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1. Introduction

We present several concurrent lines that all lie on a line.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be a point in the plane, which is not on a side of the triangle.
Let E be a point on line AD.
Let F be the point on line BD such that BD : BF = AD : AE.
Let G be the point on line CD such that CD : CG = AD : AE.
Let α be the line parallel to BC which passes through E.
Let β be the line parallel to AB which passes through G.
Let γ be the line parallel to AC which passes through F .
Let α intersect line AC at H.
Let α intersect line AB at I.
Let β intersect line BC at J .
Let β intersect line AC at K.
Let γ intersect line AB at L.
Let γ intersect line BC at M .
Let N be the midpoint of A and M .
Let O be the midpoint of B and H.
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Let P be the midpoint of A and J .
Let Q be the midpoint of C and I.
Let R be the midpoint B and K.
Let S be the midpoint of C and L.
Let T be the midpoint of N and O.
Let U be the midpoint of P and Q.
Let V be the midpoint of R and S.
Let lines NOT and PQU intersect at W .
Let lines NOT and RSV intersect at Z.
Let lines PQU and RSV intersect at A1.
Let D1 be the centroid of A,B, and C.
Then,
1. Lines AV , BU , and CT are concurrent at point B1.
2. Lines VW , UZ, and TA1 are concurrent at point C1, which is the centroid of
A,B,C, and D.
3. D,C1, D1, and B1 are collinear in this order where DC1 : B1C1 =

| #       »
3AD− #   »

AE|
| #    »
DE| .

4. Lines NP and OR are concurrent at the midpoint of A and B, lines NP and
QS are concurrent at the midpoint of A and C, and lines OR and QS are con-
current at the midpoint of B and C.
5. H, I, J,K, L, and M lie on a conic.
6. N,O, P,Q,R, and S lie on a conic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates (xD, yD).
E has coordinates (xE, xE ∗ yD/xD).
F has coordinates ((xD + xE ∗ (xD − 1))/xD, xE ∗ yD/xD).
G has coordinates (((xD − xC) ∗ xE)/xD + xC , (xE ∗ yD + (xD − xE) ∗ yC)/xD).
α is given by the equation
y = (yC ∗ (x− xE))/(xC − 1) + (xE ∗ yD)/xD.
β is given by the equation
y = (xE ∗ yD + (xD − xE) ∗ yC)/xD.
γ is given by the equation
y = (yC ∗ (x− ((xD − 1) ∗ xE + xD)/xD))/xC + (xE ∗ yD)/xD.
H has coordinates
((xE∗(xC∗yD−x2

C∗yD+xC∗xD∗yC))/(xD∗yC), (xE∗(yD−xC∗yD+xD∗yC))/xD).
I has coordinates
((xE ∗ (yD − xC ∗ yD + xD ∗ yC))/(xD ∗ yC), 0).
J has coordinates
(((xC − 1) ∗ xE ∗ yD + ((1− xC) ∗ xE + xC ∗ xD) ∗ yC)/(xD ∗ yC), (xD ∗ yC − xE ∗
yC + xE ∗ yD)/xD).
K has coordinates
((xC ∗ (xD ∗ yC −xE ∗ yC +xE ∗ yD))/(xD ∗ yC), (xD ∗ yC −xE ∗ yC +xE ∗ yD)/xD).
L has coordinates
((xD ∗ yC − xE ∗ yC − xC ∗ xE ∗ yD + xD ∗ xE ∗ yC)/(xD ∗ yC), 0).
M has coordinates



Benjamin Lee Warren 417

(((xC − 1) ∗ xC ∗ xE ∗ yD − ((xC − 1) ∗ (xD − 1) ∗ xE − xD) ∗ yC)/(xD ∗ yC), (xE ∗
(xC ∗ yD − xD ∗ yC + yC))/xD).
N has coordinates
((((xC −1)∗xC ∗xE ∗yD− ((xC −1)∗ (xD−1)∗xE−xD)∗yC)/(xD ∗yC))/2, ((xE ∗
(xC ∗ yD − xD ∗ yC + yC))/xD)/2).
O has coordinates
((1 + (xE ∗ (xC ∗ yD − x2

C ∗ yD + xC ∗ xD ∗ yC))/(xD ∗ yC))/2, ((xE ∗ (yD − xC ∗
yD + xD ∗ yC))/xD)/2).
P has coordinates
((((xC − 1) ∗ xE ∗ yD + ((1− xC) ∗ xE + xC ∗ xD) ∗ yC)/(xD ∗ yC))/2, ((xD ∗ yC −
xE ∗ yC + xE ∗ yD)/xD)/2).
Q has coordinates
((xC + (xE ∗ (yD − xC ∗ yD + xD ∗ yC))/(xD ∗ yC))/2, yC/2).
R has coordinates
((1+ (xC ∗ (xD ∗ yC − xE ∗ yC + xE ∗ yD))/(xD ∗ yC))/2, ((xD ∗ yC − xE ∗ yC + xE ∗
yD)/xD)/2).
S has coordinates
((xC + (xD ∗ yC − xE ∗ yC − xC ∗ xE ∗ yD + xD ∗ xE ∗ yC)/(xD ∗ yC))/2, yC/2).
T has coordinates
(((xD + xC − 1) ∗ xE + 2 ∗ xD)/(4 ∗ xD), (xE ∗ (yD + yC))/(4 ∗ xD)).
U has coordinates
(((xD−xC+1)∗xE)/(4∗xD)+xC/2, (((xD∗yC−xE∗yC+xE∗yD)/xD)/2+yC/2)/2).
V has coordinates
(((xD−xC −1)∗xE)/(4∗xD)+(xC +1)/2, (xE ∗yD+(2∗xD−xE)∗yC)/(4∗xD)).
Line NOT is given by the equation
y = (2∗xD ∗yC ∗ ((2∗xC −1)∗yD− (2∗xD−1)∗yC)∗x+(xC −1)∗xC ∗xE ∗y2D−
(((2∗xC −1)∗xD−xC +1)∗xE+(2∗xC −1)∗xD)∗yC ∗yD+xD ∗ ((xD−1)∗xE+
2∗xD−1)∗y2C)/(2∗xD ∗ (2∗ (xC −1)∗xC ∗yD− ((2∗xC −1)∗xD−xC +1)∗yC)).
Line PQU is given by the equation
y = (2∗xD ∗yC ∗ (yD−yC)∗x+(xC −1)∗xE ∗y2D− ((xD+xC −1)∗xE− (xC −2)∗
xD)∗yC ∗yD+xD∗(xE−xD+1)∗y2C)/(2∗xD∗(2∗(xC−1)∗yD−(xD+xC−1)∗yC)).
Line RSV is given by the equation
y = (2∗xD ∗yC ∗ (yD−yC)∗x+xC ∗xE ∗y2D− ((xD+xC−1)∗xE− (xC−1)∗xD)∗
yC ∗yD+((xD−1)∗xE−x2

D+2∗xD)∗y2C)/(2∗xD∗(2∗xC ∗yD−(xD+xC−1)∗yC)).
W has coordinates
(((xC − 1) ∗ ((xD − xC − 1) ∗ xE + 2 ∗ (xC + 1) ∗ xD) ∗ yD − xD ∗ ((xD − xC −
1) ∗ xE + (2 ∗ xC + 1) ∗ xD − xC − 1) ∗ yC)/(4 ∗ xD ∗ ((xC − 1) ∗ yD − (xD − 1) ∗
yC)), ((xC − 1) ∗ xE ∗ y2D − ((xD + xC − 1) ∗ xE − (2 ∗ xC − 1) ∗ xD) ∗ yC ∗ yD + xD ∗
(xE − 2 ∗ xD + 1) ∗ y2C)/(4 ∗ xD ∗ ((xC − 1) ∗ yD − (xD − 1) ∗ yC))).
Z has coordinates
((xC∗((xD−xC+1)∗xE+2∗xC∗xD)∗yD−((xD−1)∗(xD−xC+1)∗xE+xD∗((2∗xC+
1)∗xD−xC+1))∗yC)/(4∗xD∗(xC∗yD−xD∗yC)), (xC∗xE∗y2D+((−xD−xC+1)∗xE+
(2∗xC−1)∗xD)∗yC∗yD+((xD−1)∗xE−2∗x2

D+xD)∗y2C)/(4∗xD∗(xC∗yD−xD∗yC))).
A1 has coordinates
((((xD + xC − 1) ∗ xE + 2 ∗ xD) ∗ yD − (xD + xC − 1) ∗ (xE − xD) ∗ yC)/(4 ∗ xD ∗
yD), ((yD + yC) ∗ (xE ∗ yD + (xD − xE) ∗ yC))/(4 ∗ xD ∗ yD)).
D1 has coordinates ((xC + 1)/3, yC/3).
Now, line AV is given by the equation
y = ((xE ∗ yD + (2 ∗ xD − xE) ∗ yC) ∗ x)/((xD − xC − 1) ∗ xE + (2 ∗ xC + 2) ∗ xD).
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Line BU is given by the equation
y = ((xE ∗yD+(2∗xD−xE)∗yC)∗ (x−1))/((xD−xC+1)∗xE+(2∗xC−4)∗xD).
Line CT is given by the equation
y = (((xE ∗ (yD+yC))/(4∗xD)−yC)∗ (x−xC))/(((xD+xC −1)∗xE+2∗xD)/(4∗
xD)− xC) + yC .
Consider the point B1 whose coordinates are given by
(−((xD − xC − 1) ∗ xE + 2 ∗ (xC + 1) ∗ xD)/(2 ∗ (xE − 3 ∗ xD)),−(xE ∗ yD + (2 ∗
xD − xE) ∗ yC)/(2 ∗ xE − 6 ∗ xD)).
We verify that B1 lies on lines AV,BU , and CT since we calculate that
((xE ∗ yD + (2 ∗ xD − xE) ∗ yC) ∗ (−((xD − xC − 1) ∗ xE + 2 ∗ (xC + 1) ∗ xD)/(2 ∗
(xE − 3 ∗ xD))))/((xD − xC − 1) ∗ xE + (2 ∗ xC +2) ∗ xD)− (−(xE ∗ yD + (2 ∗ xD −
xE) ∗ yC)/(2 ∗ xE − 6 ∗ xD)) = 0,
((xE ∗ yD + (2 ∗ xD − xE) ∗ yC) ∗ (−((xD − xC − 1) ∗ xE + 2 ∗ (xC + 1) ∗ xD)/(2 ∗
(xE − 3 ∗ xD))− 1))/((xD − xC + 1) ∗ xE + (2 ∗ xC − 4) ∗ xD)− (−(xE ∗ yD + (2 ∗
xD − xE) ∗ yC)/(2 ∗ xE − 6 ∗ xD)) = 0,
and
(((xE ∗ (yD + yC))/(4 ∗ xD)− yC) ∗ (−((xD − xC − 1) ∗ xE +2 ∗ (xC +1) ∗ xD)/(2 ∗
(xE − 3∗xD))−xC))/(((xD +xC − 1)∗xE +2∗xD)/(4∗xD)−xC)+ yC − (−(xE ∗
yD + (2 ∗ xD − xE) ∗ yC)/(2 ∗ xE − 6 ∗ xD)) = 0.
Line VW is given by the equation
y = (yD ∗ (2 ∗ x− xC − 1)− yC ∗ (2 ∗ x− xD))/(2 ∗ (xD − xC − 1)).
Line UZ is given by the equation
y = (yD ∗ (2 ∗ x− xC)− yC ∗ (2 ∗ x− xD − 1))/(2 ∗ (xD − xC + 1)).
Line TA1 is given by the equation
y = ((yD + yC) ∗ (2 ∗ x− 1))/(2 ∗ (xD + xC − 1)).
Consider the point C1, the centroid of A,B,C, and D, whose coordinates are
given by
((xD + xC + 1)/4, (yC + yD)/4).
We verify that C1 lies on lines VW,UZ, and TA1 since we calculate that
(yD ∗ (2 ∗ (xD + xC +1)/4− xC − 1)− yC ∗ (2 ∗ (xD + xC +1)/4− xD))/(2 ∗ (xD −
xC − 1))− (yC + yD)/4 = 0,
(yD ∗ (2 ∗ (xD + xC +1)/4− xC)− yC ∗ (2 ∗ (xD + xC +1)/4− xD − 1))/(2 ∗ (xD −
xC + 1))− (yC + yD)/4 = 0,
and
((yD + yC) ∗ (2 ∗ (xD + xC + 1)/4− 1))/(2 ∗ (xD + xC − 1))− (yC + yD)/4 = 0.
Now consider the line whose equation is given by
y = ((yC/3− yD) ∗ (x− xD))/((xC + 1)/3− xD) + yD.
We verify that D,B1, C1, and D1 all lie on this line since we calculate that
((yC/3− yD) ∗ (xD − xD))/((xC + 1)/3− xD) + yD − yD = 0,
((yC/3− yD) ∗ (−((xD − xC − 1) ∗ xE + 2 ∗ (xC + 1) ∗ xD)/(2 ∗ (xE − 3 ∗ xD))−
xD))/((xC+1)/3−xD)+yD−(−(xE ∗yD+(2∗xD−xE)∗yC)/(2∗xE−6∗xD)) = 0,
((yC/3−yD)∗ ((xD+xC +1)/4−xD))/((xC +1)/3−xD)+yD− (yC +yD)/4 = 0,
and
((yC/3− yD) ∗ ((xC + 1)/3− xD))/((xC + 1)/3− xD) + yD − yC/3 = 0.
We then calculate that
DC1 : B1C1 = | xD−xC1

xC1
−xB1

| = | xD−(xD+xC+1)/4
(xD+xC+1)/4−(−((xD−xC−1)∗xE+2∗(xC+1)∗xD)/(2∗(xE−3∗xD)))

| =
3xD−xE

xD−xE
.

Line NP is given by the equation
y = (yC ∗ (2 ∗ x− 1))/(2 ∗ (xC − 1)).
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Line OR is given by the equation
y = (yC ∗ (2 ∗ x− 1))/(2 ∗ xC).
Line QS is given by the equation
y = yC/2.
One can then easily see that the midpoint of A and B with coordinates (1/2, 0)
lies on lines NP and OR, the midpoint of A and C with coordinates (xC/2, yC/2)
lies on lines NP and QS, and the midpoint of B and C with coordinates ((xC +
1)/2, yC/2) lies on lines OR and QS.
We then substitute the above values of H, I, J,K, L,M,N,O, P,Q,R, and S into
the following matrices to verify that

det


x2
H y2H xH ∗ yH xH yH 1
x2
I y2I xI ∗ yI xI yI 1

x2
J y2J xJ ∗ yJ xJ yJ 1

x2
K y2K xK ∗ yK xK yK 1
x2
L y2L xL ∗ yL xL yL 1

x2
M y2M xM ∗ yM xM yM 1

 = 0

and

det


x2
N y2N xN ∗ yN xN yN 1

x2
O y2O xO ∗ yO xO yO 1

x2
P y2P xP ∗ yP xP yP 1

x2
Q y2Q xQ ∗ yQ xQ yQ 1

x2
R y2R xR ∗ yR xR yR 1

x2
S y2S xS ∗ yS xS yS 1

 = 0.

□

Figure 1. Illustration.
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Figure 2. Illustration.
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Figure 3. Illustration.
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