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1. Introduction

In [1], we constructed three concurrent cevians in a triangle, located the centroids
of the resulting six triangles, found several of their midpoints, and demonstrated
that they formed a triangle which is in perspective with the original triangle. Here,
we will set up a similar construction, and will locate a different triangle which is
in perspective with the original triangle.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be a point in the plane, not on a triangle side.
Let lines AB and CD intersect at E.
Let lines AC and BD intersect at F .
Let lines AD and BC intersect at G.
Let α be the centroid of ∆ADE.
Let β be the centroid of ∆ADF .
Let γ be the centroid of ∆CDF .
Let δ be the centroid of ∆CDG.
Let ε be the centroid of ∆BDG.
Let ζ be the centroid of ∆BDE.
Let lines αF and βE intersect at T .
Let lines γG and δF intersect at U .
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Let lines εE and ζG intersect at V .
Let lines AB and CU intersect at η.
Let lines AC and BV intersect at θ.
Let lines BC and AT intersect at ι.
Then,
1. Lines AT,BV , and CU are concurrent, and
2. E,F,G, η, θ, and ι lie on a conic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates ((xC ∗ yD − xD ∗ yC)/(yD − yC), 0).
F has coordinates ((xC ∗ yD)/(xC ∗ yD − xD ∗ yC + yC), (yC ∗ yD)/(xC ∗ yD − xD ∗
yC + yC)).
G has coordinates ((xD ∗ yC)/(−xC ∗ yD + yD + xD ∗ yC), (yC ∗ yD)/(−xC ∗ yD +
yD + xD ∗ yC)).
α has coordinates
(((xC ∗ yD − xD ∗ yC)/(yD − yC) + xD)/3, yD/3).
β has coordinates
(((xC∗yD)/(xC∗yD−xD∗yC+yC)+xD)/3, ((yC∗yD)/(xC∗yD−xD∗yC+yC)+yD)/3).
γ has coordinates
(((xC ∗ yD)/(xC ∗ yD − xD ∗ yC + yC) + xD + xC)/3, ((yC ∗ yD)/(xC ∗ yD − xD ∗
yC + yC) + yD + yC)/3).
δ has coordinates
((xC+xD+((xD ∗yC)/(−xC ∗yD+yD+xD ∗yC)))/3, (yC+yD+((yC ∗yD)/(−xC ∗
yD + yD + xD ∗ yC)))/3).
ε has coordinates
((xD+((xD ∗ yC)/(−xC ∗ yD+ yD+xD ∗ yC))+1)/3, (yD+((yC ∗ yD)/(−xC ∗ yD+
yD + xD ∗ yC)))/3).
ζ has coordinates
((xD + ((xC ∗ yD − xD ∗ yC)/(yD − yC)) + 1)/3, yD/3).
T has coordinates
((xC ∗ (xD + xC + 1) ∗ y2D − xD ∗ (xD + 3 ∗ xC − 1) ∗ yC ∗ yD + 2 ∗ (xD − 1) ∗ xD ∗
y2C)/(4 ∗ (yD − yC) ∗ (xC ∗ yD − (xD − 1) ∗ yC)), (yD ∗ (xC ∗ yD − (xD − 2) ∗ yC))/(4 ∗
(xC ∗ yD − (xD − 1) ∗ yC))).
U has coordinates
(((xC−1)∗xC ∗(xD+xC+1)∗y2D−(xD ∗((2∗xC−1)∗xD+2∗x2

C+1)−(xC−1)∗
xC)∗yC ∗yD+(xD−1)∗xD ∗(xD+xC+1)∗y2C)/(4∗((xC−1)∗yD−xD ∗yC)∗(xC ∗
yD−(xD−1)∗yC)), ((yD+yC)∗((xC−1)∗xC ∗y2D−((2∗xC−1)∗xD−xC+2)∗yC ∗
yD+(xD−1)∗xD ∗y2C))/(4∗ ((xC −1)∗yD−xD ∗yC)∗ (xC ∗yD− (xD−1)∗yC))).
V has coordinates
(((xC − 1) ∗ (xD + xC + 1) ∗ y2D − (x2

D + 3 ∗ xC ∗ xD + xC − 1) ∗ yC ∗ yD + 2 ∗ xD ∗
(xD + 1) ∗ y2C)/(4 ∗ (yD − yC) ∗ ((xC − 1) ∗ yD − xD ∗ yC)), (yD ∗ (−xC ∗ yD + yD +
xD ∗ yC + yC))/(4 ∗ (−xC ∗ yD + yD + xD ∗ yC))).
Line AT is given by the equation
y = (yD ∗ (yD − yC) ∗ (xC ∗ yD − (xD − 2) ∗ yC) ∗ x)/(xC ∗ (xD + xC + 1) ∗ y2D −
xD ∗ (xD + 3 ∗ xC − 1) ∗ yC ∗ yD + 2 ∗ (xD − 1) ∗ xD ∗ y2C).
Line CU is given by the equation
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y = ((yC − ((yD+ yC)∗ ((xC −1)∗xC ∗ y2D− ((2∗xC −1)∗xD−xC +2)∗ yC ∗ yD+
(xD − 1) ∗ xD ∗ y2C))/(4 ∗ ((xC − 1) ∗ yD − xD ∗ yC) ∗ (xC ∗ yD − (xD − 1) ∗ yC))) ∗
(x− xC))/(xC − ((xC − 1) ∗ xC ∗ (xD + xC + 1) ∗ y2D − (xD ∗ ((2 ∗ xC − 1) ∗ xD +
2 ∗ x2

C + 1)− (xC − 1) ∗ xC) ∗ yC ∗ yD + (xD − 1) ∗ xD ∗ (xD + xC + 1) ∗ y2C)/(4 ∗
((xC − 1) ∗ yD − xD ∗ yC) ∗ (xC ∗ yD − (xD − 1) ∗ yC))) + yC .
Line BV is given by the equation
y = (yD ∗ (yD − yC) ∗ ((xC − 1) ∗ yD − (xD + 1) ∗ yC) ∗ (x− 1))/((xC − 1) ∗ (xD +
xC − 3) ∗ y2D − (xD − 1) ∗ (xD + 3 ∗ xC − 3) ∗ yC ∗ yD + 2 ∗ (xD − 1) ∗ xD ∗ y2C).
Consider the point W whose coordinates are given by
((((xC −1)∗yD− (xD+1)∗yC)∗ (xC ∗ (xD+xC +1)∗y2D−xD ∗ (xD+3∗xC −1)∗
yC ∗yD+2∗ (xD−1)∗xD ∗y2C))/(2∗ (2∗ (xC −1)∗xC ∗y3D− (2∗ (2∗xC −1)∗xD+
3 ∗ x2

C − 5 ∗ xC +3) ∗ yC ∗ y2D + (2 ∗ x2
D + (6 ∗ xC − 5) ∗ xD − 3 ∗ xC +3) ∗ y2C ∗ yD −

3∗ (xD−1)∗xD ∗y3C)), (yD ∗ (yD−yC)∗ ((xC −1)∗yD− (xD+1)∗yC)∗ (xC ∗yD−
(xD−2)∗yC))/(2∗(2∗(xC−1)∗xC ∗y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+3)∗
yC ∗y2D+(2∗x2

D+(6∗xC −5)∗xD−3∗xC +3)∗y2C ∗yD−3∗ (xD−1)∗xD ∗y3C))).
We verify that W lies on lines AT,CU , and BV since we calculate that
(yD∗(yD−yC)∗(xC ∗yD−(xD−2)∗yC)∗((((xC−1)∗yD−(xD+1)∗yC)∗(xC ∗(xD+
xC+1)∗y2D−xD∗(xD+3∗xC−1)∗yC ∗yD+2∗(xD−1)∗xD∗y2C))/(2∗(2∗(xC−1)∗
xC∗y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+3)∗yC∗y2D+(2∗x2
D+(6∗xC−5)∗xD−3∗

xC+3)∗y2C∗yD−3∗(xD−1)∗xD∗y3C))))/(xC∗(xD+xC+1)∗y2D−xD∗(xD+3∗xC−
1)∗yC∗yD+2∗(xD−1)∗xD∗y2C)−(yD∗(yD−yC)∗((xC−1)∗yD−(xD+1)∗yC)∗(xC∗
yD−(xD−2)∗yC))/(2∗(2∗(xC−1)∗xC ∗y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+
3)∗yC∗y2D+(2∗x2

D+(6∗xC−5)∗xD−3∗xC+3)∗y2C∗yD−3∗(xD−1)∗xD∗y3C)) = 0,
((yC−((yD+yC)∗((xC−1)∗xC ∗y2D−((2∗xC−1)∗xD−xC+2)∗yC ∗yD+(xD−1)∗
xD∗y2C))/(4∗((xC−1)∗yD−xD∗yC)∗(xC ∗yD−(xD−1)∗yC)))∗((((xC−1)∗yD−
(xD+1)∗yC)∗(xC ∗(xD+xC+1)∗y2D−xD∗(xD+3∗xC−1)∗yC ∗yD+2∗(xD−1)∗
xD∗y2C))/(2∗(2∗(xC−1)∗xC∗y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+3)∗yC∗y2D+
(2∗x2

D+(6∗xC−5)∗xD−3∗xC+3)∗y2C ∗yD−3∗(xD−1)∗xD ∗y3C))−xC))/(xC−
((xC −1)∗xC ∗ (xD+xC +1)∗y2D− (xD ∗ ((2∗xC −1)∗xD+2∗x2

C +1)− (xC −1)∗
xC)∗yC ∗yD+(xD−1)∗xD ∗(xD+xC+1)∗y2C)/(4∗((xC−1)∗yD−xD ∗yC)∗(xC ∗
yD−(xD−1)∗yC)))+yC−(yD∗(yD−yC)∗((xC−1)∗yD−(xD+1)∗yC)∗(xC ∗yD−
(xD−2)∗yC))/(2∗(2∗(xC−1)∗xC ∗y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+3)∗
yC ∗y2D+(2∗x2

D+(6∗xC−5)∗xD−3∗xC+3)∗y2C ∗yD−3∗(xD−1)∗xD∗y3C)) = 0,
and
(yD∗(yD−yC)∗((xC−1)∗yD−(xD+1)∗yC)∗((((xC−1)∗yD−(xD+1)∗yC)∗(xC∗(xD+
xC+1)∗y2D−xD∗(xD+3∗xC−1)∗yC∗yD+2∗(xD−1)∗xD∗y2C))/(2∗(2∗(xC−1)∗xC∗
y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+3)∗yC∗y2D+(2∗x2
D+(6∗xC−5)∗xD−3∗xC+

3)∗y2C∗yD−3∗(xD−1)∗xD∗y3C))−1))/((xC−1)∗(xD+xC−3)∗y2D−(xD−1)∗(xD+
3∗xC−3)∗yC∗yD+2∗(xD−1)∗xD∗y2C)−(yD∗(yD−yC)∗((xC−1)∗yD−(xD+1)∗yC)∗
(xC∗yD−(xD−2)∗yC))/(2∗(2∗(xC−1)∗xC∗y3D−(2∗(2∗xC−1)∗xD+3∗x2

C−5∗xC+
3)∗yC∗y2D+(2∗x2

D+(6∗xC−5)∗xD−3∗xC+3)∗y2C∗yD−3∗(xD−1)∗xD∗y3C)) = 0.
η has coordinates
((((xC − 1) ∗ yD − (xD + 1) ∗ yC) ∗ (xC ∗ yD − (xD − 1) ∗ yC) ∗ (xC ∗ yD − xD ∗
yC))/((xC − 1) ∗ xC ∗ y3D − ((2 ∗ xC − 1) ∗ xD + 3 ∗ x2

C − 4 ∗ xC + 2) ∗ yC ∗ y2D +
(x2

D + 2 ∗ (3 ∗ xC − 2) ∗ xD − 3 ∗ xC + 2) ∗ y2C ∗ yD − 3 ∗ (xD − 1) ∗ xD ∗ y3C), 0).
θ has coordinates
((xC ∗ yD ∗ (yD − yC) ∗ ((xC − 1) ∗ yD − (xD +1) ∗ yC))/((xC − 1) ∗ xC ∗ y3D − ((2 ∗
xC − 1) ∗ xD + 2 ∗ x2

C − 4 ∗ xC + 3) ∗ yC ∗ y2D + (x2
D + 4 ∗ (xC − 1) ∗ xD − 2 ∗ xC +

3) ∗ y2C ∗ yD − 2 ∗ (xD − 1) ∗ xD ∗ y3C), (yC ∗ yD ∗ (yD − yC) ∗ ((xC − 1) ∗ yD − (xD +
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1) ∗ yC))/((xC − 1) ∗ xC ∗ y3D − ((2 ∗ xC − 1) ∗ xD +2 ∗ x2
C − 4 ∗ xC +3) ∗ yC ∗ y2D +

(x2
D + 4 ∗ (xC − 1) ∗ xD − 2 ∗ xC + 3) ∗ y2C ∗ yD − 2 ∗ (xD − 1) ∗ xD ∗ y3C)).

ι has coordinates
(−(yC ∗(xC ∗(xD+xC+1)∗y2D−xD ∗(xD+3∗xC−1)∗yC ∗yD+2∗(xD−1)∗xD ∗
y2C))/((xC −1)∗xC ∗y3D− ((2∗xC −1)∗xD+2∗ (x2

C −xC +1))∗yC ∗y2D+(x2
D+2∗

(2∗xC−1)∗xD−2∗xC+2)∗y2C ∗yD−2∗(xD−1)∗xD ∗y3C),−(yC ∗yD ∗(yD−yC)∗
(xC ∗yD−(xD−2)∗yC))/((xC−1)∗xC ∗y3D−((2∗xC−1)∗xD+2∗(x2

C−xC+1))∗
yC ∗ y2D+(x2

D+2∗ (2∗xC −1)∗xD−2∗xC +2)∗ y2C ∗ yD−2∗ (xD−1)∗xD ∗ y3C)).
We then substitute the above values into the following matrix to verify that

det


x2
E y2E xE ∗ yE xE yE 1

x2
F y2F xF ∗ yF xF yF 1

x2
G y2G xG ∗ yG xG yG 1
x2
η y2η xη ∗ yη xη yη 1

x2
θ y2θ xθ ∗ yθ xθ yθ 1

x2
ι y2ι xι ∗ yι xι yι 1

 = 0.

□

Figure 1. Illustration.
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