix1h — 2% (vo — 1) %22 xxp+ 1l — 2%
rh+al)—(xp*(zpx(xp—1)*yi +xcx(xox(xp—2)+1)xzp—ai*xp+a2)) /(2%
xc*((atD—xg)*xE—xC*xD+xc)))2+((xD*(xE—1)*yc*((:cc*:z:E+(xc—1)*
a:D—a:c)*yé—l—(:co 1)? *xc*xE+(a:c 1)*xc*xD—x%+x%))/((mc*x;;+xc*
Tp—Tp—1c)? *yc—i-(xc 1)? *xc*xE+2*(xc 1)?xzi*(zp—1)xzp+(rc—1)**
2 ka2 —2x (o —1)?xxi*xxp+al—2xxd+22)+(xp*(((xroc—1)*xp+ac)* TR —
o) %y + (re— 1) x 2t x (xp— 1) xxg))/(2*xxc* ((xp —x0) *Tp — T *Tp + TC) *
ve))2—((zp*(wp*(xp—1)*y2 +xc*(ze*(xp—2)+1)*xp — 2t *xxp+x2)) /(2%
xc*((flfp—ZBC)*$E—$C*$D+$0)))2+(($D*(((($(j—1)*$D—|—$C)*1‘E—l‘c)*y%+
(re— D) xxix(xp—1)xxg))/(2*xc*((xp —xc)*Tp—Tc*xp +0)*Yc))?) = 0,
(zp* ((z2 2%+ ((xe —1)?*xp —2i —xc) xxp+20) * Y2 + (10— 1)? % 2h x 2% +
(xc—1)2*at*(xp—1)*2p))/(zc*xxp+xc*xp—2p —20)* %Yo + (1o — 1)? %
v x2L + 2% (xo— 1) a2 (xp — D) xap+ (v¢ — 1)2 x 22 x 2% — 2% (w0 — 1)% %
ag *xxp+ 16— 238 +ag) — ((xo — (ze — 1) *25) /2 — ((xp — 1) *y2) /(2% (zc —
N+ ((zpx(xp—1)*yc* (zo*xzp+ (xc— 1) *xp —x0) * Y2 + (v — 1)? % 20 *
rp+ (wec— 1) *xaixxp — 2 +22))/((zex2p+xo*xp —Tp — 20)? * Y2 + (0 —
1) xa2 %02 +2x (xe—1)*xad* (xp— 1) xxp+ (v — 1)* s 22 % 2% — 2% (xo — 1)? %
atxxp+xe — 2+ xh+3g) — (2o *2p — 1) *ye) /(2% (xo — 1)) + ((wc — 1) * 2c *
oo/ (25N — (- (e — (20 ~ 1) 525)/2— (05 — 1) #42)/ (25 (e~ D)) +
(~ (e 25— 1) ge) (2 (50 — 1)) + ((z — 1) % 70 % 05)/ (2 5 ye)) ) = 0,
((a:D*((x%*x%—l—((xC—1)2*3313—x%—xc)*x3+xc)*y%+(xc—1)2*x20*x%+
(xc—1)? %22 * (xD 1)*xE))/((xC*xE+xc*a:D p— mc)z*yc—l—(xc 1)? *xc
15+ 2x(xo—1) 22t *(xp—1)*rp+(vc—1)? %2t x2% — 2% (xo—1)* )2l *xxp+28 —
2kl +22) — (zp*xi+rxoc+ap*yd)/(2xx0))* + ((xp* (xp — 1) *yc * (zo*xxp+
(re — D) xxp—z0)*y2+ (vc —1)?*zoxxp+ (0 — 1) * 2t xxp — 2l +124)) /(20 *
Tp+To*Tp—Tp—T0)?*xys+ (v —1)2xaixrt+ 2% (vo—1)*xxix(xp—1)*xp+
(o —1)sagwap —2x(xg—1)?xaxwp+ a6 —2xxg +ag) +((we—1)xxp —z0) *
y&+(ro—1)xatxxp—xd+22)/(2xxo*yc))? — (1 — (zpxai +xc+ap*yd)/(2*
20+ (20— V)5 —20) ey + (20— 1) xaep — 2+ 1) (25 acvye) ) =
and

(zp*((x%x2%+ ((xe—1)**xp — 1% — xc)*xE—i-xc)*yC—i-(xc 1)? *xc*xE—i-(xc—
1)%s 22« (ID 1)*xE))/((xC*xE+IC*xD Tn- rc)? *yc—i—(xc 1) *xc*xE—i-Q*
(woc—1)* %22 *(zp—1)*rp+(vc—1)2 %22 x2% — 2% (voc—1)* 2l *xxp+ot — 2% 28+
22)+(xp*(zp—1)?*y2+(vc—1)*xxp*x%— (e — 1) % (xp—xc) *xp+ (0o — 1) *
rexrp—Th+z0)/(2%(xc—1)*((xp—z0)*Tp—Tc*xTp+x0)))*+ ((Tp* (T —1)*
yox((zoxzp+(zo—1)xxp—x0)*yd+(xc—1)2xxoxxp+ (xo—1) %2t xxp— 18+
12))/(zexxp+roxap—xp—rc)*xyi+(vo—1)* )2t xa%+2x (vo—1)?xxi*(xp—
Dxzp+(re—1)2xxdxxh —2x(vo—1)?xaixxp+at — 2%z +12)— ((xp—1)*((zc*
(xp—1)xxp— (2%xc—1)*xxp+xc)*xys+(vc—1)?*20*(xp—1)*2R)) /(2% (Tc —
D*((xp—zc)xxp—zc*xrp+rc)*yc))? — ((1+ (zp*(rp—1)2xy2 + (v —1)**xp*
15— (vo—1)*(xp—xc)*xp+(vc—1)*xoxxp—ai+zc) /(2% (xc—1)*((xp—zc)*
rp—xcxxp+ac)))?+(—(zg—1)*((zo*x(zp—1)*xp— (2xx0—1)*Tp+T0)* Y2+
(ro—1)2xxcx(xp—1)*25)) /(2% (xc—1)*((xp—20)*TE—TC*Tp+TC)*YCc))?) = 0
as desired.

Next, consider the circle given by the equation
(z—(—((ze*(zoxxp+rp—10)* 2%+ (0 —2)* (v —1)* 2% — 2% * (To+1)*Tp+
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2xx2)xxp+ (vo—1)x2h +acx(vo+1)*xp—23)*yb+ (vo— 1) xzo* (2% 22 % T p*
T —Tp*TL —2xTE 0L+ ok v L+ 25 1L %0 h v p — Ak Do TH R T+ X % p — Ak T *
zD*xE+4*$C*xD*xE 2*1’,3*$E+3*xc*xE+mo*x%+x%*xD—mé—xc)*y%jt
(e —1)3x2d*(xp—1)*2%+ (vc—1)3*xi* (xp—1)?x2p) /(4% (xc— 1) xzo* ((xp —
ro)*xp—ro*rp+ro)*yd)))?+(y—(—(zp*(zp—1)*(zo*xxp+rc*Tp—Tp—T0)*
yot+ (xox((2xat —dxxo+1)xxp+ac)x 1%+ ((xo—1)* (2% 22 — 1) % 2% — 2% w0 % (2%
v —dxro+1)xrp+ad —3x1l)xrp—(rec—1)*xox (2500 —1)*0h + 0% (3% 2% — 6%
wo+2)xxp—ag+2xa)*yt+ (o — 1) kagx((zo—2)*zp+1)xah+(z0—1)*xaf
(zp—1D)x((zc+1)xxp—zc+1)xxp—(vo—1)* 2 x4+ 2% (xo— 1) *adxxp— a2+
2508 —28) /(4% (e —1)*xox((xp—xc)*vp—To*Tp+10)*Yyc)))? — (10— (X0 —
Vi) 2 (05— 1))/ (25 (0 — 1)~ (~ (e (e +ap —te) v+ (e —
2)x(vo—1)*2h —2xxo*(ro+1)*xp+2%2% ) * g+ (vc—1) %1% +xc* (To+1)*Tp—
w%)*yé—l—(mc—1)*:)@0*(2*:1520*3:,3*.73%—:UD*x2E—2*x%*x%+xc*x%+2*x2€*x%*
TE— 4*wc*a:%*xg+xD*xE 4*xc*xD*a:E+4*xc*wD*xE Z*xD*xE+3*xC*xE+
roxxh+rixxp—rih—xo)xys+(re—1)3xxdx(xp—1)xx%+ (ve —1)3xad x (xp—
1)?xxg)/(4*(xc—1)*xxc*x((xp—xc)*xp—2o*Tp+20)*xy2))) >+ ((xo*xE —1)*
ye)/(2x(xc—1))+((xc— 1) *xzcxzp)/(2xyc) — (—(xpx(xp—1)* (zc*xrp+rco*ep —
rp—x0)*ys+(vox((2xxt —dxxo+1)*xxp+ao) 5+ ((vo—1)x (2x22 — 1) 2% — 2%
xc*(2*x%—4*mc—|—1)*xD+x%—3*x%)*xE—(xc—l)*azc*(Q*xC 1)*zh+zo* (3%
x%—6*:L'C+2)>x<xp—x%+2*x2c)*y%+(xc—1) x 2+ ((ro— 2)>|<$D+1)>|<xE+(IC—
1) *ZL‘C (xp—1)*((zc+1)*xxp—rc+1)*xE— (10— 1) %28 %1%+ 2% (10— 1)? % T %
rp—xp+2xxh—ad) /(4% (xoc—1)*xc*((xp—2c)*xp—To*xp+20)*Yc)))?) = 0.
We verify that points G, H, I, J, and K lie on this circle since we calculate that
(zp*(zpx(xp—1)*yi+xo*(zox(xp—2)+1)xxp—aixxp+a2))/(2%xc*((xp—
ro)xxp—roxrp+rc))—(—((ze*(zoxrptrp—rc)* 1%+ ((v0o—2)* (v —1)* 2% —
2xxo*(zo+1)xxp+2%x2i)xxp+ (vo—1)*2% +zox (vo+1)xxp —22) *yb+ (o —
1)kxo* (2% TE 4T p* 0% — T p*T% — 2k X2 4 TH+ Tk X%+ 2% To* ThH T p — A% Tk T *
xE—f—mD*xE—4*:pc*xD*xE+4*xC*xD*a:E—2>x<xD*xE—|—3*a:C*mE+xc*x2D+x%*
rp—ai—xo)*yi+(vo—1)3*xd*x (xp—1)*x2%+ (xo—1)3*xd* (xp—1)**xxp) /(4%
(re—1D)*zex((rp—z0)*xp—rc*xTp+20)*y2))) 2 +(—(2p*(((xc—1)*xp+20)*
rp—xc)*xyt+ (e —1)xxix(xp—1)*xg))/(2%zc* ((xp—xc)*Tp—TC*Tp+TC)*
yo)—(—(zp*x(zp—1)*(zo*xrpt+rc*xrp—rp—xc)*ys+ (xox (2525 —dxxc+1)*
rptzo)*xrh+ ((wo—1)x(2%x% — 1) %23 — 25 wo* (2522 —d*xxc+1)*xp+ a8 — 3%
r2)xrp—(vo— 1)*:(:(;*(2*950—1)*x%+xc*(3*x%—6*xc+2)*xD—x%+2*x%)*
i+ (ze—1)**2ix (e —2)*xp+1)*x%h+ (vo—1)** a2 * (xp — 1) ((xo+1)xxp—
ro+1)*xp—(reo—1)* %zl * 2%+ 2% (zo—1)? *a:c*xD rd+2xxl — ) /(4% (w0 —
V*zox((xp—wc)*xp—xc*xp+z0)*yc)))> — (((zo — (v —1) x28) /2 — (25 —
D)*xy2)/(2%(xc—1)) = (—((ze* (zo*xp+ap —20) ¥ 2%+ (10— 2) * (10 — 1) * % —
2xxox(vo+1)xxp+2%22)xxp+(vo—1) %25 +xo*(vo+1)xxp —28) *yb+ (vo —
1)*a:c*(Z*xQC*xD*x%—xD*xQE—Q*x%*xQE—i—xc*x%—i—Q*w%*x%*wlg—4*3;0*1%*
xE—l—xD*:L‘E 4*xc*xD*xE+4*xC*xD*xE 2*:1;,3*xE—i—S*xc*xE—i—a:C*xZD—i—x%*
rp—xi—zc)*yib+(re—1)3xxdx(xp—1)x2%+ (ve—1)3%xdx (xp—1)**xxp) /(4%
(xc—1)*xc*x((xp—wc)*rp—2rc*Tp+30)*y2))) >+ (((zoxzp—1)*yc) /(2% (zo—
D))+ (zg—1D)*zcxxr)/(2%yc) — (—(xpx (xp—1)* (xo*Tp+To*xTp —Tp —TC) *
yo+ (zox (2%t —dxxo+1)*sxp+xc)x 2%+ ((xo—1) % (2% 2% — 1) %1% — 2% 30 * (2%
rh—4dxxo+1)kxptad—3xal)xxp— (v —1)xxo* (2xx0— 1) *ah +xo* (3%t —
6>x<xc+2)*xD—x3o+2*x%)*y%—|—(a:C—1)2*:1520*((330—2)*a:D+1)*x%+(a:C—1)2*
T x (:UD—l) (ze+D)xzp—zo+1)xzp—(vc— 1) xad xah + 2% (v — 1)* x 2l *
rp—xh+2xxt—ad)/(4x(xc—1)xzo*((xp—z0)*Tp—To*Tp+T0)*Yc)))?) = 0,
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(e—(ze—1)*25)/2—((xp—1)*y2)/(2x(xzc—1)) = (= ((zc* (zc*xD+TD —2C) *
2+ (ro—2)*(xo— 1) x2h —2xx0* (vo+1)xxp+ 2% ) xxp+ (vo— 1) x 2% + 10 *
(x0+1)>x<mD—x%)*yé+(mo—1)*xc*(Q*x%*xp*x%—xD*:pQE—Q*x%*zQEjL:nC*xQEjL
Q*xc*xD*ajE 4*.:1:0*:UD*;1:E+3:D*35E 4*3:0*;1:D*a:E+4*xC>kxD*xE—2*xD*xE+
3*$C*xE+xC*xD+xC*xD rh—xo)xyd+(xe—1)xxdx(xp—1)xah+(xc—1)>*
wix(zp—1)**xp) /(4% (xc—1)*xxcx((xp—2c)xxp—Tc*Tp+10)*y2))) >+ (((xo*
rp—1)xyc)/(2x(xc—1))+((zc—1)*xc*xp)/(2xyc)— (—(zp* (xp—1)*(zcxrp+
rexxp—Tp—r0)*yYs+(ro*((2xri —4xxo+1)*xp+ro)*rh+((xo—1)*(2%x%—1)*
13— 2% xo*(2xxh —4dkxo+ 1)k p+ad —3%a ) krp—(vo—1)xxox (2510 —1)*2H+
xc*(B*mC 6xro+2)xxp—T+2%25 ) xy2+ (rc—1)3 *:pc*((xc 2)xxp+1)*x%+
(x(; 1) *xc*(a:D Dx*((ze+1)*xp—zo+1)*xp—(xc—1)? %2l % 0% + 2% (10— 1)**

rgxrp—as+2x1h—1y) /(4 (vo—1)xxo* ((rp—20)*Tp—To*Tp+T0)*Y)) ) —
((we—(vc—1)xwp) /2= ((xp—1)*y¢) /(2% (vc—1)) = (= ((wc* (zoxrp+ap —2C) *
4+ (e —2)* (zo—1)*2%h —2%xxox (xo+ 1) xxp+2%28 ) x g+ (ve — 1) x2h + o *
(q:c—i—l)*xD—a:QC)*yé—i—(xc—1)*xc*(Q*x%*xp*x%—x[)*x%—2*x%*x%+xc*x%+
Q*xc*x%*x]; 4*xc*x2D*xE+xD*a:E 4*xc*xD*xE+4*xC*xD*xE 2% k& p+3%
r2*rp+roxrh+aikrp—rh—ro)*ys+(re—1)3xxdx(xp—1)xa%+ (vo—1)3%xd *
(xp—1)*xzp)/(4*(xc—1)xzox((xp—xc)*xp—Tc*Tp+x0)*Ys)))+(((TO*TE—
Dxye) /2% (xc—1))+ (e —1)xxoxzp)/(2%yc) — (—(xp*(xp—1)*(zo*xxp+To*
rp—rp—r0)xyst (o ((2x2t —dxxo+1)xrptro)* 2+ ((xo—1)*(2%2E — 1) %1% —
Q*xc*(2*$2c—4*xc—l—1)*x,3+x%—3*3:20)*asE—(:EC—1)*:160*(2*330—1)*;17%4—3:0*
(3*3:20—6*x0+2)*xp—x3c+2*a:2c)*y%—i—(xc 1)? *xo*((xc 2)*wD—|—1)*xE+(xc—
1) *:L'C (xp—1)x((zc+1)xxzp—zc+1)*xp—(xc—1)? %2k * 2% +2% (0 — 1) 252l *
rp—xh+2xxh—1d)/(4x(xc—1)xxo*((xp—z0)*Tp—To*Tp+T0)*Yc)))?) = 0,
(zp*22+xct+apryd)/(2xxc)—(—((xe*(xc*xxp+rp—20)* 2%+ (10 —2)* (20—
)xa% —2xxc*(zo+1)*xp+2%x2% ) xxp+(ve—1)*x2% +xo* (xo+1)xxp — 2k ) *ys+
(Te—1) ko (2% T2 % T p*Th — T pkae — 2% TE T+ To* T 5+ 2k T2+ TH* T — A% T o *
xD*mE—l—xD*xE—4*:130*317[)*xE+4>x<:pC*xD*xE—Q*xD*xE+3*xC*mE+xc*x2D+
rixrp—1%—20)*ys+(vo—1)3*%2dx(xp—1)xx%+(xrc—1)3xadx(xp—1)**xg) /(4%
(re—1)*xox*((xp—xc)*xp—vc*Tp+rc)*Y2))) >+ (—(((xo— 1) *2p —TC0) ¥ Y2 +
(xo—1)*xi*xp—ad+a2)/(2*xxc*xyc)— (—(xp*(xp—1)*(zo*xrp+rc*xp—2p—
o) xys+(zox (2%t —dxxo+1)*xp+ac)*rh+ ((xo—1)* (2% 22 —1) 2% —2xx 0%
(2*95%—4*xc+1)*a:D—|—a%—3*a:20)*IE—(a:c—l)*xc*(Q*xc—1)*952,3—1—1’0*(3*1:20—
6xro+2)*xxp—r+2%2 ) *yZ+(zc—1)? *xc*((xc 2)xxp+1)*xx%+(re—1)2 %2k *
(zp—1D)x((zc+1)*xxp—zc+1)xxp—(vo—1)* 52 x5+ 2% (xo— 1) *adxxp— a2+
2xx8—28) /(4% (e —1)*xox((xp—xc)*vp—To*Tp+10)*Yyc)))? — (10— (X0 —
Vi) /2 (5 — 1) 52/ (25 (0 — 1)~ (~ (e (r i +ap —te) v+ (e —
2)x(vo—1)*2h —2xxox(ro+1)*xp+2%2% ) %5+ (0 —1) %1% +xo* (To+1)*Tp—
)k yp+ (ro— 1) ko x (2% X2 % T p* 0% — X p* % — 2K DL k5 + TR T+ 2k XL x T *
TEp—Ax Xk TH* T p+Th* T g — Ak T AT DR T p+HA%To* T p* T g — 24T p* T p+3*%TEx T+
roxrh+aixrp—ai—xo)xyi+(wo—1)3xxdx(xp—1) x4+ (v —1)>*2dx (xp—
1)?xxg)/(4*(xc—1)*xo*x((xp—xc)*xp—2o*Tp+20)*xy2))) >+ ((xo*xE —1)*
ye)/(2x(xc—1))+((xc— 1) xzcxzp)/(2xyc) — (—(xpx(xp—1)* (zc*xrp+xco*xp —
rp—x0)*ys+(vox((2xxt —dxxc+1)*xxp+ao) i+ ((vo—1)* (2x22 — 1) 2%, — 2%
xc*(Z*x%—él*mc—}—l)*xD—l—x%—3*:10%)*:@5—(xc—l)*xc*(Q*xC—l)*mZD—i—xC*(S;*
x%—6*xc+2)*xp—x%+2*x2c)*y%+(xc—1) x 2+ ((To— 2)>|<xD+1)>|<xE+(xC—
1) *ZL‘C (xp—1)*((zc+1)*xxp—rc+1)*xE—(v0—1)2 %28 %1%+ 2% (10— 1)? % T %
rp—ag+2xre—af) /(4% (vo— 1)*330*((%’13 re)*rp—To*rptro)*yc)))?) =0,
(—(zpx(xp—1)**y2+(xc—1)*sxpxrh—(zo—1)x(xp—xc)*rp+(rc—1)*TC*T p—
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ri+z0)/(2%(xc—1)x((zp—zc)*xp—rc*rp+10))— (—((To* (Te*Tp+Tp—TC)*
2+ (ro—2)*(xo—1) 2% —2xxo* (vo+ 1) xxp+ 2% ) xxp+ (vo— 1) x 2% + 10 *
(x0+1)>x<mD—x%)*yé+(mo—1)*xc*(Q*x%*xp*x%—xD*:pQE—Q*x%*zQEjL:nC*xQEjL
Q*xc*xD*ajE 4*.:1:0*:UD*;1:E+3:D*35E 4*3:0*;1:D*a:E+4*xC>kxD*xE—2*xD*xE+
3*$C*xE+xc*xD+xC*xD rt—xo)xyd+(xe—1)xxdx(xp—1)xah+(xc—1)>*
i (zp—1)*xxp) /(4% (zc—1)xxc*((xp—xc)*rp—rc*Tp+rc)*ys))) + (25—
Dx*((zo*(xp—1)xxp—(2%xc—1)xxp+rc)*y2+(vc—1)?*xc* (xp—1)*2R)) /(2%
(xe—1)*((xp—xc)xxp—rxc*xp+rc)*yc)—(—(zp*(xp—1)*(zoxrp+rxc*xp—
rp—zo)*ys+(vox((2xxt —dxxc+1)xxp+ao)* i+ ((vo—1)* (2x22 — 1) 2% — 2%
rox(2xx% —dxxo+1)kxp+ad,—3xx%)*xrp— (vo—1)xxox (2510 —1) %1%+ 10 % (3%
x0—6*m0+2)*x[) 3 42x2% ) xyi+(ro—1)? *xc*((xc 2)*xD+1)*xE+(xC 1)%x
:EC (xp—1D)*((zc+1)*xp—xc+1)*xp—(v0—1)* 523 % 0% +2% (0 —1)? *xc*xp—
w2425z —xd) /(Ax(xe—1)*xzo* ((xp—xc)*xp—xc*xp+xc)*yc)))? — ((xc—
(e —1)*xg)/2—((xg—1)xy2) /(2% (zc—1)) — (—((zc* (xc*xp+2p —TC0) * 2%+
(ze—2)x(zoc—1)*2% —2%xx0ox(vo+1)xxp+2%2% ) xxp+(vc—1) %25 +xox (To+1)*
xD—xQC)*yé+(xc—1)*xc*(Q*xQC*xD*sz—xD*xQE—2*x%*x%+xc*x%+2*m2€*m%*
Tp— 4*xc*x%*xg+xD*xE 4*xc*xD*xE+4*xc*xD*xE 2*xD*a:E+3*xC*xE+
ToxTh+rikrp—rh—x0) kYt (vo—1)P*xdx(xp—1)xxh+ (vo— 1) *xdx (xp—
1)xxp)/(4*(xc—1)*zc*((xp—z0)* x5 —20o*xp+10)*Y2))) >+ (((xo*2E—1) %
yo)/ (2% (xc—1))+((xc— 1) *xxoxxp)/(2xyc) — (—(xpx(xp—1)* (zc*xrp+rc*xp —
rp—xc)*ys+(wo*((25%2E —dxxo+1)*rp+ao)*xh+((ro—1)* (2% 22 — 1) xx% — 2%
xc*(2*:1%—4*3:0—1—1)*:15,3—1—3630—3*:1:20)*xE—(wc—1)*:60*(2*3:0—1)*:6%—1—3:0*(3*
x20—6*xc+2)*:r;p—x%—i—Q*x%)*y%—i—(mc—l) * Tk ((:cc 2)*xD+1)*xE+(:cc—
1) *xc (xp—1)x((zc+1)xxp—zc+1)*xp— (2o —1)? %2k % 2% + 2% (0 — 1) 252l *
rp—xh+2xxt—1d) /(4% (xc—1)xxc*((xp—z0)*Tp—TOo*Tp+T0)*Yc)))?) = 0,
and
(zpx((zi*xa%+((xo—1)**xp—x% —x0)*TR+T0)* Y2+ (Tc—1)? *xc*xE—i—(xc—
1222 x(zp—1)*xg))/((zexrp+rc*xp —Tp —TC)? *yc+(xc 1) *xc*mE—l—Q*
(re—1)2xzi*(xp—1)xxp+(vc—1)**xxi* 2% — 2% (v —1)?xxi*xp+ 2l — 2% 28+
1%) — (—((ze* (wexxp+ap—xc)* 2%+ (10 —2) % (xo — 1) % 2% — 2% w0 % (To+1) *
rp+2xxd)xxp+(vo—1)xxh+xo*(vo+1)xxp—2i)xyt+ (xo— 1) *xo* (2% *
TPk, —Tp*Th— 2% XLk DL+ ok T+ 240k XH kU — Ak To* T H ¥ T+ T H kT — 4%
xzc*xD*xE+4*xc*xD*xE—2*1:,3*xE—i—S*xQC*xE—i—xc*x%—l—xzc*xD—x%—xc)*
Vi +(ve—1)>2*adx(zp—1)x2%+ (ve— 1) *xxd* (xp—1)**xxp) /(4% (xc— 1) x 20 *
(xp—wc)*xp— arg*a:D—i-xc)*yé)))z—i-((xg*(xE—1)*yc*((xc*xE+(xc—1)*xD—
xc)*yc—f—(xc 1)*sxcxxp+(xo— 1)*xc*xD rh+12))/(vo*xrpt+ro*xrp—1p—
rc)? *yc+(:cc 1) *xc*xE—l—Q*(a:C 1)2x2i*(zp—1)*xp+(vo—1)**xxi*xh — 2%
({EC 1) szl xxptah—2%28+2%)— (—(zp*x(xp—1)*(xoxxp+rc*Tp—Tp—TC)*
yot+ (xox (252t —dsxxo+ 1) xxp+ac)x x5+ (xo—1)* (2522 — 1) % 2% — 2% w0 % (2%
v —dsxro+1)krp+ad—3xazl)xrp—(re— 1)*3;0*(2*550—1)*952D+xc*(3*x20—6*
ro+2)kxp—a3+2x2%) % y2+ (vo— 1) xix ((xo— 2)*$D+1)*$E+($c 1)? *xc*
(xp—1)*((zc+1)xxp—xc+1)*2p— (20— 1) *2E* 0% +2% (20— 1) kTS AT p— TG+
2518 —x8) /(4% (e —1)*xox((xp—xc)*xp—To*xp+r0)*Yyc)))? — (((T0— (0 —
Vxxp)/2—((xp—1)xy2) /(2% (xc—1)) = (~((xex (zcxwp+ap —z0) *af+ (20—
2)k(zo—1)*z%— Q*xc*(xc+1)*xp+2*mc)*a:E+(xC 1)*mD+xC*(xc+1)>kxD—
$(;)*yc+(£c 1)*xc*(2*xc*xD*xE xD*a:E—Q*xc*xE+xC*xE+2*xc*wD
TE— 4*xc*$D*xE+:vD*xE 4*330*23D>I<:EE+4*£EC*.CED*ZL‘E Q*xp*xE+3*xC*xE+
xc*xD+xC*xD i —zo)xyi+(re—1)3xadx(xp—1)xa%+ (v —1)3*ad x (xp—
1)?xxg)/(4*(xc—1)*xxc*x((xp—xc)*xp—2o*Tp+20)*xy2))) >+ ((xo*xE —1)*
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yo)/(2x(xc—1))+(zc—1)*xzc*xxp)/(2xyc) — (—(xpx(xp—1)*(xoxrp+ro*xp—
rp—x0)*ys+(vox((2x2t —dxxc+1)*xxp+ac)* i+ ((vo—1) % (2x22 — 1) x 2% — 2%
rox(2xx% —4dxxo+1)xxp+ad,—3xx%)*xrp— (xo—1)*xxox (2510 — 1) %25+ 10 % (3%
i —6xx0+2)*xp —xd+2%35 ) xy2+ (vo—1)? st x ((xe —2)xxp+ 1) *a%+ (zo—
1)?satx(xp—1)x((zoc+1)xxp—zc+1)*xp—(xo—1)?*adxxh +2x (o —1) 25zl *
rp—xh+2%xh—xd) /(4% (xoc—1)*xox((xp—xc)*TEp—Te*Tp+T0)*Yc)))?) =0
as desired. 4

FIGURE 1. Illustration.
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