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1. Introduction

Van Lamoen’s theorem is a recently introduced and very fundamental result in
euclidean geometry. It demonstrates the nontrivial existence of a circle for which
six points in a triangle lie. Here, we introduce a similar result in flavor, but it
involves all the conic sections instead of just the circle.

2. Results

Theorem 2.1. In a given triangle, the midpoints of the vertices and the midpoints
between the vertices and the circumcenter lie on the same conic section. The prin-
cipal diagonals of these six points concur at the midpoint between the circumcenter
and the nine point center.

Proof. Let A,B, and C be the vertices of a given triangle.
Let D be the circumcenter of A,B, and C.
Let E be the midpoint between A and B.
Let F be the midpoint between A and C.
Let G be the midpoint between B and C.
Let H be the midpoint between A and D.
Let I be the midpoint between B and D.
Let J be the midpoint between C and D.
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A has coordinates given by (0, 0).
B has coordinates given by (1, 0).
C has coordinates given by (xC , yC).
D has coordinates given by (1

2
,
x2
C−xC+y2C

2yC
).

E has coordinates given by (1
2
, 0).

F has coordinates given by (1
2
xC ,

1
2
yC).

G has coordinates given by (1
2
(xC + 1), 1

2
yC).

H has coordinates given by (1
4
,
x2
C−xC+y2C

4yC
).

I has coordinates given by (3
4
,
x2
C−xC+y2C

4yC
).

J has coordinates given by (1
2
(xC + 1

2
), 1

2
(yC +

x2
C−xC+y2C

2yC
)).

We verify that E,F,G,H, I, and J lie on the same conic via the calculation

det


x2
E y2E xEyE xE yE 1

x2
F y2F xFyF xF yF 1

x2
G y2G xGyG xG yG 1

x2
H y2H xHyH xH yH 1
x2
I y2I xIyI xI yI 1

x2
J y2J xJyJ xJ yJ 1


=

det



(1
2
)2 0 0 1

2
0 1

(1
2
xC)

2 (1
2
yC)

2 (1
2
xC)(

1
2
yC)

1
2
xC

1
2
yC 1

(1
2
(xC + 1))2 (1

2
yC)

2 (1
2
(xC + 1))(1

2
yC)

1
2
(xC + 1) 1

2
yC 1

(1
4
)2 (

x2
C−xC+y2C

4yC
)2 (1

4
)(

x2
C−xC+y2C

4yC
) 1

4

x2
C−xC+y2C

4yC
1

(3
4
)2 (

x2
C−xC+y2C

4yC
)2 (3

4
)(

x2
C−xC+y2C

4yC
) 3

4

x2
C−xC+y2C

4yC
1

(1
2
(xC + 1

2
))2 (1

2
(yC +

x2
C−xC+y2C

2yC
))2

(2xC+1)(x2
C−xC+3y2C)

16yC

1
2
(xC + 1

2
) 1

2
(yC +

x2
C−xC+y2C

2yC
) 1


= 0 which can be easily verified.
The nine point center L has coordinates given by (1

2
xC + 1

4
,
−x2

C+xC+y2C
4yC

). The
midpoint of E and J , F and I, G and H, and D and L intersect at K whose
coordinates are given by (1

4
xC + 3

8
,
x2
C−xC+3y2C

8yC
).

□
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Figure 1. E,F,G,H, I, and J lie on the same conic section.

Figure 2. The principal diagonals of E,F,G,H, I, and J concur
at K, the midpoint between the circumcenter D and the nine point
center L.
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