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1. INTRODUCTION

We prove here that if a triangle is dissected into six smaller triangles by three
concurrent cevians, then the midpoints of the adjacent centroids of these triangles
are in perspective with the triangle ABC.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane, not on a triangle side.
Let lines AB and C'D intersect at E.

Let lines AC and BD intersect at F.

Let lines AD and BC intersect at G.

Let « be the centroid of AADE.

Let B be the centroid of AADF.

Let ~ be the centroid of ACDEF.

Let 0 be the centroid of ACDG.

Let € be the centroid of ABDG.

Let C be the centroid of ABDE.

Let T be the midpoint of o and 3.

Let U be the midpoint of v and 9.

Let V' be the midpoint of € and (.
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Let lines AB and CU intersect at 7.

Let lines AC and BV intersect at 6.

Let lines BC' and AT intersect at ¢.

Then,

1. Lines AT, BV, and CU are concurrent, and
2. E,F.G,n,0, and v lie on a conic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1, 0).

C has coordinates (¢, yc).
D has coordinates (zp, yD)
E has coordinates ((z¢ *yp — zp * yc)/(yp — yc), 0).

F has coordinates ((z¢ *yp)/(xc*yp — xp * Yo + Yo ), (Yo *yp)/(Tc * yp — xp *
Yo +yc)).

G has coordinates ((xp *yco)/(—xc *yp + yp + =p * yc), (e * yp)/(—xc * yp +
Yp +Tp *yc)).

« has coordinates

(((ze xyp —zp *ye)/(yp — ye) + xp)/3,yp/3).

[ has coordinates

(((xe*yp) /(wexyp—ap*yctyc)+ap) /3, (yeryp) /(@cxyp—rp*yc+yc)+yp)/3).
~ has coordinates

(((xe *yp)/(xc * yp — xp * yo + ye) + 2p + ) /3, (ye * yp)/(xc * yp — xp *
Yo +ye) +yp +yc)/3).

0 has coordinates

((re+2p+((xp*yc)/(—re*yp +yp+rp*Yyc)))/3, (Yo +yp + (Yo *yp)/(—zc *
Yp +yp +xp*yc)))/3).

¢ has coordinates

((xp+((zp*yc)/(=vc*yp+yp +xp*yc))+1)/3, (yp + ((ye *yp)/(—xc *yp +
yp +xp *yc)))/3).

¢ has coordinates

((xp + (e *yp —rp *xyo)/(yp — yo)) +1)/3,yp/3).

T has coordinates

(((xe*yp)/(vc*yp —xp * Yo +yc) +2p)/6 + (o *yp — xp *yc)/(yp — ye) +
rp)/6, ((ye *yp)/(vc *yp — xp * yc +yc) +yp)/6 + yp/6).

U has coordinates
(((we+zp+((we*yp)/(xe*yp —rp*yc +yc)))/3+ (xc+xp+((xDp*Yyc)/(—2C *
yp +yp+xp*yc)))/3)/2, (yo +yp + ((yo *yp)/(xc *yp — p * Yo +yc)))/3 +
(yo +yp + ((ye *yp)/(=rc * yp + yp + xp * yc)))/3)/2).

V" has coordinates
(((xp+((xp*yc)/(—roxyp+yp+ap*yc))+1)/3+(xp+((xo*yp—rp*yc)/(yp—
ye)) +1)/3)/2, ((yp + ((ve *yp)/(—xc * yp + yp + p * yc)))/3 + (yp)/3)/2).
Line AT is given by the equation

y = (z* (((yo*yp)/(vc*yp —rp *yc +yc) +yp)/6 +yp/6))/(((vc*yp)/(vc *
Yp — Tp * Yo +yc) +vp)/6 + ((v¢ *yp — xp *yc)/(yp — yc) + vp)/6).

Line BV is given by the equation

y = (2= 1) (e *yp)/ (—c *yp +yp + 70 % 30) +0) 3+ yn/3)/ (2% (((wp *
yo)/(—xc *yp +yp +xp xyc) + xp +1)/3+ ((xc * yp — xp * yo)/(yp — yc) +
xp+1)/3)/2—-1)).

Line CU is given by the equation
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y = ((z—zc)*((((yoxyp)/(xc*yp —xp*yc+yc)+yp+yc) 3+ ((ye*yp) /(—zc*
Yp+yp+xp*yc)+yp+yc)/3)/2—yc))/(((xc*yp)/(xc*yp —xp*yc +yc) +
I’D+$C)/3+(([L’D*yc)/(—l‘c*yD+yD+ID*yC)+ZUD+SB0)/3)/2—[L’0)+yc.
7 has coordinates

(2% (xe—1)*xyp — (2xxp+ 1) *xyc) * (xc*yp — (xp — 1) xyo) * (xc *yp — xp *
ve))/2x (xe — 1) *xxo*xyd — (2% ((2xxc— 1) xwp +x0* (2520 —3)) + 3) * Yo *
yh+ (2% (xp*x(xp+4*xxe—3)—2%x0)+3) %y xyp —4x* (xp— 1) xxp*y2),0).
6 has coordinates

((ze*yp*(yp —yo)* (2% (zc — 1) *yp — (2*xp+1)*yc)) /(2 (zc — 1) *zo*yp —
(2% (2xxc—1)*xp+3%2% —6xxo+4)*yc*yh+ (2% 1% + 6% (xoc— 1) xxp — 3%
ro+4)xyixyp — 3% (xp— 1) xxp*yd), (ye *yp * (yp —yo) * (2% (xc — 1) *yp —
2xzp+1)*xyc))/(2x(xc—1)*xo*ysh — (2% (2% x0— 1) xxp+ 3% 2% — 6% 10 +4) *
yoxyh+ (2xah+ 6% (xc—1)*xxp —3xxc+4)xy2 xyp — 3% (xp— 1) xxp *y2)).
¢ has coordinates
(—(yo*(zox(2xxp+rc+1)*yh —2%xp* (xp+2%xc— 1) *xyc*xyp+3*(xp—1)*xp*
y2)) /(2% (zc—1)*zo*xys — (2% (2% 20— 1) %2 p+3% 22 —4xx0+3) *yc*ysH + (2% 2% +
2% (3xx0—2)*xxp—3*xxc+3)*yZ*xyp—3x(xp—1)xxpxyd), — (yoxyp*(yp—yc ) * (2%
zexyp—(2xxp—3)xyc))/(2x(xc—1)*xxo*y}, — (2% (2xx0— 1) % p+3%2E —d* T+
3)xyckyh+ (2x2% + 2% (3kxo —2)*xp — 3% w0 +3) *yZkyp — 3k (xp— 1) xTp*yd)).
Consider the point W whose coordinates are given by

(2% (xc—1)*yp— (2*xp+1)*yc)* (xo* (2xxp+xc+1)* Y% — 2% 2 p* (Tp + 2%
ro—1)xycxyp+3*(xp—1)xxp*y2)) /(2% (5x (xc— 1) xxo*xydh — (5 (2xxc—1)*
Tp+6x2%—11%x0+6)xycxyh+ (1% +(12xxc—11)xxp — 6% 20 +6) x Y2 xyp — 6%
(zp—1)*zp*y¢)), (yp*(yp—yc)* (2% (zc—1)*yp — (2xxp+1)*yc) * (2*zc*yp —
(2%xp—3)*xyc))/ (2% (5% (xc— 1) *zo*yp — (5x (2xxc— 1) *xp+ 6523 — 11 %20+
6)xycxyh+ (5xa? +(12xxc—11)xxp —6%x0+6)*y2 xyp —6% (xp—1)*Tp*Y2.))).
We verify that W lies on lines AT, BV, and C'U since we calculate that

(2% (zc—1)*yp— (2*xxp+1)*yc)* (xo* (2xxp+xo+1)*yhH —2%xp* (Tp+ 2%
ro—1)xyc*xyp+3*(xp—1)*xxp*y2)) /(2% (5% (xc— 1) xzo*yh — (5% (2% xc—1)*
Tp+6x1% —11xxc+6)*yo*xys + (5% + (12xxc—11)xxp —6x 20 +6) *yZ *yp —
6+ (zp—1)xxp*y)))*(((yexyp)/(Te*xyp—xp*yc+yc)+yp)/6+yn/6)) /(((xcx
yp)/(xc*yp — xp *yc +yc)+xp)/6+ ((xc*yp —xp*yc)/(yp —yc) + xp)/6) —
((yp* (yp —yc) * (2% (xc —1)*xyp — 2% xp+1)*xyc) * (2xxc*xyp — (2% xp — 3) *
ve))/ (2% (5% (xe — 1) xxc*xys — (5x (2%xxc— 1) xxp + 6525 — 11 x 20 +6) *yo *
yh+ (5xah 4+ (12+xxc —11)xxp — 6% 20 +6) xyZ *yp — 6% (xp — 1) xzp*yl))) =0,
(2% (xe—1)*xyp— (2xxp+1)*xyc) * (xo* (2xxp+xc+1)*Yys —2%xp* (Tp+2%
re—1)xyc*xyp+3*x(xp—1)xxp*y2))/ (2% (5% (xc— 1) xzo*xyh — (5% (2xxc—1)*
Tp+6%1L —11xxc+6)*ycxys+(5xa% +(12xxc—11)xxp—6xx0+6) * Y2 *yp — 6%
(zp—1)xzp*yt))—1)*(((yc*yp)/(—zc*yp+yp+rp*yc)+yp)/3+yp/3))/ (2
((xp*ye)/(—rc*yp+yp+rp*yc) +xp+1)/3+((xe*yp —rp*ye)/(yp —yo) +
xp+1)/3)/2—1))—(yp*(yp—yc)* (2% (xc—1)*xyp— (2*xxp+1)*yc)*(2xxc*yp —
(2xxp—3)*yc))/ (2% (5% (xc—1)xxo*ys — (5% (2% x0—1)xxp+6% 1% —11%20+6) *
yoxyh+(5xxh+(12xxc—11)xxp— 6% 20 +6)*y2*yp — 6% (xp— 1) *xp*yd)) = 0,
and

(2% (zc—1)*yp— (2*xxp+1)*yc)* (xo* (2xxp+xo+1)* Y% —2%xp* (Tp+ 2%
ro—1)xyc*xyp+3*x(xp—1)xxp*y2)) /(2% (5% (xc— 1) xzo*xyh — (5% (2xxc—1)*
Tp+6x1% —11xxc+6)*yo*ys + (5% + (12xx0—11)xxp — 6% 20 +6) %y *yp —
6 (zp—1)*xxp*yd)) —xc)* (Yo *yp) /(2o *yp — Tp*yo +ye) +yp +yc) /3 +
(e# 90} (—zexyp 4 up+20%50) + 0 490)/3)/ 2y /((xe wyp) (xceyn
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zp*yc+yc)+rp+zc)/3+(wp*yc)/(—zo*yp+yp+rp*yc)+rp+rc)/3)/2—
xo)+yc—(yp*(yp—yc)* (2% (xc—1)xyp— (2xxp+1)xyc)* (2xxc*yp — (2xxp —
3)*xyc))/ (2% (5x(vc— 1) xxo*ysh — (5% (2%xc— 1) *xp+6%1L — 11520+ 6)* Yo *
yh+ (5xah+ (12+xxc —11)xxp — 6% 20 +6) *y2 *xyp —6x (xp— 1) xxp*yd)) = 0.
We then subsitute the above values into the following matrix to verify that

% yp Texys Tp yp 1
952:* yzv Tpxyr Tp Yp 1
det xg Z/c2: Ta*Ya ro Yo 1| _ 0.
acg yg Ty *Yy Ty Yp 1
Ty Y5 ToxYe To Yo 1
2?2y xxy, oz, oy 1
]
’
G
oY U 9]
O

FIiGUurg 1. Illustration.
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