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1. INTRODUCTION

We will demonstrate here that if two similar rectangles are erected on the sides of a
triangle, then their centers, the Bottema point, the point where their circumcircles
intersect, and the two points where the extended rectangle diagonals intersect the
circumcircles are all concyclic.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let ACFG form a rectangle, with F' adjacent to A.

Let BCHI form a rectangle similar to ACFG, with I adjacent to B.
Let lines AG and C'F intersect at J.

Let lines BH and C1 intersect at K.

Let L be the Bottema point (the midpoint of F and I).

Let circles ACFG and BCHI intersect at M.

Let line CIK intersect circle ACFG at N.

Let line C'F'J intersect circle BCHI at O.

Then J, K,L, M, N, and O are concyclic.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (a:c,yc)

F has coordinates (zp, —(z¢ * xp)/yc).

G has coordinates (x¢ + xp, yo — (o * TF) /Yyo).

H has coordinates (z¢ — zp,yc — (1 — z¢) x xp) /yc).

I has coordinates (1 — zp, —((1 — z¢) * xr) /yc)-

J has coordinates ((xc + xr)/2, (Yo — (xc * xFp)/yc)/2).

K has coordinates ((x¢ — 2z +1)/2, (ye — (1 — z¢) * xr) /yc)/2).

L has coordinates (1/2, —xpr/(2 * y¢)).

Circle ACF( is given by the equation

w2+(—:cp—xc)*x—y*yc+(azc*xp*y)/yc+y2 = 0.

Circle BCHI is given by the equation

2?4+ (xp—xc—1)xx—y*xyc+ (1 —zc) *xp xy)/yc +v* — xp + 1c = 0.

M has coordinates

((xp—zo)* ((2%xp —1)xyd — (2xxc— 1) x2%)) /(2% 2p — 1) *y2 + (2% 20— 1) %

%), —(2%xpx(zp—x0)*x (xrp+rec—1)xyc)/(2xxp —1)?*xy2 + (2520 —1)* x2%)).

N has coordinates

(—((4 — o * (wr+ 2 % 50— 2)) * ((or — 1) # 4 + (30 — 1) * 20+ 20) /(8 +

(zc = 1)%) * (y2 +2%)), (zF = 1) * y& + (wc — 1) xxc * 2p) * (2% 2p + 20 — 1) *

V2 — (e — 1) % 23)) (o * (5 + (w0 — 1) * (g + 23).

O has coordinates

((xF*yC+( 3+ (2*xc+2)*xF—i—(:c%—?)*xC)*xF—l—xZC)*y%—i—(xc—a%)>|<

wp+ (2#ag —22) x2) /(Yo + (xF +ag) xyt+ap ), (2r — 1) *y2 + (zc —

1) xzcxap) * (2% 2p — 2c) * Y& + xo * 2%)) /(Yo * (Y& + 28) * (Y& + 2F))).-

Now consider the circle whose equation is given by

(= ((2xxc+3)*xp—2xxc— 1) *yl+xp*(vp*((2xxc—1)*2p — 2% 20 +3) +

(re— D) *zox (2xxc+3))*y2 + (vo — 1) xxo* (2% xc — 1) xx%) /(4% y2 x (2% xp —

Dxy2+rpx(rrp+2%(xe—1)%20))))? +(y— ((2xxp— 1) xyd + (2% 2% —5x 2% +

(2%2% —2%xc+3)*xp+xh —x0) %YL+ (2% 2L — 2% 20— 1) * 0% — 3% (0 — 1) * O *

vp) /(4 yex (20 xp — 1) yg +ap* (wr +2% (10— 1) x20))))* = ((wc +2r)/2 -

(2xzc+3)*xp—2%xxc—1)*yt+ap*(zp*((2%xc—1)*xF — 2% 20+ 3) + (20 —

D*xex(2%xxc+3))*yd +(we— 1) *xo* (2% xc— 1) *2%) /(dxy2* (2xzp — 1) xy2 +

xF*(xFJr?*(fUc—l)*fC)))) +((ye — (xe*ar)/ye) /2= (2% xp — 1) xy¢ + (2%
— 5kt + (2522 —2xx0+3)*Tp+ x5 —x0) kY + (2% 2% — 2xxo— 1)kt — 3%

(x(;—1)*xc*xF)/(4*yC*((2*xF—1)*y%+xp*(wp—|—2*(xc—1)*xc)))) )=0.

We verify that J, K, L, M, N, and O lie on this circle since we calculate that

(xotzp)/2— (((2*x0+3)*a:F 2xxe—1)*yttapk(zp*((2xxoc—1)*rp—2% 20+

3)+(rc— 1)*xc*(2*xc+3))*yc+(:vc Dxzox(2xxe—1)xxh) /(dxyi (2% zp—

Dxygtaps(vp+2% (10 —1)*20)))* + (Yo — (wexzr) /ye) /2= (2% zp = 1) *yé+

(2523 —H5xa%+ (2x2L —2xx0+3)xxp+ 2t —x0) *yi + (2% 2L — 2% 20— 1) * 2% — 3%

(xo—1)*xc*xx%)/(dxycx((2xxp—1)*xy2+xp*(zp+2%(zc—1)*20))))? — (((xc+

rr)/2—(((2%xc+3)xxp—2%x0— 1) xyb+xp*(zp*((2%xxc—1)*xp — 2% 20 +3) +

(xc—1)*xc*(2*xc+3))*yé+(mc—1)*xc*(2*mc—1)*xF)/(4*yC x((2xxp—

1) x4+t (254 24 (20— 1) w30))?+ (g — (20 +r) o) /2 (2p — 1) s

(2% 2% =Bk a%+ (2% 2% — 2% x0+3) % xp+ 2% —x0) ¥ Y2+ (2% 1L — 2% 10 — 1)*;17F 3%

(e —1)xzexa%)/(Axyc* ((2xxp—1)*y2 +ap*(zp+2%(xc—1)x2c))))?) =0,

(ze—zrp+1)/2—(((2xxc+3)xxp—2%x0—1)*yt+zp* (xpx((2xz0—1)* TP — 2%
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re+3)+(xec—1)xzo* (2520+3))*yi + (rc— 1) xzo* (25 m0— 1) x %) [ (dxyd « (2%
tp— )t (ept 210 —1)520)+ (e — (1~ 20)wrr) fye) 2 (@xar —
)kys+ (2%0d —5xrt 4 (2%2% — 2xxo+3) % p+ 15 —x0) *yd + (2% 25 — 2% 20— 1) *
rh=3x(xc—1)xxoxat)/(dxyo* ((2xxp—1)xyd +xpx(zp+2%(xc—1)*x2c))))* —
((xe+zr)/2—(((2%2c+3)x2p —2%20— 1) *ys+xp* (xpx((2%zc—1) % xp — 2%
ro+3)+(xe— 1)*xc*(2*xo+3))*yc+(xc Dszo*(2xxe—1)x2%) /(dxy (2%
wp—1)xy2+apx(rp+2%(vc—1)x20))))* + ((yo — (zo*2r) [yc) /2= (2% 2p — 1)
Yo+ (2523 —bxah+ (2% 2% — 2% w0+ 3) xxp+1h —x0) * YL+ (2% 2% —2x w0 — 1) *0h —
3x(vo—1)xxc*xxt)/(dxyc* ((2xxp—1)xy2+xp*x(xp+2%(xc—1)*x0))))?) = 0,
(1/2—((2xwc+3)*xp —2%xc— 1) *yb+xp*(xp* ((2x2c— 1) *xp — 2% 20 +3) +
(xc— 1)*xc*(2*xc+3))*yc+(xc *xox(2xzo—1)x2%) /(d*xyi* ((2xxp—1)*
Vit rpx(zp+2%(xe—1)x20))))?+(—2p/(2xyc) — (2% xp — 1) *yd + (2% 2% — 5 *
rh+ (2%2L —2%x0c+3)kxp+ i —xo) *yh+ (2xxh — 2% 10— 1) *ah — 3% (xo— 1) *
roxx%)/(dxycx((2xxp— 1) xy2+xpx(zp+2%(zc—1)x20))))? — (((zc+2F)/2—
(2xzc+3)*xp—2%xxc—1)*yt+ap*(zp*x((2%xc—1)*xF — 2% 20+ 3) + (20 —
Dsxex(2xxc+3))*yd +(ve — 1) *xo* (2xxc—1)*a%) /(dxyz* (2xzp— 1) xy2 +
CUF*(SUF+2*($C—1)*$C)))) +((ye — (e *ar)/ye) /2 = (2% xp — 1) xy¢ + (2
— bkt + (2528 —2xx0+3)*Tp+ 75 —x0) *Ya+ (2% 28 — 2xxo— 1)kt — 3%
(xc—1)*xc*mF)/(4*yc>k((2*xF—1)*y%+xp*(mp+2*(xc—1)>x<xc)))) ) =0,
((zp—zc)*((2xxp—1)xy2 — (2xxc—1)x2%)) /(252 p—1)?*y2 + (25 x0c—1)?*2%) —
(2%zc+3)xxp—2%x0—1)*yttrpx(vp*((2xrc—1)*rp—2%20+3)+(Tc—1)*TCO*
(2x20+3))*y2+(ro—1)*xxo* (250 —1)*2%) [ (dxyd* (2% 2 — 1) *y2 + 1 p* (T F+2%
(xc—l)*xc))))2+(—(2*xF*(:cp—xc)*(xp—l—xc—1)*yc)/((2*xp—1)2*1/%—1—(2*950—
1) k2% ) — (2% 2 p — 1) xys+ (2x2% — bkt + (25 2% — 2500 +3) % T p+ a2 — 0 ) %Yo+ (2%
12 —2xxc—1)xah—3%(xc—1)xxc*xa%) [ (dxyc*((2xxp—1)*yé+xp*(xp+2%(vo—
Dxxe)))?—(((zo+zr)/2—(((2%xxc+3)*xp— 2500 — 1) %yt + 2 px (2 p* (2520 —1)*
rp—2%rc+3)+(ro— 1)*mc*(2*xc+3))*y0+(xc )xzox(2xre—1)xx%) /(dryd*
(2*x2p—1)*yet+ap*(zr+2x(zc—1)x20))))*+((yo — (zc*zF) /yc) /2— (22 F —
1)*yc+(2*xF bxat+ (2x2% — 2% w0+ 3) % p+ 1t —x0)*yh+ (2%ad — 2% 10— 1)*
3 =3%(xo—1)xxo*rd) [ (dxyox ((2xxp—1)*yd+apx(xp+2% (zo—1)*20))))?) = 0
(S (e % (e + 25 20— 2)) (2 — 1) e+ (50— 1) i 220)) (3 + (0 —
D)« (2 +2%)) — ((2xxc+3)xxp—2xx0— 1) *ys+apx(xpx((2xzc—1)*xp — 2%
ro+3)+(xe—1)xxox(2%x0+3)) xy2+ (e — 1) *xo* (2% w0 — 1) *2h) /(45 yd * (2%
rp—1)xy2+apx(zp+2%(xc—1)x20)))) 2+ (((xp — 1) *y2 + (zoc — 1) *x0*2F) *
(2xxptao—1)*yt —(xzo—1)*a}))/ (Yo * (Y& + (vc— 1)) * (v +2F)) — (2*zr —
syt + (2523 —bxa%+ (2x2% — 2% w0+ 3) % p+ 22 —20) *yE + (2% 0% — 2% 20— 1) *
3 —=3%(vo—1)xxo*x%)/(dxyc* ((2xxp —1)*y2 +xp* (xp+2% (xc—1)*x20))))* —
((ze+xr)/2—((2xxc+3)*xxp — 2520 — 1) *ys+ap* (vpx((2xxc—1)x2p — 2%
ro+3)+(xe— 1)*xc*(2*xc+3))*yc+(9€c Dszo*(2xxe—1)xx%) /(dxy (2%
rp—1)xy2+zp*(zp+2%(xc—1)x20))))*+ ((yo— (xoxzr) Jyc) /12— ((2xzp— 1) *
Yo+ (2525 —bxah+ (2% 2L — 2% w0+ 3) xxp+1h —x0) * YL+ (2% 2% —2x w0 — 1) *1h —
3x(zo—1)*xo*xas)/(dxyc* ((2xxr —1)xy2 +xp* (zp+2x(xc—1)x20))))?) = 0,
and
((xp*yc—i—( rh4 (2xxo+2) x5+ (25 —3xx0) xrp+ i) xyi+ (vo—1h ) *wh 4 (2%
ap —a)* k) (Yo + (e +ad) xyg +azxxy) — ((2x20+3)kxp — 2%20 — 1) kYo +
rrx(zp*x((2xxc—1)xxp—2%x0+3)+(vo—1)*To* (2520 +3)) *y2+ (o — 1) * 10 %
(g 1)ead)/ (Lo (25— 1) syt e(zpt 25 (w01 x20)))) P+ ((2p —
1)y (r0— 1) s (2xp —r) wytsosah)  (yo (iR 38)» (2-+2h) —
(2xxp—1)*yt+ (2525 —bxrh+ (2x2% —2xx0+3) % T p+ a2 — 10 ) * Y2+ (2% 2% — 2%
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ro—1)x2% —3x(xo—1)*xc*xa%)/(dxyo* ((2xxp — 1) *yd +ap*(xp+2%(xo—1)*
2c)))? = ((ze+2r)/2— (%20 +3)xxp — 2530 — 1)%Yb +xp* (xp*((2xz0—1)*
Trp—2%r0+3)+(xo—1)*x0ox(2xx0+3)) xyi+(xo—1)*wo* (2% 10— 1) *2%) /(4% Y2 *
(2xxp—1)xyd+apx(zp+2x(xc—1)*2c))))?+(yo— (zc*xxr) /yc) [2— (2% 2 p —
)syb+ (2% xh —bxa%+ (2x2% — 2% w0+ 3) % xp+ 22 —x0) *yd+ (2% 2% — 2520 — 1) *
3 —3x(zc—1)xxc*2%) [ (4xyox((2xxp—1)xyi+ap*(zp+2x(zc—1)x2c))))?) =0
as desired. 4

FiGure 1. Illustration.
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