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1. INTRODUCTION

We present here some interesting information about the midpoint of the circum-
center and the cevian point, and we also demonstrate the existence of two circles.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane.

Let o be the circumcircle of A, B, and C.

Let o« and line C'D intersect at point E.

Let o« and line BD intersect at point F'.

Let a and line AD intersect at point G.

Let H be the circumcenter of A, D, and E.

Let I be the circumcenter of B, D, and E.

Let J be the circumcenter of A, D, and F.

Let K be the circumcenter of C, D, and F.

Let L be the circumcenter of B, D, and G.

Let M be the circumcenter of C, D, and G.

Then,

1. The midpoint of HM,IK, and JL is the midpoint of D and the circumcenter
of A, B, and C,
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2. H1,J,K, L, and M lie on the same conic, and
3. H/I,J,K,L, and M are concyclic if and only if D is taken to be X (5000) or
X (5001).

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp,yp).
« is given by the equation x
E has coordinates
(((xe*yp —xp *yo) * (Yo * (yp — yo) + (xc — 1) * (xp — 2¢))) / (ye * ((yp — yo)* +
(2p — 20)%), (e — 1) #yp — (2p — 1) #ye) * (e * yp — 2p * y)), (e * (yp —
yo)? + (xp — xc)?))).

F' has coordinates

((yp * (ye * (yp + (xp — 1) *yc) + (xc — 1) * xc * (xp — 1))/ (ye * (yp + (xp —
1), (yp * (Y2 + (wc — 1) * xc) *yp — (vp — 1) xyc))/ (ye * (b + (xp — 1)?))).
G has coordinates

((zp * (& + (xc — 1) *xc) *yp +xp * yc))/ (ye * (yh + 1)), (yp * (Y& + (vc —
1) x ) * yp + xp * yc))/ (yo * (vh + 23))).

H has coordinates ((yp—zcxyp+zp*yc)/(2xyc), (rexxp—xp+yc*yp)/(2xyc))
I has coordinates ((yc—zc*yp+rp*yc)/(2xyc), (xrexxp—rc+yo*xyp)/(2xyc)).
J has coordinates

((=yp*2% +yp*xc —yp*y¢ +xp*yc)/(2%yc), (xp*a¢ —Tp*vc +Tp* Y& +
yp *yc)/(2 * yo)).

K has coordinates ((zc*yp+zp*yc)/(2%yc), (x4 —rp*ro+yé+yp*yc)/(2xyc)).
L has coordinates

((yo — e *yp +ap*yc + ¢ *yp +y¢*yp)/(2xyc), (Yo * yp — Tp * Y& + Y& —
T4 *xp+xo*Tp+ 28 —x0) /(2% YC)).

M has coordinates

((ye—yp+ro*xyp+rpryc)/(2xyc), (xp—ro—ro*xp+yo*ryp+r8+ye)/(2%yc)).
O, the circumcenter of A, B, and C, has coordinates

(1/2, (42 + (w0 — 1) * 20) /(2 yo)).

N, the midpoint of D and O, has coordinates

(20 +1/2)/2, (yp + (% + (rc — 1) * 20)/ (2 40)) /2).

We verify that N is the midpoint of H and M since we calculate

(1/2) * ((yp — zc * yp + zp * yo) /(2 * ye) + (yo — yp + xc * yp + xp * yo) /(2 *
yc)) — (zp +1/2)/2 =0

and

(1/2) * ((z¢ *xp —xp +yo *yp)/ (2 *ye) + (xp — T — T * ¥p + Yo * yp + 13 +
y&)/ (2 yc)) = (yp + (& + (wc — 1) x2¢) /(2 % yc)) /2 = 0.

We verify that N is the midpoint of I and K since we calculate that
(1/2)x((ye—xc*yp+arpryc)/(2xyc)+(xexyp+apryc) /(2xyc))—(xp+1/2)/2 = 0
and

(1/2) * ((zc * xp — xc + yo * yp) /(2 * yc) + (2¢ — p * Tc + Y& + yp * yc) /(2 *
yc)) — (yp + (¢ + (zc — 1) * 2¢) /(2% yo)) /2 = 0.

We verify that IV is the midpoint of J and L since we calculate that

(1/2) % ((—=yp * x& + yp * Tc —yp *y& + wp *yc)/(2* ye) + (Yo — xc * yp + Tp *
yo + 3¢ xyp + Y& xyp)/(2*yc)) — (xp +1/2)/2 =0

and

P—x—yxyo+ (vc —x3) xy)/yc +y* = 0.
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(1/2) % ((xp * 2% —xp* e +xp*ye +yp *ye) /(2% yo) + (Yo *yp — o * Y +yé —
agx2p+roxrp+at—xc)/(2xyc)) — (yp+ (Y& + (e — 1) xxc) /(2% yc)) /2 = 0.
One can make the finite algebraic calculation to verify that

ty Yy Tmxym rg oy 1]
Xy yz rrxyr  xr yr 1
1
det 5172J ?/Q] Ty*Yys Xy Yj —0
T Yk TK*Yx Tk Yk 1
3y xpxyr xvp oy 1
23, var Tm*ym Tm Yo 1
which demonstrates that H, I, J, K, L, and M lie on the same conic.

Now suppose that KN = JN which is

(zx —on)* 4 (yx —yn)? — (27 — 2n)* + (Y5 — yn)?)

= —((y& +23) * (g + (xo — 2) *x0) * Y + Yo *yp + (xp — 1) x xp ¥ y& + (2¢ —
2)xzoxx2 — (xoc —3)*xzoxxp —20))/(dxy:) =0

and KN = M N which is

(x —2n)* + (yx —yn)? — ((2ar — 2n8)* + (yar — yn)?)

= (2xzc—1)*xyh+ (1 —2%xc) *yc*yp + (vc —xp) x Y& + (2*x xc — 1) x 2% +
(e —3*ai)*xxp+ad)/(4*y2) =0.

We solve to find that D has coordinates

(zoxy2 —zo+xd+ (yox (2xxi*xyd+3x a2 x (—xo* (xo—1)* (22 —xo+yd ) * (25 —
To+yE+ )2ty x(—wo* (vo — 1) * (22 —vo+yd) * (22 — o +yd + 1)V 2+ a0 *
Yo+rixyc—2%xokyd — Akt xyo+2xxhxyo —3xxox (—ro* (vo—1)* (22 —zo+
Y2 )k (2 —zo+yi+1)Y2) (9% xt, — 18523, + 10% 22 xy2 + 9% 12 — 10520+ Y2 +yb+
y&)— (2xzoxyox (2xxixyd +3xxix (—zox(vo—1)* (22 —zo+yd ) * (2% —ro+ys+
1))1/2+y%*(—xc*(xc—1)*($%—mc+y%)*(x%—mc+y%+1))1/2+a70*yc—|—x20*
yc—Q*xc*yg—4*z%*y0+2*x‘é*yc—3*xc*(—xc*(:vc—1)*($%—xc—|—y%)*(5£%—
xc—i—y%—i-l))l/z))/(ﬁ)*mé—18*x30+10*x%*y%+9*x%—1O*xc*y%+yé+y%))/(3*
4 —3xxo+yd), 2xadxyd +3x i x (—zo* (vo— 1) * (28 — 2o+ yd) * (2% —xc+
Yo+ 1) P yex (—rox (vo—1)* (a3 —ro+ye) * (18 —xo+yg+1))? +aoryo +
L xyc—2%xokys — Ak i kyc+2xrtxyc —3xro* (—rox (vo—1)* (2L —xo+yd)*
(12 0y )V (Gl 18wt 10madoryt Qs 10wyt vt 42)
or

(zoxy2 —zo+xd+ (yox (2xxixyd —3xaxix (—zo* (xo—1)* (22 —xo+yd)* (25 —
To+yd 2=y s (—wo* (e — 1) * (22 — 2o +yd) * (22 — vo+yd + 1)V 2+ 2o *
Yo+ rixyc—2%xxoxyd — Ak xyo+2xxhxyo+3xxox (—ro* (vo—1)* (2 —xo+
Y2 )% (22 —wo+yd+1))Y2) /(9% xt — 18523, + 10522 xy2 + %12 — 10x w0 *y2 +yb -+
y2)— (2xzoxyox (2xxixyd —3xaZx (—xox(vo—1)* (2% —zo+yd)* (22 —ro+ya+
D)2 =g s (—xo* (e —1) * (2 — e+ yg) * (28 —zo+yg + 1) P +aovyo + 1k *
yc—2*.7:0*3/%—4*:U3C*yc+2*a:4c*yc+3*xc*(—:Uc*(;1:0—1)*(9520—3:0+y%)*(x20—
xc+y%+1))1/2))/(9*x‘é—18*x%+10*x%*y%+9*m%—1O*xc*y%—l—yé+y(2;))/(3*
x%—3*xc+y%),(2*:17%*y%—3*x%*(—xc*(:pc—l)*(x%—xc+yé)*(x20—xc+
Yo+ 1)) 2=y (—zox (vo—1)* (2 — o +yg) * (28 —zo+y&+1)) 2 +acxyo+
L xyc—2%ro*ys — Ak rdxyc+2xxtkyc+3xro* (—ro* (vo—1)* (25 — 1o +yd)*
(22 —2o+y2+1))V2) (92t —18% 23, + 10522 %y + 9522 — 105 w0 x Y2 +yd+32)).
Peter Moses informs us that these two points correspond to X (5000) (the Wal-
smith point) and X (5001), for which we can express to him no less than our
highest gratitude. O
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FIGURE 1. Illustration.
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