
International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 ©IJCDM
Volume 9, 2024, pp. 370-373.
Received August 27, 2024. Published on-line December 31, 2024.
web: http://www.journal-1.eu/
©The Author(s) This article is published with open access1.

The Line Passing Through the Centroid and the
Cevian Point

Benjamin Lee Warrena 2

University of Binghamton, Mathematics,
4400 Vestel Pkwy E, Binghamton, NY 13902

e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Mathematics Subject Classification (2010). 51N20.

1. Introduction

We prove here the existence of a point O which lies on the line between the centroid
N and the cevian point D which satisfies DN : NO = 2 : 1.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be a point in the plane.
Construct three lines through each of the three vertices which are each parallel to
the cevians, and let these lines intersect at points H, I, J,K, L, M , P,Q, and R.
Let N be the centroid of A,B, and C.
Then,
1. H, I, J,K, L, and M all lie on the same conic and A,B,C, P,Q, and R all lie
on the same conic,
2. The midpoints of HK, IL, JM,AR,BP , and CQ are all the same and denoted
as O,
3. D,N , and O are collinear with DN : NO = 2 : 1.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
Equation 1 is given by y = (yD ∗ (x− xC))/xD + yC .
Equation 2 is given by y = (yD ∗ (x− 1))/xD.
Equation 3 is given by y = ((yC − yD) ∗ x)/(xC − xD).
Equation 4 is given by y = ((yC − yD) ∗ (x− 1))/(xC − xD).
Equation 5 is given by y = (yD ∗ (x− xC))/(xD − 1) + yC .
Equation 6 is given by y = (yD ∗ x)/(xD − 1).
H has coordinates
((xC ∗ yD − xD ∗ yD)/(xC ∗ yD − xD ∗ yC), (yD ∗ (yC − yD))/(xC ∗ yD − xD ∗ yC)).
I has coordinates
((yC − yD − xD ∗ yC + xD ∗ yD)/(yC − yD + xC ∗ yD − xD ∗ yC),−(yD ∗ (yC −
yD))/(yC − yD + xC ∗ yD − xD ∗ yC)).
J has coordinates
((yD+xD ∗yC −xD ∗yD−x2

D ∗yC +xC ∗xD ∗yD)/yD, yC −yD+xC ∗yD−xD ∗yC).
K has coordinates
(−(xD ∗ yC − xD ∗ yD − x2

C ∗ yD − x2
D ∗ yC + xC ∗ xD ∗ yC + xC ∗ xD ∗ yD)/(xC ∗

yD − xD ∗ yC),−((yC − yD) ∗ (yD − xC ∗ yD + xD ∗ yC))/(xC ∗ yD − xD ∗ yC)).
L has coordinates
((xC ∗yC−xD ∗yC+x2

C ∗yD+x2
D ∗yC−xC ∗xD ∗yC−xC ∗xD ∗yD)/(yC−yD+xC ∗

yD−xD ∗yC), ((yC −yD)∗ (yC +xC ∗yD−xD ∗yC))/(yC −yD+xC ∗yD−xD ∗yC)).
M has coordinates
(−((xC ∗ yD − xD ∗ yC) ∗ (xD − 1))/yD, xD ∗ yC − xC ∗ yD).
N has coordinates ((xC + 1)/3, yC/3).
P has coordinates
(xC − xD, yC − yD).
Q has coordinates
(1− xD,−yD).
R has coordinates
(xC − xD + 1, yC − yD).
Consider the point O whose coordinates are given by ((xC−xD+1)/2, (yC−yD)/2).
We verify that O is the midpoint of H and K since we calculate
(1/2) ∗ ((xC ∗ yD − xD ∗ yD)/(xC ∗ yD − xD ∗ yC)− (xD ∗ yC − xD ∗ yD − x2

C ∗ yD −
x2
D ∗ yC + xC ∗ xD ∗ yC + xC ∗ xD ∗ yD)/(xC ∗ yD − xD ∗ yC))− (xC − xD +1)/2 = 0

and
(1/2) ∗ ((yD ∗ (yC − yD))/(xC ∗ yD − xD ∗ yC)− ((yC − yD) ∗ (yD − xC ∗ yD + xD ∗
yC))/(xC ∗ yD − xD ∗ yC))− (yC − yD)/2 = 0.
We verify that O is the midpoint of I and L since we calculate
(1/2) ∗ ((yC − yD − xD ∗ yC + xD ∗ yD)/(yC − yD + xC ∗ yD − xD ∗ yC) + (xC ∗ yC −
xD ∗ yC + x2

C ∗ yD + x2
D ∗ yC − xC ∗ xD ∗ yC − xC ∗ xD ∗ yD)/(yC − yD + xC ∗ yD −

xD ∗ yC))− (xC − xD + 1)/2 = 0
and
(1/2) ∗ (−(yD ∗ (yC − yD))/(yC − yD + xC ∗ yD − xD ∗ yC) + ((yC − yD) ∗ (yC +
xC ∗ yD − xD ∗ yC))/(yC − yD + xC ∗ yD − xD ∗ yC))− (yC − yD)/2 = 0.
We verify that O is the midpoint of J and M since we calculate
(1/2) ∗ ((yD + xD ∗ yC − xD ∗ yD − x2

D ∗ yC + xC ∗ xD ∗ yD)/yD − ((xC ∗ yD − xD ∗
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yC) ∗ (xD − 1))/yD)− (xC − xD + 1)/2 = 0
and
(1/2) ∗ (yC − yD + xC ∗ yD − xD ∗ yC + xD ∗ yC − xC ∗ yD)− (yC − yD)/2 = 0.
One can clearly see by the coordinates that O is the midpoint of A and R, B and
P , and C and Q.
One can verify by substitution that

det


x2
H y2H xH ∗ yH xH yH 1
x2
I y2I xI ∗ yI xI yI 1

x2
J y2J xJ ∗ yJ xJ yJ 1

x2
K y2K xK ∗ yK xK yK 1
x2
L y2L xL ∗ yL xL yL 1

x2
M y2M xM ∗ yM xM yM 1

 = 0

and

det


x2
A y2A xA ∗ yA xA yA 1

x2
B y2B xB ∗ yB xB yB 1

x2
C y2C xC ∗ yC xC yC 1

x2
P y2P xP ∗ yP xP yP 1

x2
Q y2Q xQ ∗ yQ xQ yQ 1

x2
R y2R xR ∗ yR xR yR 1

 = 0.

Now consider the line given by the equation
y = ((yD − yC/3) ∗ (x− xD))/(xD − (xC + 1)/3) + yD. We verify that D,N , and
O lie on this line since we calculate that
((yD − yC/3) ∗ (xD − xD))/(xD − (xC + 1)/3) + yD − yD = 0,
((yD − yC/3) ∗ ((xC + 1)/3− xD))/(xD − (xC + 1)/3) + yD − yC/3 = 0,
and
((yD − yC/3)∗ ((xC −xD +1)/2−xD))/(xD − (xC +1)/3)+ yD − (yC − yD)/2 = 0.
We then calculate that DN : NO = (xD − xN)/(xN − xO)
= (xD − (xC + 1)/3)/((xC + 1)/3− (xC − xD + 1)/2) = 2 : 1. □
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Figure 1. Illustration.
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