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1. INTRODUCTION

We present several concurrent lines that all lie on a line.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane, which is not on a side of the triangle.
Let E be a point on line AD.

Let F' be the point on line BD such that BD : BF = AD : AFE.
Let G be the point on line C'D such that CD : CG = AD : AE.
Let « be the line parallel to BC' which passes through E.

Let 8 be the line parallel to AB which passes through G.

Let 7 be the line parallel to AC which passes through F.

Let « intersect line AC' at H.

Let « intersect line AB at I.

Let B intersect line BC' at J.

Let (B intersect line AC' at K.

Let v intersect line AB at L.

Let v intersect line BC' at M.

Let N be the midpoint of A and M.

Let O be the midpoint of B and H.
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Let P be the midpoint of A and J.

Let Q) be the midpoint of C and I.

Let R be the midpoint B and K.

Let S be the midpoint of C' and L.

Let T be the midpoint of N and O.

Let U be the midpoint of P and Q).

Let V' be the midpoint of R and S.

Let lines NOT and PQU intersect at W.

Let lines NOT and RSV intersect at Z.

Let lines PQU and RSV intersect at A;.

Let Dy be the centroid of A, B, and C.

Then,

1. Lines AV, BU, and C'T' are concurrent at point By.

2. Lines VW, UZ, and T Ay are concurrent at point Cy, which is the centroid of
A, B,C, and D. N

3. D,C4, Dy, and By are collinear in this order where DC; : B;Cy = |3A|g_EI‘4E|.
4. Lines NP and OR are concurrent at the midpoint of A and B, lines NP and
QS are concurrent at the midpoint of A and C, and lines OR and QS are con-
current at the midpoint of B and C'.

5 H,I,J,K,L, and M lie on a conic.

6. N,O,P,Q,R, and S lie on a conic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C has coordinates (¢, yc).
D has coordinates (zp,yp).
E has coordinates (x E,xE *xYp/Tp).

F has coordinates ((zp + xg * (xp — 1))/2p,2p * yp/xp).

G has coordinates (((zp — z¢) *xg)/xp + ¢, (xg * yp + (xp — xE) * yc)/xp).
a is given by the equation

y = (yo * (= 25))/ (wo — 1) + (w5 + yp) /7.

[ is given by the equation

y = (rg*yp + (rp — TE) * yo)/Tp.

v is given by the equation

y=(yc*(z—((xp — 1) *2g +xp)/xp))/xC + (TE * Yp)/TD.

H has coordinates

(zp*(zcxyp—ag*xyp+rcxrp*yc))/(xp*yc), (@p*(yp—rcxyp+ap*yc))/xp).
I has coordinates

(g * (yp — rc *yp +xp *yco))/(xp * yc), 0).

J has coordinates

(e =) *xxpxyp+ (1 —z¢) * g +xc*xp) *yc)/(Tp *yo), (xp * Yo — Tp *
Yo +Tp*Yp)/Tp).

K has coordinates

(o *(xp*yc —rE*yc+Te*Yyp))/(Tp*Yc), (*p*Yo —TE * Yo +TE*Yp)/Tp).
L has coordinates

((zp *yc —Tp* Yo —Tc * T *xYyp + Tp* xp* yc)/(Tp * Yc),0).

M has coordinates
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((xe = V) s,zg*xxpxyp — ((xc — 1) * (xp — 1) *xxp — xp) *yc)/(xp * yc), (TE *
(Tc *yp — Tp * yc + yc))/xp)-

N has coordinates

((xe =) *xxexzpxyp — ((xc—1)x(xp—1)*xxp —xp)*xyc)/(xp*yc)) /2, ((zE *
(zc*yp — xp *xyc +yc))/xp)/2).

O has coordinates

(L + (5 * (vc * yp — 2¢ * yp + Tc * ¥p * yc))/(vp * yc)) /2, ((xp * (yp — vc *
yp +2p *Yyc))/rp)/2)-

P has coordinates

(e — 1) # 25 5 yp + (1 — 50) * 25 + 30 % ) % 40) /(w0 % 90))/2, (5 * o —
T *Yo + 2 *yp)/xp)/2).

(@ has coordinates

((z¢ + (ze * (Yyp — e * yp + xp *yc))/ (€ * yo)) /2, yc/2).

R has coordinates

(1+ (zc*(xp*xyc —zp*xyc+xzr*xyp))/(xp*xyc)) /2, ((xp *yo — xg * Yo + g *
Yp)/xp)/2).

S has coordinates

((xc + (xp*yc —xp*xyc —xc*Tp*xyp + Tp *xp * yo)/(xp * yc))/2,yc/2).

T has coordinates

((xkp+xc —1)*xxp+2*xp)/(d*xxp), (xe* (yp +yc))/(4* xp)).

U has coordinates

((wp—zct1)*xp)/(4xxp)+rc/2, (Xp*Yc—rE*yc+TE*YD)/TD)/24YC /2)/2).
V' has coordinates
((xp—xc—1)*xag)/(4*xp)+(xc+1)/2,(xp*xyp+ (2%xzp — ) *yc)/(d*xp)).
Line NOT is given by the equation

y= 2xxprycx((2xxc—1)xyp— 2*xp—1)*yc)*xx+ (xc—1)*T0* TR * YD —
(2%xc—1)*xp—zc+1)*xp+ (2%xc—1)*xp)*yc*yp+xp*((xp—1)*xp+
2xxp— 1) xy2)/(2xxp* (2% (xc — 1) *xc*xyp — (2% xc — 1) xxp — 20+ 1) *Y0)).
Line PQU is given by the equation

y= (2xxp*xyc*(yp—yo)*x+ (vc— 1) *xxp*xyd —(rp+zc—1) 25— (xc —2) *
rp)*xycxyp+rp*(xp—xp+1)*xy2)/(2xxp* (2% (xc—1)*yp—(xp+xc—1)*Yyc)).
Line RSV is given by the equation

y= 2*xxp*yc*(yp—yc)*x+xc*xp*ys— ((xp+xc—1)*xxp— (vc—1)*2p)*
yoxyp+((zp—1)xzp—ah+2%xp)xy2)/(2xxp* (2xx0*yp — (xp+xc—1)*Yyc)).
W has coordinates

((ze =)« ((xp —2z¢c — 1) %2+ 2% (x¢ + 1) xzp) xyp — xp * ((xp — xc —
Dxaxp+ 2xxc+1)*xaxp —xc—1)*xyc)/(d*xxp* ((xc — 1) xyp — (xp — 1)
ye)), ((we =) *xpxyh — ((wp + 2c = 1) xxp — (2% xc — 1) % xp) * Yo * yp + xp *
(rp —2xxp+1)*y2)/(4*zp* ((xc — 1) xyp — (zp — 1) x yo))).

Z has coordinates
(xex((zp—xc+1)xxp+2xxcxxp)*yp—((xp—1)*(zp—xc+1)*xp+rp*((2%xc+
Dxxp—wzc+1))xyc)/(4xxpx(xoxyp—rp*yc)), (vcxxpxys+((—xp—rc+1) %15+
(2xzc—1)*zp)*ycxyp+((xp—1)*xp—2%x%+xp)*y2) /(dxxp*(Tcxyp—Tp*yc)))-
A; has coordinates

((xp+z2c—1)*xxp+2%xp)*xyp — (rp+xc — 1) % (g — zp) *yc)/(d*x xp *
yp), ((yp +yc) * (g xyp + (xp — xp) * yc)) /(4 * xp * yp)).

D; has coordinates ((x¢ +1)/3,yc/3).

Now, line AV is given by the equation

y=((zpxyp+ 2*xxp—zp)*yc)*x)/((tp —xc — 1) % xp+ (2% xc +2) % xp).
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Line BU is given by the equation

y= ((xpxyp+ (2xxp—xp)*xyc)*x(x—1))/((zp—zc+1)*xxp+ (2xxc—4)*xp).
Line CT is given by the equation

y = (((zp*(yp+yc))/(4xxp) —yc)* (x—xc))/(xp+2c—1)x2p+2%2D) /(4%
Tp) — zc) + Yo-

Consider the point By whose coordinates are given by

(—((zp —2zc — 1) 2 +2x (x¢c+ 1) *xp)/(2% (xg —3*xp)), —(zp *xyp + (2 x
xp—xg)*yc)/(2xxg —6xxp)).

We verify that B lies on lines AV, BU, and CT since we calculate that
(xpxyp+ (2xxp —zp)*xyc)* (—((xp —zc — 1) *xxp+ 2% (zc+1)xxp)/(2 %
(xp—3%xxp))))/(zp —xc—1) %2+ 2xxc+2)*x2p) — (—(xp*xyp + (2*xzp —
xg)*xyc)/(2xxp —6xxp)) =0,

(xg*xyp+ 2*xxp —ap)*xyc) * (—((xtp —xc — 1) *xxp + 2% (xc+ 1) xxp)/(2 *
(xg—3x*zp))—1))/((zp—xc+ 1) %2+ 2%xc —4)*xxp) — (—(xg xyp + (2 %
xp—2p)*yc)/(2*xxp —6xxp)) =0,

and

((xgx(yp+yc))/(d*xp) —yc)*x (—((zp —xc — 1) *2p+ 2% (xc+ 1) xxp)/(2 %
(xg—3%xp))—xc))/(((xp+2xc—1)x2p+2%xp)/(d*2p) —20c) +Yyc — (—(TE *
yp + (2xxp —xg)*xyc)/(2xxp —6%xxp)) =0.

Line VW is given by the equation

y=(yp*x2*xx—2c—1)—yox (2xx—xp))/(2* (xp —xc — 1)).

Line UZ is given by the equation
y=(yp*x2*xx—xc)—yox(2xx—2xp—1))/(2% (xp —xzc +1)).

Line T'A; is given by the equation

y=((yp+yc)* (2xx—1))/(2x (xp +zc —1)).

Consider the point 7, the centroid of A, B,C, and D, whose coordinates are
given by

((zp +zc+1)/4, (yo +yp)/4).

We verify that C lies on lines VW, UZ, and T A; since we calculate that

(ypx 2* (xpt+axc+1)/d—2c—1)—yo*x (2% (xp+axc+1)/4—2p))/ (2% (zp —
zo—1)) = (yo +yp)/4 =0,

(yp* 2 (xp+xzc+1)/d—xc)—yox(2x(xp+ac+1)/d—xp—1))/(2*(xp —
zc+1)) = (ye +yp)/4 =0,

and

((yp +yc) * (2% (zp +2c+1)/4 = 1)) /(2 (zp +2c — 1)) — (yc +yp)/4 = 0.
Now consider the line whose equation is given by

y = ((yc/3 —yp) * (x —xp))/((xc + 1)/3 — xp) + yp.

We verify that D, By, C}, and D; all lie on this line since we calculate that
((ye/3 =yp) * (xp —xp))/((xc +1)/3 —2p) + yp —yp =0,

((ye/3—yp)* (—((xp —xc — 1) *2p + 2% (xc + 1) xxp)/(2% (xp — 3% xp)) —
xp))/((xc+1)/3—xp)+yp—(—(xpxyp+ 2*xxp—2xg)*yc)/(2xxp—6%xp)) = 0,
((we/3—yp)*((xp+xc+1)/4—xp))/((xc+1)/3—xp)+yp— (Yo +yp)/4 =0,
and

((ye/3 —yp) * ((xzc +1)/3 = xp))/((xzc +1)/3 = 2p) + yp — yc/3 = 0.

We then calculate that

. _ | TDTCy | zp—(zpt+zc+1)/4 o
DCy : BiCy = |:vcl—:0311| - |(acD+:vc+1)/4—(—((xD—xg—1)£BE+C;*(10+1)*1D)/(2*(93E—3*1D)))| -

3rp—TEg
Tp—TE

Line NP is given by the equation
y=(yo* (2xx—1))/2x(zc —1)).
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Line OR is given by the equation

y=(yox(2xx—1))/(2*xxc).

Line @S is given by the equation

Y =yc/2.

419

One can then easily see that the midpoint of A and B with coordinates (1/2,0)
lies on lines NP and OR, the midpoint of A and C' with coordinates (z¢/2,yc/2)
lies on lines NP and @S, and the midpoint of B and C' with coordinates ((z¢ +
1)/2,yc/2) lies on lines OR and QS.
We then substitute the above values of H, I, J, K, L, M, N,O, P,Q, R, and S into
the following matrices to verify that

-2 2
"y Vg
oY
z Y
J 7

det i 3
5 U
il
LTy Ym

and -~
2 2
o
o
Tp Y
P Yp

det .ZC2 2
Q Yo
2 2
| Ts  Ys

TH*YH
Tr*yYr
Tg*xYyg

Tk * YK
Tr *YL

TM*YMm

IN * YN
Zo * Yo
Tp*xyYp
TQ *YQ
TR * YR
Is*Ys

Ty
Iy
oy
e
Ty
Typm

TN
Zo
xp
rQ
TR
Ts

YH
Yr
Y
YK
YL
Ym

YN
Yo
Yp
YQ
YR
Ys
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FIGURE 1.
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