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1. INTRODUCTION

In [1] we proved that the circumcevian and antiorthocevian triangles are in per-
spective. Here we will prove a generalization of this: namely that if we take three
points which are of the same ratio of distance between the vertices and the inter-
section of the cevians and form a circle through them, then the triangle formed
by the points of intersection of the triangle and the cevians is in perspective with
the antiorthocevian triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane.

Let E be a point on line AD.

Let F' be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line C'D such that CG : DG = AE : DE.
Let a be the line passing through A which is orthogonal to AD.
Let 3 be the line passing through B which is orthogonal to BD.
Let v be the line passing through C' which is orthogonal to C'D.
Let a and [ intersect at point H.

Let o and ~y intersect at point I.

Let 8 and ~ intersect at point J.

Let line C'D intersect circle EFG at point K.
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Let line BD intersect circle EFG at point L.
Let line AD intersect circle EFG at point M.
Then lines HK, I L, and JM are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp,yp).
E has coordinates (xE, xE *xYp/Tp).

F has coordinates ((zp + zg * (xp — 1)) /xp,zp *yp/xp).

G has coordinates (((zp — z¢) * zg)/xp + zc, (xg *yp + (xp — TE) * yc)/Tp).
Circle FFG is given by the equation

(x — (((zp — V) *xp+ap)/zp +2E)/2)* + (y — 2x2p *yc *yp + (xp — ) *
ye +(zc —28) *xp + (28 —2c) *xp)/(2* xp * yo))* — ((wp — (((zp — 1) *zp +
zp)/rp+aE)/2)?+ (xp*xyp/rp — (2*xEp*yc*xyp+ (xp — ) * Y2 + (rc — %) *
g+ (25 —xc) *xp)/(2*x xp * yc))?) = 0.

« is given by the equation y = —(zp * ) /yp.

B is given by the equation y = ((1 — xp) * (x — 1)) /yp.

7 is given by the equation y = ((zp — x¢) * (x — x¢))/(yc — yp) + Yo

H has coordinates (1 — zp, (xp * (xp — 1)) /yp).

I has coordinates

(—=(yp * (ye * (yp —ye) +xc * (xp — 2¢))) /(e *yp — xp * Yo, (xp * (Yo * (yp —
yo) +xc* (xp — x¢)))/(xc * yp — Tp * Yc)).

J has coordinates

(= Wp*(yex(yp—yo)+(@e—*xp—rg+1)+(xp—1)*yc)/(we—1)*yp—(zp—1)*
ye), (@p—1)*(yc*(yp—yc)+(@c—1)*(xp—zc)))/(xc—1)*yp—(xp—1)*yc))-
K has coordinates
((xp—mc)*xR+TO*Tp)*Yo*Yh — (Tp* TR *YEH — To* TR * Y2+ T * Yo +To*Tp*
Yo+ TLH TR T — Lok TPk T R — Lok T+ To*Tp — To* T+ T ok T+ T+ Tp —To*
Tp)*yp +xh*xys+xp*(xp—xc)*((xp—1)*xp — (vc—1)*xp)*yc)/(Tp *yc *
((yp—vo)* +(xp—12c)?)), (TE*yc*yh — (2*Tp* Y +at*xp —To*Tp —TE*Tp+
To*Tp)* Y+ yc* (TpxyYb+ 5% Tp—Tp*Tp+Ti*Tp—To*xTp — 2% To* 1% +1% +
zoxrp)*yp —(xp—1)*xp*(xp—2p)*y2)/(@p*yc* ((yp —yc)* +(vp —2c)?))).
L has coordinates
((xp—1)*xxp+xp)*xycxyp — (xp— 1) x(xp—zp) * (Y2 + (xc — 1) *xc) *yp +
(zp—1)*xxpxap*yc)/(@p*yc* (yh+(@p—1)%)), (yp* (Tp*ycxyh — (v —xp) *
(Y& +(zc—1)*xc)*yp+(xp—1)xxp*(vp—1)*yc))/(xp*yc = (yp +(zp —1)%))).
M has coordinates

(zp*yc*xys — (xp—xp) * (Y2 + (xc — 1) *xc) *yp +xp* ((xp — 1) xxp + xp) *
yo)/ (e * (yp +23)), (yp * (x5 *yo xyp — (e — 2p) * (Y& + (vc — 1) ¥ x¢) ¥ yp +
xp * ((xp — 1) * x5 + 2p) * yc))/(xp * ye * (yp + B))).

Line HK is given by the equation

y = (((zp—1)xzp)/yp— (xp*yc*yp — (2*xp* Yt +at *xp —Tc*Tp — T *Tp+
To*Tp)* YL +yck (Tpr Y2 +a0%Tp—Tp*Tp+Ti*Tp—To*x T — 2% To* % + 1% +
zoxxp)*yp+(1—ap)*xp*(xp—ap)*y2)/(xp*yc*((yp—yc)’ +(rp—2c)?))) *
(x4+2zp—1))/((—((xp—z0)*TR+TC*TD) * Yo *yh+ (Tp*Tp* Y2 —To* TR * Y2+
TL K YR+ TR Tp Y2+ TL ¥ Tp*Tp —To*Tp*Tp — T * T+ X5 % Ty — TE %15 +
To*xxh + ek rp — 1L *%xp)*yp —1H*xys —axpx(xp—xc)*x ((xp—1)*2p — (vc —
1) x2p)*ye)/(xp*yo* ((yp —yo)* + (xp —2¢)?)) —2p+ 1)+ ((xp — 1) *2p) /Y-



BENJAMIN LEE WARREN 339

Line IL is given by the equation

y = (((wp*(yo*(yp —yc) +xc*(xp—2xc)))/(xc*yp —Tp *yc) — (yp * (T * yc *
yh—(rp—xp)* (Y2 + (xc— 1) *zc)*yp+(xp — 1) *xp* (xp— 1) *xyc))/(zp *yc *
(yp + (xp —1)%))) * (x + (yp * (vo * (yp — yo) + xc * (xp — x0))) /(20 * Yyp — Tp *
ye)))/ (= (((xp—1)*zp+zp)*ycxyh—(rp—1)x(zg—xp)*(yi+(xc—1)xxc) *yp+
(rp—1)**xpxrpxyc)/(@p*yc*(yh+(rp—1)%)) = (yp* (yo* (yp —yc) +rc*(xp—
r¢)))/(we*xyp—xp*yc))+(xp*(yo* (yp—yo)+xc*(xp—2¢)))/(Tc*yp —TD*YC)
Line JM is given by the equation

y=((((xzp—1)*(yc*(yp —yc) + (vc—1)x(vp —z¢)))/((xc — 1) *yp — (xp — 1)
vo)— (yp* (xpxyc*xyb — (zp—xp)* (Y2 + (xc — 1) *xxc)*yp+xp* ((xp—1)*xp+
2p) *yc))/ (@ *yo * (yp +ah))) * (2 + (yp * (Yo * (yp —yo) + (v — 1) xxp — 2% +
1)+ (xp—1)*yc)/((xc = 1) *yp — (xp —1) *yc))) /(— (x5 *yo *yp — (x5 —2p) *
(& +(xe—1)*x0)*yp+rp*((xp—1)*xp+rp)*yc) /(Yo x (yh+2h)) — (yp* (Yo *
(yp—vyc)+(xe—1)xxp—xi+1)+(xp—1)xyc)/((xc — 1) xyp — (xp— 1) *xyc)) +
((xp—=1)*(yo* (yp —yc) + (xc — 1) * (xp —2c)))/((xc — 1) *yp — (xp — 1) * yc).
Consider the point N whose coordinates are given by

an = —(((ze*(vc—2p) +yc*(yo —yp)) * (wp+ (¥h *ye —yp * (b *y¢ —at +ah +
To*kTh—TE AT pH+adkrp+ Tl T p— T AT p+TE AT pRT TR T pRYE —ToXTERYE+
Tp*Tp*Ys—To*xTp*Tp)+yc*yh*(Texxp—rp*(xc—2p))+Tp*yc*(rc—xp)*
(e (z0— 1)~ 25+ (zp— 1))/ (Fpeyor (20— 10+ (50— y)2) — 1) (yor gl
(xptaxp*(zp—1))+rp*rp*yc*(xp—1)*+yp*(xp—xp)*(xp—1)* (Y2 +rc*(rc—
1)/ (o (zoyp — 2meyo) (@17 +55)) ~ (0 (r0 (v )+ e (yo—
yp)))/(@cxyp—ap*yc)— (Yexyp*(@p+rp*(xp—1))+ap*rp*yc(xp—1)*+yp*
(rp—ap)*(zp—1)*(y2+ac*(zc—1)))/(@pryc*((xp—1)*+y}p)))*(xp—1)*(vp*
Yoxyh —yhx(xoxTp—roxTp—TEh*Tp+ iR rp+2%rp*yd) tyc*yp* (To*Tp —
xc*xE—acD*xE—Z*xcﬂm%+x%*$E+x%*xE—i—xE*y%—l—x%)—kxD*y%*(xD—xE)*
(xp—1)))/(@p*yc*((vc—2p)*+(yc—yp)*)) — ((yp * (zc* (xe —2p) +yo* (yo —
yp)))/(xcxyp —xp*yc) — (yo*yp * (rp+rp*(xp—1)) +rp*p*yc*(zp—1)°+
Y (ep— ) k(rp— 1)k (gt ze (e~ 1) (zoeyor((zn— 17 +y)) (o~ 1)
(2% xy2 —yp* (vh*yd —xixrh +wo*rh —xi*rp+rdxrp+rixrp—rixrp+ri*
Tp*Tp+To*Tp*Ys —To*xTp*Ys+Ip*Tpxyb—To*Tp*rp)+yc*xyh*(To*rp —
xp*x(rc—xp))+rp*ryc*(xec—xp)x(xpx(xc—1)—zpx(xp—1))))/(yoxyp*((xc—
2p)*+(yo—yp)*)) +(yh*(xc*(ro—2p)+yo* (Yo —yp)) * (xp+(ah*yd —yp* (ah
YE— KT T ox T —TE AT D+ T AT D+ TE AT p— TR AT g+ TR X DRI pHToXT pRYE —
To*Tp*Yb+Tp*xTpxys—ToxTp*rp)+ycxyh*(voxrp—rp*(Tc—2p))+Tp*yc*
(zc—xp)*(zp*(zc—1)—zp*(xp—1)))/(zp*yc*((xc—2p)*+(yc —yp)?)) — 1)
(ze*yc*yb+yp*(xp—2p)* (Y +ac*(vc—1))+apryc*(zp—1)*(zp—1)))/(zp*
yor(xexyp—zpxyc)*((xp—1)*+yp)))/(wp*(xp—1))/yp — (xp*yc *yh —yp *
(Tre*Tp—r0*TE—TE*Tp+ T2+ T p+2%T pxys) +yc*yp* (ToxTp—To*xTp—Tp*Tp—
2x xR+ TR+ ¥ p+ T p*ys+a%) trpryix(rtp—xp)*(xp—1))/(zp*yc*
(e —xp)*+(ye —yp)*)) * ((yp* (xo* (e —xp) +yo* (Yo —yn)))/ (xc*yp —wp *
vo)— (yoxysx(xp+apx(xp—1))+xprrprycx(xp—1)2+yp*(xp—wzp)*(xp—1)*
(Y& +rcx(rc—1)))/(@p*yc*((xp—1)*+yp))) — (xp* (xc* (vc—2p) +yo* (Yo —
yp)))/(@c*yp—xp*yc)+(yYp* (xp*yc+yp+yp*(rp—ap)* (Y +rcx(zc—1))+
epetior (- 1) (s — 1)) (Eoryes (2o 1) +y3)* (2ot (2 ey s (2
Y& —TE T+ T ox X —TEAT D+ TEHRT TR T p— L H T+ TE AT DT R+ T ORI pRYE —
TO*Tp*Yb+Tp*xTpxys—ToxTp*Tp) +ycxyn*(voxrp—rp*(Tc—2p))+Tp*yc*
(zc—zp)*(zp*(rc—1)—zp*(xp—1)))/(xp*yc*((xc—2p)*+(yoc —yp)?)) — 1))
and
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_ 2 2,.3 2,2 2.9 2 2 3 2
ynv = —((eh*((xh*yt—yp*(Th*Ye —TH*TH+To* X —TH*Tp+Th*xp+TE* Ty —

TLHRTE+TEAT DR TE+TO*Tp*YS —TOXTRXYS+T ¥ TEHYS —TOXTDHTR) Yok YH*
(zc*xp—xp*(xc—xp))+xp*ycx(xc—xp)*(xp*(rc—1)—xpx(xp—1)))/(xp*
yex((xc—p)*+(Yo—yp)®))— (Wexyb*(xptap*(xp—1))+rp*rpryc(zp—1)*+
ypx(rp—ap)x(xp—1)*(vi+zcx(xc—1)))/(xpxycx((xp—1)2+y%)))*(zox(vc—
zp)+yc*(Yo—yp))*(xp—1))/(yp*(zcxyp—rp*yc))— (Yp*((xp*((yp*(zc*(ro—
2p)+yc*(yo—yn)))/(@cxyp—rp*yc) — (vp*yé —yp* (vh*yd —rg*rh+r0*TH —
TLHTp+TEHRT D+ T p—TEHR T+ TEAT DT p+To* T *YS —ToXTR*YE+Tp* Tk
Yo —ro*rp*rE) tyoryp* (oxrp—rp*(ro—ap))+rp*yo* (o —rp)*(Tp* (20—
)—2px(zp—1)))/(@p*yc*((rc—2p)*+(yc—yp)?)))*(xp—1))/yp —((xp+(yp*
(zo*(xe—2p)+ye*(Ye—yn)))/(xcxyp—rp*ryc) —1)* (xp*yo*yh —yp* (xoxrp—
TokTEp—Te*xTp+TE*Tp+2%xTp*ys) +yo*yYp* (To*Tp —To*Tp—Tp*Tp—2%To*
rhtaixrptahxrptrpxyi+ah)+apxyix(xp—zp)x(zp—1)))/(zp*yc*((xc—
zp)*+ (Yo —yp)?))) * (zp*yc xyh +yp * (xp —xp) * (Y& +xo* (xe —1)) +xp *yo *
(xp—1)*(zg—1)))/(xp*yc*((xp—1)*+yh)) +((xo* (rc—2p) +yc* (Yo —yp)) *
(xp+ (yoxy2*(xp+apx(xp—1))+xp*xp*yc*(xp—1)2+yp*(xp—xp)*(xp—
Dx(y¢+azox(zo—1)))/(xp*yex((xp—1)+yp)) — D) *(@p*ycxyph —yh* (zoxap—
TokTp—TexTp+Ti*Tp+2%xTp*ys)+yc*xyp* (To*Tp —To*Tp—Tp*Tp—2%To*
T+ atxrptahsrp+rpryi+rh)trpxyik(rp—rp)*(xp—1)))/(yo*x(xc*xyp —
zp*yc)*((xc—2p)*+(ye —yp)*))/((xp*(zp—1)) /yp — (TE*Yyc*yp —yb* (T *
ZED_IC*xE—$%*$D+x%*$E+2*$E*y%)+yc*yD*(CL'C*ZL'D—ZEC*QZE—ZL'D*ZUE—Q*
ToxTH+ThkTp+rhxrp+rp*yb+ah)+rpxyik(rp—xg)*x(xp—1))/(zp*yc*
(e —2p)*+(ye —yp)*)) * ((yp* (xo* (e —xp) +yo* (Yo —yn)))/(xc*yp —wp *
vo)— (yoxysx(xp+apx(xp—1))+xprrprycx(xp—1) > +yp*(xp—zp)*(xp—1)*
(e +ro*(ze—1)))/(xp*yc*((xp—1)*+yh))) — (zp* (e * (2o —2p) +yo* (Yo —
yp)))/(xc*yp —xp*yc) +(Yp*(Te*yc*yp+yp* (¥p—rE)* (Y@ +rc*(ve—1))+
zp*yc*(xp—1)*(zp—1)))/(@p*yc*((xp—1)*+yp)))*(zp+(xh*yd —yp* (xh *
Y& —TixT T oxa e —TEAT p+TLHRT pH TR T p—TLH T+ TE AT DT R+ T kT pRYE —
TO*TE*Yb+Tp*xTpxys—ToxTp*Tp) +ycxyn*(vo*xrp—rp*(Tc—2p))+Tp*yc*
(v —0) +(zpe (0~ 1)~ 25 (2~ 1))/ (2p 1y (20— )+ (50— y0)?) ~ 1),
We verify that N lies on lines HK,IL, and JM since we calculate that

((xp—1)xxp) /yp— (TExyc*ys — (2% T p Yt +T2%T g —To*xTp—TE*Tp+TC*Tp)*
Yh+yox (Tpxyi+rhxep—Xp*Tp+ 1L x T p —XokTE — 24 To*TH+TH+To*Tp)*
yp+(1—zp)*xp*(vp—2p)*y2)/(@p*yc*((yp —yc)*+ (xp—2c)?)))* (= (((xc*
(xc—xp)+yox(yc—yp))*(xp+ (2h*yd —yp*(x% *y2 — w2 *2% + 0% 0% — 02 *Tp+
TLRT D+ TEHTp— T AT p+TE* T DT p+To*T pRYS—To*T p*Ys+T p T p*yYs —To*
Tp*xp)tycxyh*(zoxxp—rp*(xc—xp))+rp*ycx(xe—xp)*(xp*(rc—1)—TE*
(w0 D)/ (epeer (e 2o+ (o)) - 1) # (e xyba (2ot epn(ep—1) +
rpxrp*xycx(rp—1)*+ypx(zp—xp)*(xp—1)x (V2 +zc*(xc—1))))/(yox(zoxyp—
rp*yc)*((xp—1)*+yp)) = (((yp* (v * (vc—xp) +yc* (Yo —yp))) /(T *yp —p*
yo)— (yoxysx(xp+apx(xp—1))+xprrprycx(xp—1) 2 +yp*(xp—wp)*(xp—1)*
(Wetrox(re—1)))/(xp*yo*((xp—1)*+yh))) *(xp—1)* (Te*yo*yh —yph * (T *
xD—xc*xE—x%*xp—kx%*xE—i—Q*xE*y%)—i—yc*yD*(xc*xD—xc*xE—xD*xE—Q*
ToxTh+atxrp+rhxrp+trpxyi+ah)+apxyik(zp—xg)*(xp—1)))/(xp*yc*
(zo~0)" +(go— 1))~ ((yp* (20 (T ~ 20) + 1o (so— )/ (0 3D — T
yo)— (yoxyhx(xp+apx(xp—1))+rprxrprycx(xp—1) > +yp*(xp—xg)*(xp—1)*
(vt o (z— 1))/ (rpyos (2p— 1)+ ) (0 — 1) (2 w1~y (g~
rixrh +ro*rh — ik rp+abkrp+ i krE — Tk T+ Ti kT p*Tp+To*TpRYE —
TO*RTRHYS+Ip*Tp*Ys—ToxXp*Tr)+ycxyh*(Toxxp—rp*(Tc—xp))+Tpryc*
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(ro—zp)*(zp*(vc—1)—2px(rp—1))))/(Ycxyp*(rc—2p)*+(yo—yp)?)) +(yp*
(ze*(zo—xp)+yc*(yo—yp))*(xp+ (% *xy2 —yp* (xhH*y2 —x a3 +xo*Th — T2 *
Tp+T*Tp+aixrp—TE AT p+ T AT R T+ TR T pRYE — TR TERYE+T DRI pFYS —
Textp*rg)+ycxypx(xexxp—xp*(xc—xp))+xp*yck(xc—rp)*(xp*(re—1)—
rp*(rp—1)))/(xp*yc*((xc—2p)*+ (Yo —yp)?)) —1)*(xp*yc*yph+yp*(rp—1rp)*
(y&4xc*(zo—1))+zp*ryc*(xp—1)*(xp—1)))/(zp*yc*(xc*yp —rp*yc)*((xp—
12 +y3))/((xpx(xp—1)) /yp—(zp*yc*yd—yh*(Tc*xp —To* T —TE*Tp+TE*
TE+2%Tp*y2) +yYc*Yp* (To*Tp—To*xTp—Tp*Tp—2%To*TH+TE*xTp+Th*Tp—+
rp*ye+ap)trprytx(xp—rp)*(rp—1))/(Tp*yc*((xc—2p)*+(yo—yn)?))) *
((yp*(zo*(ro—2p)+yc*(Yo—yp)))/ (Tc*yp—rp*yc) — (Yo*ryp*(xp+rp*(2p—
) +zprzpxycx(xp—1)2+yp*(xp—zp)*(xp—1)*(yg+zc*(xc—1))) /(p*yc*
((xp—=1)*+yh)))—((xp*(zo*(rc—2p)+yc* (Yo —yp)))/(Tc*yp—2p*yc) +(yp*
($E*yc*y123+?/D*(iUD—HJE)*(Q%-HEC*(-TCC—1))+$D*yc*($D—1)*(3515—1)))/(9013*
yox((zp—1)24y3)) x(xp+ (25 *yd —yp* (2% xyt — a2 *xx% +wox s — i * T p+Td*
Tp+ITixTp—TE X p+ Tk DRI p+TC*T pRYE —TORT pFYS+T DRI p*YS —To*T p*
1) +ycxysx(voxxp—rpx(xo—xp))+rpryck(xo—rp)*(xp*(xc—1)—xp*(Tp—
1))/ (xp*ye*((xc—2p)*+(ye—yp)?) —1))+2p—1))/((—=((xp —zc) * 25+ TC *
Tp)*Yc*kyYh+ (T p*T p*Ys —ToRT pRYS+ T ¥ Y2+ T T pRYE+TERT DT —To*T p*
TE—TEHTp+ T T —To kT +TokTe+ XL T —T5*Tp ) xYp —TH*xys—xp*(Tp—
ro)x((zp—1)*xp—(vc—1)*xp)*xyc)/(xp*yc*((yp—yc)*+(xp—20)?)) —2p+
D+ ((zp=1)*zp)/yp—(=((2p * ((vD *ye —yp* (vh*ye — ¢ *ah + a0 * 0] — 08 *
Tp+TERTp+TERT p—TEHRT p+TEAT DT p+TC*T Y2 —To*TpRYE+T p* T p*Ys —
Te*Tp*rp)+yc*kynx(roxrp—rpx(re—xp))+xp*yc*(xo—xp)*(xp*(rc—1)—
rp*(xp—1)))/(xp*yc*((xc—2p)*+ (Y —yp)?)) — (Ye*yp*(xp+rp*(vp—1))+
rpxrpxycx(xp—1)+yp*(xp—rp)x(xp—1)x(y&+rc*(xrc—1)))/(zp*yox((xp—
1)*+yp))*(zc*(vc—2p)+yc*(yo—yp))*(xp—1))/(yp*(vc*yp—rp*yc)) — (yp*
((@p*((yp*(zc*(zc—2p)+yc*(yo—yn)))/(Tc*yp—Tp*yc) — (Th*yé—yp*(2h*
YE—Ti T+ T oxxh —TEA T+ TEHRT pH ALK T p— L H T+ TE AT DT R+ T ORI pRYE —
T*TEp*Yi+Tp*xTpxys—ToxTp*rp) +ycxyn*(vo*xrp—rp*(Tc—2p))+Tp*yc*
(zo—xp)*(xp*(rc—1)—2p*(xp—1)))/(p*yc*((xc—2p)*+(Yc—yp)*)))*(xp—
1))/yp—((xp+(yp*(zc*(xc—xp)+yc*(yc—yp)))/(xc*yp —rp*yc) —1)* (vp*
YorYh —Yh* (To*Tp—TokT p—TE*Tp+T2*Tp+2%T pxyd) +yc*yp* (Tokrp—To*
TE—Tp*Tp—2xTokTh+rixrp+rh*rp+rE*yt+as))trp*ryék(xp—rp)*(xp—
1)))/(zp*yc*((xc—2p)*+ (ye —yp)*))) * (xp*yc*yh+yp* (xp —xp) * (Y& +ac*
(zc—1))+zp*rycx(zp—1)x(zp—1)))/(zp*yc*((xp—1)*+yh))+((zc*(zc—zp)+
yo* (Yo —yp))*(@p+(yexyp*(xp+ap*(zp—1))+aprrp*rycx(xp—1)*+yp*(xp—
e (ep 1) w4t zon(we D))/ (pson((zp—1)Hys)) - D)x(zprycryb—yhs
(:BC*:UD—mc*xE—xQC*xD+x2C*a:E+2*:UE*y%)+yc*yD*(xC*$D—xC*$E—:1:D*
rp—2xxo*rh+atr rptrhrrptrpxyi+ay)trpxyix(rp—xp)*(xp—1)))/(yo*
(zexyp—zp*yc)*((vc—2p)*+(yo—yp)*))/((zp*(zp—1))/yp — (TE*yc*yp —
yhx(Toxxp—ToxTp—TE*Tp+rixxp+ 252 p*ys ) +yckyp* (ToxTp—TokTp—Tp*
TE—2%ToxXh+TE*Tp+Th* T+ T p*ys+1h ) +xprydx(xp—xp)*(zp—1))/(zp*
yox((zc—2p)*+(ye—yp)*))*((yp*(zo*(zc—2p) +yc*(ye—yn))) /(Tc*yp—rp*
yo)— (yoxybx(xpt+rp*(xp—1))+axp*rpxyc*(xp—1)>+yp*(xp—zp)*(zp—1)*
(1Bt acx (10~ 1)/ (rpeyes (20— 124 yb) — (w0 (res (20 —7) + g (o~
yp)))/(xexyp—rp*yc)+(Yp*(xexycxyh+yp*(xp—rp)*x(Yo+ro*(xe—1))+rp*
yex(@p—1)*(xp—1)))/(@p*yc*(xp—1)*+yp)))*(xp+(ah*yb —yp* (vh*yg —
TEAT HToxTD — TR T D+ TE T p+TEHT g —TE kT g+ TE* X DT p+To*T p*YS—T ok
TE*YA+Tp* TRyt —To*Tp*ap) +yc*yh*(xextp—rp*(xe—xp))+xp*yc*(To—
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zp)*(xp*(zc—1)—zp*x(zp—1)))/(@p*yc*((xc—2p)*+(yoc—yp)*)) —1))) = 0,
(((wp*(ye*(yp—yo)+zc*(xp—2c)))/(xc*yp—xp*yc) — (Yp*(TE*yc*yp — (2p—
e (st (zo— )0 eyt (rp— 1)z L)ye))/ (zpeses iy +Hp1)%) )
(—=(((zex(zc—zp)+yc*x(yo—yp))*(xp+ (2 *yd —yp* (eh*yd —at*a ] +r ket —
TEHTp+TEHRT p+ AL T p— XL T+ TEAT DT p+TO*T DX YS—TOXTRRYE+Tp* Tk
YE—roxxpxxp)+yckynx(roxxp—rpx(roc—xp))+rpxyc*(xc—rp)*(xpx(vo—
1)—zp*(zp—1)))/(@p*yc*((zc—2p)*+(yo—yp)*)) —1)*(yoxyp*(zp+rp*(rp—
)+zp*zpxyc*(xp—1)2+ypx(zp—zp)*(xp—1)* (Y2 +zcox(xc—1))))/(yo* (xc*
yp—zp*yc)*((xp—1)*+yp)) — (((yp*(zc*(xc—p) +yc* (Yo —yp)))/(zc*yp —
rp*yc)— (yoxysx(xp+rpx(xp—1))+xp*rpxycx(rp—1)*+yp*(xp—xp)*(xp—
Dyt e (o)) (rpsicn((wn— )24y «(rp— (e gy -y (e
xD—a;c*:vE—xzc*xDjoQC*xE—l—Q*xE*y%)—l—yC*yD*(xc*xp—xc*xE—xD*xE—Q*
roxrh+aisrptah rptrpxyd+ad)+rpryix(rp—xg)*(xp—1)))/(xp*yc*
((xe—2p)*+(yo—yn)?) = (((yp* (vc* (xc—2p) +yo* (Yo —yp))) /(o *yp — 2 p*
vo)— (yoxysx(xp+apx(xp—1))+xprrprycx(xp—1)*+yp*(xp—wxp)*(xp—1)*
(y&+acx(zc—1)))/(wp*yc*((xp—1)*+yp)))*(xp—1) *(xh*+ye: —yp* (2D *y¢. —
rixrh+rokrh —alxxp+adbrrp+airkrg—rikrp+rixrp*rp+ro*TpRYL —
TOkTp*Yb+Tp*xTpxys—ToxTp*rp)+ycxyh*(vo*xrp—rp*(Tc—2p))+Tp*yc*
(r—rp)s(zp(zo—1)—pe(ro— 1))/ (s eyms(xe 20+ (o —yp) )1 (ube
(we*(xc—xp)+yox(yo—yp))* (xp+ (25 *yd —yp* (22 xyd —xix 2% +xoxad —rix
Tp+T*Tp+ Ttk p—TE AT+ TR AT R T+ TR T pRYE — TR TERYS+T DR pFYS —
re*xrp*xrp)tyc*yh*(zoxxp—rp*(xc—xp))+rprycx(re—xp)*(zp*(rc—1)—
rp*(rp—1)))/(@p*yc*((vc—2p)*+ (Yo —yp)?*)) —1)*(zp*yc*yp+yp*(rp—p)*
(yetacx(zo—1))+zpryc*(vp—1)*(xp—1)))/(xp*ryc*(zc*yp—rp*yc)*((xp—
1?+yp)/(zp*(xp—1))/yp— (Tp*yc*yp —ybh*(vcxxp —To*rp —TE*Tn+at*
xE—i—Q*xE*y%)—i—yc*yD*(xc*xD—xc*xE—xD*xE—Z*xc*x%—l—x%*x]@—kx%*x]g—k
zp*yt+ah)tapryix(zp—ap)*(xp—1))/(@p*yc*((zc—2p)*+(Yc —yn)?))) *
((yp*(zc*(zc—xp)+yc*(yo—yp)))/(wc*yp—rp*yc) — (yoxyp*(xp+re*(rp—
) +xp*rpxycx(xp—1)*+ypx(xp—zp)*x(xp—1)*(y&+zc*(xc—1)))/(xp*yc*
((xp=1)’4yp)))—((xp*(zc*(xc—2p)+yc* (Yo —yp))) /(Xc*xyp—rp*yc)+(Yp *
(zp*xyc*xyh+ypx(rp—xp)*x(yi+rox(zc—1))+aprycx(xp—1)*(zp—1)))/(xp*
yor ((xp—1)*+yp))) * (xp+ (v] *y& —yp * (¢h *y¢ — ¢ ¥ 2] + T * ) — g *Tp +
TLHT D+ AL T — XL T g+ TEHRT DT p+TO*T pHRYS — TORT pRYS+ T pRT p*YS —To*
rp*xxp)+ycxyhx(roxrp—rpx(ro—xp))+rp*ycx(voc—xp)*(xpx(vc—1)—xp*
(zp—1)))/(zp*yc*((xc—2p)*+(yoc—yn)*)) —1))+(Yp* (yo*(yp—yc) +zcx(zp—
zc)))/(@c*yp—ap*yc)))/(—((zp—1)*xp+ap)*yc*yh — (xp—1)*(zp—xp)*
(Y& +(xzo—1)xzc)*yp+(vp —1)*xxp*ap*yc)/(p*yc* (yp+(xp—1)%)) — (yp*
(yex(yp—yc)+rox(xp—uc)))/(wc*yp—2p*yc))+(@xp* (Yo (yp—yo) +rox(xp—
2o (e —20ye)—(— (2 + (h 35—y # (T s~ 2ty Ty~
Tp+TERTp+TERTp—TEHRT p+TE AT DT p+TO*T pHRYS —To*TpRYE+T p* T p*Ys —
Te*Tp*rp)+yc*kynx(rexrp—rpx(re—xp))+xp*yc*(xe—xp)*(xp*(rc—1)—
zp*(xp—1)))/(xp*yc*((xc—2p)*+ (Yo —yn)?)) — (Ye*yp* (xp+rp*(vp—1))+
rpxrpxycx(rp—1)+yp*(xp—rp)x(xp—1)x(y&+rc*(xrc—1)))/(zp*yox((xp—
1)?+yp)))*(zo*(zc—2p)+yc*(yc—yp))*(xp—1)) /(yp* (zc*yp—rp*yc)) — (Yp*
((@p*((yp*(zc*(zc—2p)+yc*(yo—yn)))/(Tc*yp—rp*yc) — (Th*yé —yp*(2h*
Y& —Ti x0T ox e — A AT+ TEHR T+ LR T —TLH T+ TR T DT p+T ORI pRYE —
TO*Tp*Yb+Tp*xTpxys—ToxTp*Tp) +ycxyn*(vo*xrp—rp*(Tc—2p))+Tp*yc*
(zc—xp)*(zp*(zc—1)—2p*(zp—1)))/(@p*yc*((xc—2p)*+(yc—yn)*)))*(xp—
1)/yp—((zp+(yp*(zc*(xc—xp)+yc*(yc—yp)))/(xcxyp—xp*yc) —1)*(zp*
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YokyY —Yh*(TokTp—To*Tp—re*Tp+Ti*Tp+2%xTp*ys) +yckyp* (TokTp—To*
TE—Tp*Tp—2%ToxTH+ToxTp+rh*xTp+Tpxys+1h)+xp*yé*(vp—rp)*(xp—
1))/ (zp*ycx((zc—xp)*+(ye —yp)?)) * (e *yc*yb+yp*(vp — ) * (Yo + w0 *
(v 1)+ 2wt (wp— V(- 1))/ (epryer((ep— 1+ gp) 4 (ros(To—ip) +
yex(yo—yp))*(xp+(ycxypx(xp+apx(xp—1))+xprrpxyc*(xp—1)*+yp*(xp—
zp)*(xp—1)x(ygtrex(vc—1)))/(wpryox((xp—1)*+yh)) = 1)*(xp*ycxyph —yp*
(zo*xp—ro*rp—ri*xp+Ti*Tp+2%xTp*yd)+yc*yp* (To*xp—To*TE—Tp*
Tp—2xxc*Th+ ik rp+rh*rp+rpxyi+ah)trpxyix(rp—zp)*(zp—1)))/(yo*
(zexyp—xp*yc)*((xc—2p)*+(yo—yn)*))/((xp*(xp—1))/yp— (TE*Yc*yp —
yh*(To*Tp—ToxTp—TE*Tp+Ti*Tp+2%x T p*ys) +yc*yp* (To*Tp—TokTp—T p*
TEp—2%To*TH+TE*Tp+Th* T p+Tpxys+15)+rpryix(xp—rp)*(xp—1))/(xp*
yox((ro—xp)*+(ye—yp)*)) *((yp*(xc*(xo—p)+yox(Yo—yp))) /(Tc*xyp—rp*
yo)—(yoxyh*(xp+apx(xp—1))+rpxrgxyc*(rp—1)°+yp*(xp—xg)*(xp—1)*
(e t+aox(ve—1)))/(@p*yc*((rp—1)*+y3))) — (wp*(vc* (vc —2p) +yc* (yo—
yp)))/(xc*yp—2p*yc)+(Yp*(xp*yoxyh+yp*(rp—rp)* (Yo +ro*(re—1))+rp*
yox(xp—1)*(zp—1)))/(xp*ryc*((xp—1)*+yh))) * (xp+ (2D *ye —yp* (ah*ye —
TLAT F TR —TERT D+ TE T p+TE*T g —Te kT p+TE* X DX T p+To*Tp*YS—To*
TE*YG T DR ERYE—To*Tp*TE) FYoryp* (oxrp—rp*(vo—ap))Frpryc(To—
zp)*(vp*(xo—1)—zp*(rp—1)))/(rp*yo*((xc—2p)*+ (Yo —yn)?)) —1))) = 0,
and

((xp=1)x(yex(yp—yc)+(xzc—1)x(rp—2c)))/(xc—1)*yp—(xp—1)*yc) — (yp*
(zpxycxys—(vp—xp)* (Y2 +(xc—1)xxc)xyp+rp*((xp—1)*xp+xp)*yc))/(xp*
yox (yh+rp)))* (= (((zo*(xe—2p)+yo* (Yo —yp))* (xp+(xh *ye —yp * (2] Yt —
TEAT T ox T — TR T D+ TE T+ T+ T g —Te kT g+ T AT DT p+To*Tp*Yb—T ok
TE*YS+Tp*T Y —To*Tp*xTp)+yc*kyh*(rxexrp—rp*(rc—xp))+rp*yc*(To—
zp)¥(@p*(vc—1)—apx(rp—1)))/(@p*yc*((xc—2p)*+(yc—yp)?)) = 1)*(ycxyh*
(xptaxp*(zp—1))+zpxrp*ryc*(zp—1)*+yp*(xp—xp)*(xp—1)*(yi+xc*(rc—
1))/ (ye*(ze*yp—xp*yc)*((xp—1)*+y3)) — ((yp* (zc* (e —xp) +yo* (yo —
yp)))/(xe*xyp—rp*yc)— (Yoxyh*(xp+ap*(xp—1))+rp*rpryc*(xp—1)°+yp*
(zp—zp)*(xp—1)*(y+zc*(xc—1)))/(@p*yc*((xp—1)*+yp)))*(xp—1)*(zp*
Yoxyh —yhx(TxoxTp—ToxTp—TEh*Tp+ iR rp+2%rp*yd) tyc*yp* (To*Tp —
TO*TE—Tp*xTp—2%To*Th+Te*xTp+Th*xTp+Tpxyb+rh)+rpryi*(xp—xp)*
(zp—1)))/(@p*yc*((xc—2p)* +(yc —yp)?)) = (yp* (vc* (v — ) +yo * (Yo —
yp)))/(wc*xyp—xpxyc)— (yoxysx(xp+rpx(xp—1))+xp*rp*yc*(xp—1)*+yp*
(zp—2p)*(zp—1)*(yet+zcx(rc—1)))/(@p*yc*((xp—1)*+yp))) *(xp—1)* (2]
Yo —yp* (T xyE — ik TH T o* T — AT D TERT p+TE T p— T T p+ Ttk T T+
TOXTpRYS —TO*Tp*Ys+Tp*Tpkys —To*Tp*Tr)+ycxyn*(xoxrp —Tp*(To—
zp))+xpryc*k(zc—xp)*(xpx(vc—1)—zpx(xp—1))))/(yoxyp*((xc—xp)*+(yo—
yp)?))+(yh*(xex(ro—2p)+yc* (Yo —yp)) (p+(h*yé —yp* (vh*yg —ag+ah+
TO*TH—TE*Tp+ T4 T p+ T2 4T p—TE T p+TEA T DX p+TC*T Y2 —To* TR Ys—+
Tp*Tp*yYs —To*xp*rp)+yc*xyn*(xoxrp—rp*x(voc—p))+xp*yc*(rc—1p)*
(zp*(zc—1)—zp*(zp—1)))/(zp*yc*((rc—2p)*+(yo—yp)*)) —1)x(Tp*yc*yp+
yp*(xp—xp)*(Yi+rc*(rc—1))+xpxycx(xp—1)x(zg—1)))/(xp*yc*(rc*yp —
zpxyc)*((xp—1)*+yp)))/((xp*(xp—1))/yp — (xp*ycxyp —yp* (Tc*xp —TC*
Tp—Ti*rp+ri*rp+2%Tpxyd ) tyc*yp* (To*Tp—To*Tp—Tp*Tp—2%To*TH+
ri*rp+rhxrpt+rpryb+as)+rpryix(rp—zp)*(xp—1))/(xp*ycx((rc—xp)*+
(ye—=yp)*))*((yp* (xe*(xe—2p)+ye* (Yo —yp)))/(Te*yp —xp*yc) — (Yo *yh *
(zp+xpx(zp—1))+apxxp*xyc*(xp—1)*+ypx(xp—zp)*(xp—1)* (Y2 +ro*(rc—
1))/ @y s (20— 17 +5b))) — (w0 e (20— ) +yc (v — o)) (2o syp—



344 GENERALIZATION OF THE PERSPECTOR OF THE CIRCUMCEVIAN AND ANTIORTHOCEVIAN TRIANGLES

zp*yc)+(Yp*(xpxycxyp+yp*(xp —xp)* (Yo +ac*(zc—1))+ap*yc*(zp—1)*
(r5— 1)) (@p#gcs (2o 1) yb)))#(wp + (3D wyls—yors (2 sifs — ah ez 4 70
T — T AT p+Te kT p+TE*Tp—TL*T g+ T *T DT p+To*T p*YE—To*xTp*Ys+T p*
TExYs—To*Tp*xTE) tycxys*(zoxrp—rp*(xo—xp))+rp*yc*(rc—xp)* (Tp*
(v~ 1)~ ag(xn— 1) (p et (20 —20) (s —yp)2) — 1)+ (e (e * (i
yo)+(xzo—1)xxp—at+1)+(xp—1)*yc)/((xc—1)*xyp — (xp—1)*yc))) /(—(xp*
yorxyp—(rp—rp)*(ye+(vc—1)*xc)*yp+rp*((rp—1)*rp+2p)*yc)/ (Yo* (yh+
2h))—(Yp*(ycx(yp—yo)+(zc—1)*xp—at+1)+(zp—1)xyc)/((xc—1)*yp—(zp—
Dxyc))+((@p—1)*(yo*(yp —yc)+(xc—1)*(zp—1c))) /(e —1)*yp—(xp—1)*
yo)— (— (@2 * ((whxyd —yp* (vh*yd — a2 xa% +ro*rh —Ti*xp+ Il * T p+ T2k TE—
TLHRTp+TEAT DR TE+T T p*YS —TOXTERYS+TD¥TEFYS —TOXTD*TR) Yok YH*
(ze*xp—xp*(xc—xp))+xp*ycx(xc—xp)*(xp*(rc—1)—xpx(xp—1)))/(xD*
yox((ze—2p)*+(ye—yp)?))— (Yexyp*(xp+rpx(xp—1))+xprrgryc*(xp—1)>+
ypx(rp—xp)x(xp—1)*(vi+zcx(xc—1)))/(xp*ycx((xp—1)2+y%)))*(zox (vc—
zp)+yc*(Yo—yp))*(xp—1))/(yp*(zcxyp—rp*yc))— (Yp*(xp*((yp*(zc*(ro—
2p)+yo*(Yo—yn)))/(xoxyp—rp*yc) — (eh*yb—yp* (] xy¢ —xgxah +roxrh —
TLHTp+TEHRT D+ T p—TEH T+ TEAT DT R+ TO* T * YD —ToXTR*YE+Tp*T p*
Yo —ro*rp*rE) tyoryp*(roxrp—rp*(ro—ap))+rp*yo* (o —rp)*(Tp* (20—
) —zpx(xp—1)))/(@p*yc*((xc—2p)*+(yc—yn)*)))*(@p—1)) /yp—((xp+(yp*
(zex(ze—zp)+yc*(Ye—yp))) /(xexyp—rp*ryc)—1)* (Tpxyo*yh —yh* (xexrp—
To*Tp—Te*xTp+TE*Tp+2%xTp*ys) +yo*yYp* (To*Tp —To*Tp—Tp*Tp—2%To*
rht+alsrptrhxrpt+rpkys+rh)+rpxyix(rp—rg)x(xp—1)))/(xpryc*((zc—
2p)*+ (Yo —yp)*))) * (T *yo*yph +yp * (xp —rp) * (Y& +r0* (vo—1)) +ap *yo
(xp—1)*(zg—1)))/(xp*yc*((xp—1)*+yh)) +((xo* (ro—wp) +yc* (Yo —yp)) *
(xp+(ye*xyb*(xp+apx(xp—1))+zp*rrp*ryc*(xp—1)2+yp*(xp—x)*(xp—1)*
(Wetzox(zo—1)))/(xp*xyc*((xp—1)*+yh)) — ) *(zp*ycxyh —yp* (To*rp—ro*
Tp—ri*rp+ri*rp+2%Tpxyd) Yok yp* (To*Tp—To*Tp—Tp*Tp—2%xTo*TH+
rixrpt+rh*rptrpxys+rh)+rpxyik(xp—zp)*(xp—1)))/(yo*x (xc*yp —xp*
ye)*((ze—2p)*+(ye—yp)*)))/(xp*(xp—1)) /yp— (E*yc*yh —yh* (o *Tp —
TOkTp—TE*xTp+To*Tp+2%xTp*ys) +yo*yp* (To*Tp —To*Tp—Tp*Tp—2%To*
rh+aixrptadbxrpt+rpryi+ah)trp*xyix(xp—xp)x(xp—1))/(zp*yo*((xc—
2p)*+(yo—yp)*)))*((yp*(zc*(xc—ap)+yc*(yc—ypn))) /(zc*yp—rp*yc) — (Yo *
yh*(xpt+apx(zp—1))+xp*rp*xyc*(xp—1)*+yp*(xp—xp)*(xp—1)* (Y2 +xc*
(re—1)))/(zp*yc*((xp—1)*+yp))) —((xp*(zc*(vc—xp) +yo*(yo—yp))) / (vc*
Yp—rp*yc)+(Yp*(Tp*ycxybh+yp*(xp—rr)*(y¢ +rc* (vc—1))+ap*ryc* (vp—
(o — 1)) (xmece (20— 124 5)))* (0-+ (s — gy (2w — 2 +
TO*TH —TE*Tp+Tg*Tp+Ta*Tp — T+ TE+TE*Tp* T+ To*Tp*Ys —To*Tp*
Y&+ Tp*xTp*ys—To*Tp*TE) Yok yhx (zoxxp—rEx(xc—p))+rp*ycH (vo—
xp)*(vp*(xc—1)—zp*(xp—1)))/(@p*yc*((xc —2p)*+(yc —yp)?)) —1))) = 0
as desired. O
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