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1. INTRODUCTION

We prove here the existence of a point O which lies on the line between the centroid
N and the cevian point D which satisfies DN : NO =2 : 1.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be a point in the plane.

Construct three lines through each of the three vertices which are each parallel to
the cevians, and let these lines intersect at points H,I1,J, K, L, M, P,Q, and R.
Let N be the centroid of A, B, and C.

Then,

1. H,I,J, K,L, and M all lie on the same conic and A, B,C, P,Q, and R all lie
on the same conic,

2. The midpoints of HK,IL, JM, AR, BP, and C'Q) are all the same and denoted
as O,

3. D,N, and O are collinear with DN : NO =2 : 1.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

D has coordinates (zp,yp).

Equation 1 is given by y = (yp * (x — z¢))/zp + yc-

Equation 2 is given by y = (yp * (x — 1)) /zp.

Equation 3 is given by y = ((yc — yp) * x)/(zc — xp).

Equation 4 is given by y = ((yc — yp) * (x — 1))/(xc — xp).

Equation 5 is given by y = (yp * (x — z¢))/(xp — 1) + yc.

Equation 6 is given by y = (yp *x)/(xp — 1).

H has coordinates

((ze*yp —xp*yp)/(xc *yp — xp * yc), (Yp * (Yo — yn))/(xc * yp — xp * yc)).
I has coordinates

((ye —yp —xp *yo + xp * yYp)/(Ye — yp + Zc * yp — Tp * Yo), —(yp * (Yo —
yp))/(Yc — yp + ¢ * yp — Tp * yc)).

J has coordinates

((yp+zp*yc —Tp*yp —Th* Yo +Tc*Tp *Yp)/Yp, Yo — Yo +Tc *Yp — Tp * Yo ).
K has coordinates

(—=(zp *yo — Tp * Yyp — T * Yp — Th * Yo + Lo * Tp * Yo + T * Tp * yp)/(Tc *
Yyp — 2p *yc), —((Yc — yp) * (Yp — xc * yp + wp * yco))/(xc * Yyp — Tp * yYc)).

L has coordinates
((xo*yo—rp*yc+ag*yp+rh*yc —To*Tp*yc —To*Tp*Yp)/ (Yo —yp + T *
Yo —rp*yc), (yo —yp)* (Yc +xc*yp —rp*yc))/ (Yo —Yp +Tc *yp —Tp *yc))-
M has coordinates

(—((xc*yp —xp *yc) * (xp — 1)) /Yp, Tp * Yo — Tc * Yp).

N has coordinates ((x¢ +1)/3,yc/3).

P has coordinates

(xc¢ —*p,Yc — yp)-

(@ has coordinates

(1 —=2p,~yp).

R has coordinates

(zc —2p +1,yc — yp).

Consider the point O whose coordinates are given by ((xc—xp+1)/2, (yc—yp)/2).
We verify that O is the midpoint of H and K since we calculate

(1/2)* ((zc*yp —xp*yp)/(Tc *yp — xp *yc) — (Tp * Yo — Tp * yp — T& * Yp —
T4 % yc+xo*rp*xyc+rec*xp*yp)/(ro*yp —rp*yc)) — (rc—xp+1)/2=0
and

(1/2) * ((yp * (ye —yp))/ (e *yp — xp * yc) — (e — yp) * (Yyp — T * Yp + xp *
yc))/(@c *yp — xp *yc)) — (Yo — yp)/2 = 0.

We verify that O is the midpoint of I and L since we calculate

(1/2)* ((ye —yp —xp*yc+2p*yp)/(Yc —Yp +Tc *yp — Tp *Yc) + (Tc * Yo —
Tp * Yo + T8 * Yp + % * Yo — T * Tp * yo — ve * Tp *yp) /(Yo — yp + vo * yp —
xp*yc)) — (e —xp+1)/2=0

and

(1/2) % (=(yp * (yo — yp))/(ye — yp + xc * yp — ¥p * ye) + (Yo — yp) * (yo +
re*yp —Tp*Yc))/ (Yo — Yo +rc *yp — rp * yco)) — (Yo — yn)/2 = 0.

We verify that O is the midpoint of J and M since we calculate

(1/2) * ((yp + p *yc — xp *yp — x5 * yc + xc * p *yp)/yp — ((xc * yp — wp *
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ye) * (xp —1))/yp) — (xc —2p+1)/2=10

and

(1/2) * (Yo — yp + Tc *Yp — Tp * Yo + Tp * Yo — Tc * yp) — (Yo — yp)/2 = 0.
One can clearly see by the coordinates that O is the midpoint of A and R, B and
P, and C and Q.

One can verify by substitution that

Yy Tmxym Tm Yg 1]
i oy xrxyr oxp o oyr 1
det xsj y23 rrxys  xyoys 1
Tk Yk Tk *Yxk Tk Yk 1
3y xpxyr wp oy 1
23, v rm*ym v ym L
and ~ _
Th YA Taxya Ta ya 1
% Yy Tp*ysp Tp Yyp 1
det 3520 Z/é ro*kyc o ye 1| _ 4
rp yp wpxyp Tp yp 1
1 Yo TQ*Ye @ Yo 1
TR Yr TR*YR TR Yr 1

Now consider the line given by the equation
y= ((yp —yc/3) *x (x —zp))/(xp — (xc + 1)/3) + yp. We verify that D, N, and
O lie on this line since we calculate that

((yp —yc/3) * (xp —xp))/(xp — (xc +1)/3) + yp —yp =0,

((ycflr) —yc/3) * ((xc +1)/3 —xp))/(xp — (zc +1)/3) + yp —yc /3 =0,

an

((yp —yc/3)* ((xc —xp+1)/2—2p))/(xp — (xc +1)/3) +yp — (yc —yp)/2 = 0.
We then calculate that DN : NO = (xp — xy)/(zn — x0)

= (zp — (¢ +1)/3)/((xc +1)/3 — (zc —ap +1)/2) =2 1. O

REFERENCES

[1] Weisstein, Eric W. "Cevian Point." From MathWorld-A Wolfram Web Resource.
https://mathworld.wolfram.com/Orthocenter.html

[2] Weisstein, Eric W. "Kimberling Center." From MathWorld-A Wolfram Web Resource.
https://mathworld.wolfram.com/Orthocenter.html



373 THE LINE PAsSSING THROUGH THE CENTROID AND THE CEVIAN POINT

L
K
C
P R
M E G
Al
J
A E B
0]
H

FIGURE 1. Illustration.
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