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1. INTRODUCTION

In [1], we constructed three concurrent cevians in a triangle, located the centroids
of the resulting six triangles, found several of their midpoints, and demonstrated
that they formed a triangle which is in perspective with the original triangle. Here,
we will set up a similar construction, and will locate a different triangle which is
in perspective with the original triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane, not on a triangle side.
Let lines AB and CD intersect at E.

Let lines AC and BD intersect at F.

Let lines AD and BC' intersect at G.

Let « be the centroid of AADE.

Let 8 be the centroid of AADF.

Let 7 be the centroid of ACDF.

Let 0 be the centroid of ACDG.

Let ¢ be the centroid of ABDG.

Let ¢ be the centroid of ABDE.

Let lines aF and BE intersect at T.

Let lines vG' and O F intersect at U.
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Let lines e and (G intersect at V.

Let lines AB and CU intersect at 1.

Let lines AC and BV intersect at 6.

Let lines BC' and AT intersect at ¢.

Then,

1. Lines AT, BV, and CU are concurrent, and
2. E,F.G,n,0, and v lie on a conic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C has coordinates (¢, yc).
D has coordinates (xp, yD)
E has coordinates ((z¢ *yp — zp * yc)/(yp — yc), 0).

F has coordinates ((x¢ *yp)/(xc *yp — xp *yc +ye), (e *yp)/(xc *yp — xp *
Yo + yo))-

G has coordinates ((zp * yc)/(—zc *yp +yp + Zp * yc), (Yo * yp)/(—xc * yp +
Yp + Tp * yc))-

a has coordinates

(((ze *yp —2p *ye)/(yp — ye) + p)/3,yn/3).

[ has coordinates

(((zexyp)/(weryp—ap*yctyc)+ap) /3, (yexyp) /[ (xcxyp—rp*yc+yc)+yp)/3).
~ has coordinates

(((xze *yp)/(xc *yp — xp * Yo + yc) + xp + x¢)/3, (Yo * yp)/(xc * yp — xp *
Yc +yc) + Yo +yc)/3).

0 has coordinates

((e+ap+((xp*yc)/(—zc*yp+yp+xp*yc)))/3, (ye+yp+ ((yo*yp)/(—zc*
Yo +Yp +Tp *yc)))/3).

¢ has coordinates

(w0 + (2p *ye) /(—~wc +yp +yp + 205 0)) + 1)/3, (v + (e *yp)(~c +yp +
Yo +xp *yc)))/3).

¢ has coordinates

((xp + ((xe *yp —xp *yc)/(yp —yc)) +1)/3,yp/3).

T has coordinates

(zox (xp+xc+1)*ys —ap*(xp+3*xc— 1) xyc*yp + 2% (xrp — 1) *x xp *
y&)/ (4 (yp —yeo) * (zc*yp — (xp — 1) *yc)), (yp * (xo*yp — (v — 2) % yc)) /(4
(zc *xyp — (xp — 1) * yc)))

U has coordinates
((ze—1)xxc*(xptazo+1)xyh — (zp*((2xxc—1)*xp+2%22 +1) — (zc— 1) *
zo)xyo*xyp+(xp— 1) *xp*(xp+xc+1)xyd) /(4% ((xc—1)*yp —Tp*yc) * (v *
yp—(xp—1)*yc)), (yp+yc)*((xc—1)xzoxyh — ((2%xc—1)*2p — T +2) * Yo *
yp+ (xp—1)xxp*xy?))/(4*((xc—1)*xyp —xp*yc)* (xc*yp — (xp — 1) xyc))).
V' has coordinates

((ze =) *(zp +axc+ 1) *y% — (25 +3*wc*xxp + 20— 1) *yo * yp + 2% Tp *
(zp+ 1) xy2)/(4* (yp —yc) * (xc — 1) xyp — ¥p *yc)), (yp * (—wc * yp +yp +
zp *yc +yc))/(4* (—xc*yp +yp +xp * yc))).

Line AT is given by the equation

y = (yp * (yp — yc) * (zc * yp — (xp — 2) * yc) * x)/(xc * (Tp + xc + 1) * yp —
Tp*x (tp+3%xxc—1)*yc*xyp + 2% (xp — 1) *xp * y2).

Line CU is given by the equation
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y = ((ve = ((yp+ye) * ((zo =) xxcyp — (2% 0 — 1) *xp — w0 +2) * Yo *yp +
(zp — 1) *zp*y2))/ (4 ((xc — 1) *yp — xp * yc) * (xc * yp — (xp — 1) * yc))) *
(x —z0))/(xc — ((xc — 1) *xc* (xp +axc+ 1) *xyh — (xp * ((2*x 20— 1) *xp +
2x x4 4+ 1) — (zc — 1) *z0) *yc*yp + (xp — 1) xxp * (xp + xc + 1) x y2) /(4 *
((ze — 1) xyp —xp *yc) * (xc *yp — (xp — 1) * yc))) + ye-

Line BV is given by the equation

y = (o (Yo —yo) * ((xc = 1) *yp — (wp + 1) xye) * (z — 1)) /((xc — 1) * (zp +
re—3)*xyh — (rp—1)* (xp+3xxc —3)*yc xyp + 2% (xp — 1) x xp * y2).
Consider the point W whose coordinates are given by

(((zc—1)*yp — (zp+1)*yc) *x (xex (xp+xc+1)*yh —xp* (xp+3* 10 — 1) %
yoxyp+ 2% (xp— 1) xxp*y2)) /(2% (2% (xc — 1) *zo*yp — (2% (2% xc — 1) *2p +
314 —bxxo+3)xycxyn+ (2x1h + (6%xxc —5)xxp —3xx0+3) %YL *yp —
3x(xp—1)xxp*yd)), (yp*(yp —yc) * ((xc — 1) *yp — (xp+1) *yc) * (xc *yp —
(xp—2)xyc)) /(2% (2% (xc — 1) xzo*xyh — (2% (2xxc — 1) *xp+ 3% 2L —H*xc+3) *
yoxyh+ (2xa% + (6xxc—5)*xp —3xxc+3) *xyd*yp — 3% (xp—1)*xxp*yl))).
We verify that W lies on lines AT, C'U, and BV since we calculate that

(yp*(yp —yc)*(xcxyp — (xp—=2)xyc)* ((xc—1)*yp—(zp+1)*yc) * (zc* (zp+
ro+1)*xyh —xp*(xp+3xxc—1)xyckyp+2%(xp—1)xxpxy2)) /(2% (2% (xc—1)*
roxyy— (2% (2xx0—1)xxp+3%2L —b*xx0+3)*ycxyh+ (2515 + (6% 10 —5)* T p— 3%
v+ 3) kg kyp— 3 (ep— 1) kzp *YEI)) (Fo(En+o0-+ 1) 5yh —p (ap+Bnc—
Dxyoxyp+2x(xp—1)*xp*y2)— (yp*(yp—yo ) *((xc—1)*yp — (xp+1)*yc ) * (xc*
yp—(xp—2)*yc)) /(2% (2% (zc— 1) xzo*yd — (2% (2xz0— 1) xxp+ 3% 2% —bxro+
3)*kyc*yn+(2xxh+(6%x0—5)xxp—3%xx0+3)*yd*yp—3*(xp—1)xxpxyd)) = 0,
((ye — ((yp+yc)* ((zc— 1) *zo*xyh — (2% 20— 1) *2p — 20 +2) %Yo *yp+(xp — 1) *
rp*yg))/ (4 ((xc = 1) *yp —ap*yc)* (xc+yp — (xp—1)xyc))) * (((xc —1)*yp —
(xp+1)xyc)*(ze* (xp+xc+1)*xyh —axp*(xp+3*xxc—1)*yc*yp+2%(xp—1)*
Tp*y2)) /(2% (2% (xo—1)xzo*yh — (2% (2xx0— 1) %2 p+ 3525 —Hxxo+3) %Yo *yh+
(2x2% + (6xxc—b)*xp —3xxc+3)*xy2*xyp — 3% (xp— 1) *xxpxyd)) —zc))/(vc —
(roc—1D)*xzc*(xp+xc+1)*ys — (zp* ((2xxc— 1) *xxp +2% 24 +1) — (xc — 1) *
zo)xyo*xyp+(xp— 1) *xp*(xp+xc+1)xyd) /(4% ((xc —1)*yp —Tp*yc) * (v *
yp—(zp—1)*yc)))+yc—(yYp*(yp—yc)*(xc—1)xyp — (xp+1)*yc)*(vc*yp —
(xp—2)xyc)) /(2% (2% (xc — 1) xzo*xyh — (2% (2xxc — 1) *xp+ 3% 2L —H*xc+3) *
yoxyn+(2xx%h+ (6xxc —5)*xp—3*xxc+3)*ydxyp — 3% (xp—1)*xxp*yd)) = 0,
and
(yp*(yp—yc)*((xc—1)*yp—(zp+1)*yc)*((((xc—1)*yp—(xp+1)*yc)*(zc*(zp+
ro+1)xyh—xpx(rp+3xrc—1)*xycxyp+2x(xp—1)*xxp*y2)) /(2% (2% (zc—1)*zC*
Y3 — (2% (2xx0—1)*xp+3%1i —bxxo+3)*yc*ysH+ (2% 1%+ (6% 10 —5)*Tp —3* T+
3)xyixyp—3x(xp—1)xxp*y2))—1))/(xc—1)*(xp+rc—3)*xy%—(xp—1)*(xp+
3xxc—3)*ycxyp+2*%(xp—1)*xp*xy2)—(yp*(yp—yc)*((xc—1)*yp— (zp+1)*yc)
(zexyp—(xp—2)*yc))/(2%(2% (xc—1)xzoxys — (2% (2% 20— 1) xx p+3% 2% —Bb*xx o+
3)*xycxyh+ (2xa% + (6xxc—5)*xp —3xxc+3)*yé*yp—3*(xp—1)*xxp*yd)) = 0.
1 has coordinates

(((wc = 1) * yp — (xp + 1) * yo) * (xc * yp — (¥p — 1) *x yc) * (xc * yp — Tp *
vo))/((xe — 1) xxexyd, — ((2xxc — 1) *xp +3x x5 —dx a0 +2) xyc xyh +
(24 +2% (3xxc —2)*xp —3xx0+2)xy2 *xyp —3* (xp — 1) xxp x y2),0).
0 has coordinates

(2 * g+ (yp — ) (e — 1)y — (2 + 1) x50/ (w0 — 1) 3 20 53, — (2
vo— 1) *axp+2x2d —dxxc+3)*ycxyb + (25 +4* (xoc— 1) *axp — 2% 20 +
3)xytxyp — 2% (vp — 1) *xp*yd), (yo *yp * (Yyp — yo) * (e — 1) xyp — (vp +



410 ANOTHER PERSPECTOR REGARDING THE CENTROIDS OF THE SIX TRIANGLES DISSECTED BY CONCURRENT CEVIANS

D*xye))/((we— 1) xzo*xyd — (2% xc — 1) *xp+2x 25 —4dx 20+ 3) *yo * yh +
(x4 + 4% (xoc — 1) *xxp —2x 20+ 3) *xyi *xyp — 2% (xp — 1) x xp *x y2)).

¢ has coordinates

(—(yox (zox(xp+xc+1)*yh —xp*(xp+3*x0—1)*yo*xyp +2% (xp—1)*xp*
i)/ (zo—1)xzo*xyh — ((2xxc—1)*xp+2% (25 —xc+1)) *yo * yh + (x5 + 2%
(2xxc—1)*xp—2%x0+2)xy2*yp — 2% (xp— 1) xxp*yd), — (Yo *xyp * (yp —yc) *
(zo*xyp — (xp—2)*yc))/(xc— 1) xxo*yd — (2% xc— 1) *2p+2% (25 — 20 +1)) *
yoxyh+ (25 + 2% (2%xxc— 1) *xp —2x 20 +2) *y2 xyp — 2% (xp — 1) xxp * y2.)).
We then substitute the above values into the following matrix to verify that

% Yh Tpxyp Tp Yp 1
xzr yzr Tp*xyr Tp Yrp 1
1
det iU%: ?Jc2; Tg*Yo Ta Ya —0.
xz yg Ty *Yy Ty Yy 1
Tg Yy ToxYp To Yo 1
27yl wxy, oy 1
O
r
&
Y 6
U

I

FIGURE 1. Tllustration.
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