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1. Introduction

We present here some interesting information about the midpoint of the circum-
center and the cevian point, and we also demonstrate the existence of two circles.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be a point in the plane.
Let α be the circumcircle of A,B, and C.
Let α and line CD intersect at point E.
Let α and line BD intersect at point F .
Let α and line AD intersect at point G.
Let H be the circumcenter of A,D, and E.
Let I be the circumcenter of B,D, and E.
Let J be the circumcenter of A,D, and F .
Let K be the circumcenter of C,D, and F .
Let L be the circumcenter of B,D, and G.
Let M be the circumcenter of C,D, and G.
Then,
1. The midpoint of HM, IK, and JL is the midpoint of D and the circumcenter
of A,B, and C,
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2. H, I, J,K, L, and M lie on the same conic, and
3. H, I, J,K, L, and M are concyclic if and only if D is taken to be X(5000) or
X(5001).

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
α is given by the equation x2 − x− y ∗ yC + ((xC − x2

C) ∗ y)/yC + y2 = 0.
E has coordinates
(((xC ∗ yD −xD ∗ yC) ∗ (yC ∗ (yD − yC)+ (xC − 1) ∗ (xD −xC)))/(yC ∗ ((yD − yC)

2+
(xD − xC)

2)), (((xC − 1) ∗ yD − (xD − 1) ∗ yC) ∗ (xC ∗ yD − xD ∗ yC))/(yC ∗ ((yD −
yC)

2 + (xD − xC)
2))).

F has coordinates
((yD ∗ (yC ∗ (yD + (xD − 1) ∗ yC) + (xC − 1) ∗ xC ∗ (xD − 1)))/(yC ∗ (y2D + (xD −
1)2)), (yD ∗ ((y2C + (xC − 1) ∗ xC) ∗ yD − (xD − 1) ∗ yC))/(yC ∗ (y2D + (xD − 1)2))).
G has coordinates
((xD ∗ ((y2C + (xC − 1) ∗ xC) ∗ yD + xD ∗ yC))/(yC ∗ (y2D + x2

D)), (yD ∗ ((y2C + (xC −
1) ∗ xC) ∗ yD + xD ∗ yC))/(yC ∗ (y2D + x2

D))).
H has coordinates ((yD−xC∗yD+xD∗yC)/(2∗yC), (xC∗xD−xD+yC∗yD)/(2∗yC))
I has coordinates ((yC−xC∗yD+xD∗yC)/(2∗yC), (xC∗xD−xC+yC∗yD)/(2∗yC)).
J has coordinates
((−yD ∗x2

C + yD ∗xC − yD ∗ y2C +xD ∗ yC)/(2 ∗ yC), (xD ∗x2
C −xD ∗xC +xD ∗ y2C +

yD ∗ yC)/(2 ∗ yC)).
K has coordinates ((xC∗yD+xD∗yC)/(2∗yC), (x2

C−xD∗xC+y2C+yD∗yC)/(2∗yC)).
L has coordinates
((yC − xC ∗ yD + xD ∗ yC + x2

C ∗ yD + y2C ∗ yD)/(2 ∗ yC), (yC ∗ yD − xD ∗ y2C + y2C −
x2
C ∗ xD + xC ∗ xD + x2

C − xC)/(2 ∗ yC)).
M has coordinates
((yC−yD+xC∗yD+xD∗yC)/(2∗yC), (xD−xC−xC∗xD+yC∗yD+x2

C+y2C)/(2∗yC)).
O, the circumcenter of A,B, and C, has coordinates
(1/2, (y2C + (xC − 1) ∗ xC)/(2 ∗ yC)).
N , the midpoint of D and O, has coordinates
((xD + 1/2)/2, (yD + (y2C + (xC − 1) ∗ xC)/(2 ∗ yC))/2).
We verify that N is the midpoint of H and M since we calculate
(1/2) ∗ ((yD − xC ∗ yD + xD ∗ yC)/(2 ∗ yC) + (yC − yD + xC ∗ yD + xD ∗ yC)/(2 ∗
yC))− (xD + 1/2)/2 = 0
and
(1/2) ∗ ((xC ∗ xD − xD + yC ∗ yD)/(2 ∗ yC) + (xD − xC − xC ∗ xD + yC ∗ yD + x2

C +
y2C)/(2 ∗ yC))− (yD + (y2C + (xC − 1) ∗ xC)/(2 ∗ yC))/2 = 0.
We verify that N is the midpoint of I and K since we calculate that
(1/2)∗((yC−xC∗yD+xD∗yC)/(2∗yC)+(xC∗yD+xD∗yC)/(2∗yC))−(xD+1/2)/2 = 0
and
(1/2) ∗ ((xC ∗ xD − xC + yC ∗ yD)/(2 ∗ yC) + (x2

C − xD ∗ xC + y2C + yD ∗ yC)/(2 ∗
yC))− (yD + (y2C + (xC − 1) ∗ xC)/(2 ∗ yC))/2 = 0.
We verify that N is the midpoint of J and L since we calculate that
(1/2) ∗ ((−yD ∗ x2

C + yD ∗ xC − yD ∗ y2C + xD ∗ yC)/(2 ∗ yC) + (yC − xC ∗ yD + xD ∗
yC + x2

C ∗ yD + y2C ∗ yD)/(2 ∗ yC))− (xD + 1/2)/2 = 0
and
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(1/2)∗ ((xD ∗x2
C −xD ∗xC +xD ∗y2C +yD ∗yC)/(2∗yC)+(yC ∗yD−xD ∗y2C +y2C −

x2
C ∗xD+xC ∗xD+x2

C −xC)/(2∗yC))− (yD+(y2C +(xC −1)∗xC)/(2∗yC))/2 = 0.
One can make the finite algebraic calculation to verify that

det


x2
H y2H xH ∗ yH xH yH 1
x2
I y2I xI ∗ yI xI yI 1

x2
J y2J xJ ∗ yJ xJ yJ 1

x2
K y2K xK ∗ yK xK yK 1
x2
L y2L xL ∗ yL xL yL 1

x2
M y2M xM ∗ yM xM yM 1

 = 0

which demonstrates that H, I, J,K, L, and M lie on the same conic.
Now suppose that KN = JN which is
(xK − xN)

2 + (yK − yN)
2 − ((xJ − xN)

2 + (yJ − yN)
2)

= −((y2C + x2
C) ∗ ((y2C + (xC − 2) ∗ xC) ∗ y2D + yC ∗ yD + (xD − 1) ∗ xD ∗ y2C + (xC −

2) ∗ xC ∗ x2
D − (xC − 3) ∗ xC ∗ xD − xC))/(4 ∗ y2C) = 0

and KN = MN which is
(xK − xN)

2 + (yK − yN)
2 − ((xM − xN)

2 + (yM − yN)
2)

= ((2 ∗ xC − 1) ∗ y2D + (1− 2 ∗ xC) ∗ yC ∗ yD + (xC − xD) ∗ y2C + (2 ∗ xC − 1) ∗ x2
D +

(xC − 3 ∗ x2
C) ∗ xD + x3

C)/(4 ∗ y2C) = 0.
We solve to find that D has coordinates
((xC ∗y2C−xC+x3

C+(yC ∗(2∗x2
C ∗y3C+3∗x2

C ∗(−xC ∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−
xC+y2C+1))1/2+y2C ∗(−xC ∗(xC−1)∗(x2

C−xC+y2C)∗(x2
C−xC+y2C+1))1/2+xC ∗

yC+x2
C ∗yC−2∗xC ∗y3C−4∗x3

C ∗yC+2∗x4
C ∗yC−3∗xC ∗(−xC ∗(xC−1)∗(x2

C−xC+
y2C)∗(x2

C−xC+y2C+1))1/2))/(9∗x4
C−18∗x3

C+10∗x2
C∗y2C+9∗x2

C−10∗xC∗y2C+y4C+
y2C)−(2∗xC∗yC∗(2∗x2

C∗y3C+3∗x2
C∗(−xC∗(xC−1)∗(x2

C−xC+y2C)∗(x2
C−xC+y2C+

1))1/2+y2C ∗(−xC ∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−xC+y2C+1))1/2+xC ∗yC+x2
C ∗

yC−2∗xC∗y3C−4∗x3
C∗yC+2∗x4

C∗yC−3∗xC∗(−xC∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−
xC+y2C+1))1/2))/(9∗x4

C−18∗x3
C+10∗x2

C ∗y2C+9∗x2
C−10∗xC ∗y2C+y4C+y2C))/(3∗

x2
C−3∗xC+y2C), (2∗x2

C ∗y3C+3∗x2
C ∗(−xC ∗(xC−1)∗(x2

C−xC+y2C)∗(x2
C−xC+

y2C+1))1/2+y2C ∗(−xC ∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−xC+y2C+1))1/2+xC ∗yC+
x2
C ∗yC−2∗xC ∗y3C−4∗x3

C ∗yC+2∗x4
C ∗yC−3∗xC ∗(−xC ∗(xC−1)∗(x2

C−xC+y2C)∗
(x2

C−xC+y2C+1))1/2)/(9∗x4
C−18∗x3

C+10∗x2
C ∗y2C+9∗x2

C−10∗xC ∗y2C+y4C+y2C))
or
((xC ∗y2C−xC+x3

C+(yC ∗(2∗x2
C ∗y3C−3∗x2

C ∗(−xC ∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−
xC+y2C+1))1/2−y2C ∗(−xC ∗(xC−1)∗(x2

C−xC+y2C)∗(x2
C−xC+y2C+1))1/2+xC ∗

yC+x2
C ∗yC−2∗xC ∗y3C−4∗x3

C ∗yC+2∗x4
C ∗yC+3∗xC ∗(−xC ∗(xC−1)∗(x2

C−xC+
y2C)∗(x2

C−xC+y2C+1))1/2))/(9∗x4
C−18∗x3

C+10∗x2
C∗y2C+9∗x2

C−10∗xC∗y2C+y4C+
y2C)−(2∗xC∗yC∗(2∗x2

C∗y3C−3∗x2
C∗(−xC∗(xC−1)∗(x2

C−xC+y2C)∗(x2
C−xC+y2C+

1))1/2−y2C ∗(−xC ∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−xC+y2C+1))1/2+xC ∗yC+x2
C ∗

yC−2∗xC∗y3C−4∗x3
C∗yC+2∗x4

C∗yC+3∗xC∗(−xC∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−
xC+y2C+1))1/2))/(9∗x4

C−18∗x3
C+10∗x2

C ∗y2C+9∗x2
C−10∗xC ∗y2C+y4C+y2C))/(3∗

x2
C−3∗xC+y2C), (2∗x2

C ∗y3C−3∗x2
C ∗(−xC ∗(xC−1)∗(x2

C−xC+y2C)∗(x2
C−xC+

y2C+1))1/2−y2C ∗(−xC ∗(xC−1)∗(x2
C−xC+y2C)∗(x2

C−xC+y2C+1))1/2+xC ∗yC+
x2
C ∗yC−2∗xC ∗y3C−4∗x3

C ∗yC+2∗x4
C ∗yC+3∗xC ∗(−xC ∗(xC−1)∗(x2

C−xC+y2C)∗
(x2

C−xC+y2C+1))1/2)/(9∗x4
C−18∗x3

C+10∗x2
C∗y2C+9∗x2

C−10∗xC∗y2C+y4C+y2C)).
Peter Moses informs us that these two points correspond to X(5000) (the Wal-
smith point) and X(5001), for which we can express to him no less than our
highest gratitude. □
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Figure 1. Illustration.
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