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1. INTRODUCTION

Pick three points on the different sides of a triangle. We prove that the circles
whose diameters are the cevians related to these points have the orthocenter as
their power center.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be a point on line AB.

Let E be a point on line AC.

Let F' be a point on line BC'.

Let o be the circle whose diameter is AF.

Let B be the circle whose diameter is BE.

Let v be the circle whose diameter is C'D.

Then the power center of «, B, and v is the orthocenter of A, B, and C.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
D has coordinates (zp,0).
E has coordinates (v, *22<).
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I has coordinates (zr, (xr — 1)(;2%)).

zo(l-2z¢) )

The orthocenter of A, B, and C' has coordinates (z¢, e

« is given by the equation

(v —20/2)% + (y — (@ — 1)) — (06/2)* — (25 — D(55p))? = 0.

[ is given by the equation

(2 — (@ +1)/2)% + (y — S22 — (1 — (g +1)/2)° — (22 = 0.

v is given by the equation

(z — (zc +2p)/2)* + (y — yo/2)* — (xp — (zc +2D)/2)* — (yc /2)* = 0.

The radical line between « and 3 is given by the equation

—(zp—xp—1)xx— ((zoxrrp—(xc—1)*xxp—x0)*xy*yc)/(xc—1)*xc) — xR = 0.
The radical line between o and v is given by the equation

—(xp —axp—wzc)*xx — ((xp —2c) *y*xyc)/(xc — 1) —xc x2p = 0.

The radical line between 8 and + is given by the equation
—(zp—zp—xc+ 1) %2 — ((xrgp —xc) *y*xyc)/xc + g — o xxp = 0.

We then verify that the orthocenter lies on these lines since we calculate that
—(xp —xp— D xxe— (re*xxp — (xc— 1) *2p — 20) * (%) xyc)/((xo —
1)*1‘0)—(L‘E:0,

—(xp —xp —wc) *xc — ((xp — 20) * (%) xyc)/(xte —1) —xcxxp =0,
and
—(xE—xD—:)sc+1)>k$c—((xE—xc)*(%)*yc)/fvc—l—xE—xc*xD:O
as desired. 0

FiGure 1. Illustration.
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