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1. INTRODUCTION

Pick a given conic section, i.e., a circle, ellipse, parabola, or hyperbola. Pick four
distinct points on that conic, and form the tangent lines to those points along with
the lines connecting the four points. If one examines all the points on the plane
where lines intersect, it will be found that some of those points are nontrivially
collinear. This was discussed in [1] but without details. Here, we give a proof
of this result for the specific cases where the conic section is a parabola or a
hyperbola.

2. REsuLT

Theorem 2.1. Let A, B,C, and D be any four distinct points on a given conic
section from right to left, where if the section is either a circle or ellipse, then
points are arranged such that no two tangent lines to those points are parallel.
Let line AC' intersect line BD at point E.

Let the tangent line through B meet the tangent line through C' at point F'.

Let line AB intersect line C'D at point G.

Let the tangent line through A meet the tangent line through D at point H.

Let the tangent line through B meet line C'D at point I.

Let line AB intersect the tangent line through C' at point J.

Let line AB intersect the tangent line through D at point K.
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Let the tangent line through A intersect line CD at point L.

Let the tangent line through A intersect the tangent line through C at point M.
Let the tangent line through B intersect the tangent line through D at point N.
Let the tangent line through A intersect the tangent line through B at point O.
Let the tangent line through C' intersect the tangent line through D at point P.
Then

E,F,G and H are collinear,

E, I, and K are collinear,

E,J, and L are collinear,

G, M, and N are collinear,

E,O, and P are collinear, and

Lines AD, BC,1J, KL, GMN, and EOP are either all concurrent or parallel.

S Trds Lo o~

3. PARABOLAS

We will use cartesian coordinates. Without loss of generality, we take the parabola
to be the equation given by y = pz? for some p € R, since any parabola in the
plane can be rotated and translated into a quadratic curve of this form.

A has coordinates given by (4, pr?).

B has coordinates given by (25, pr%
C has coordinates given by (z¢, pr2
D has coordinates given by (zp, pr%).

The line through points A and B is given by the equation

y=px(ra+ ) — TaTB).

The line through points C' and D is given by the equation

y=p(z(xc +xp) — vcxp).

The line through points A and C'is given by the equation

y =pr} +p(r — za)(4 + 20).

The line through points B and D is given by the equation

y=pr% +p(x —xg)(zrp + Tp).

The line through points A and D is given by the equation
y=p(x(xa+2xp) — TaxD).

The line through points B and C' is given by the equation

y=pr% +plr —25)(rp + x0).

The line tangent to A is given by the equation y = pr?% + 2pra(z — 74).
The line tangent to B is given by the equation y = pz% + 2prp(z — xB).
The line tangent to C' is given by the equation y = pzZ + 2prc(x — z0).
The line tangent to D is given by the equation y = px?, + 2pzp(r — zp).
The coordinates of E are given by

TATC—TBTD 41 yp = p(((xB*l"A)mC‘FfoB)mD*-WAmeC)‘
TA+TC—TB—ZD TB+ITp—TA—TC
The coordinates of F are given by xp = %(1:3 + z¢) and yp = prprc.
The coordinates of G are given by

_ZATBZTCID g gy = p((zat+zp)rc—TATR)TD—TATBTC)
rA+rp—xrCc—xp To+Tp—TA—TRB
The coordinates of H are given by xgy = %([EA + xp) and yyg = praxp.
2

).
).

Tp —

g —

: ; _ _TCcTp—Th _ pzp(zp(2zc—2B)—TBIC)
The coordinates of I are given by x; = P and y; = pymw—— .
: . TATB—T —2
The coordinates of .J are given by x; = —SATB=IC_ 4y, = brelzclwatep)-2rary)
TA+xp—2TC 2vc—xA—TR
: : _ _TATB—Tp _ pep(zp(zatap)—2z47p)
The coordinates of K are given by xx = Ttanies and yx = e — .
. . TOoTpD—T 2 — —
The coordinates of L are given by z; = :CCi:CDTﬁA and y;, = Lealzp@re—za)-wazc)

ro+xrp—2xA
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The coordinates of M are given by z); = %(xA + x¢) and Yy = praze.
The coordinates of N are given by xy = %(.TB +xp) and yy = prprp.
The coordinates of O are given by zp = %(QZA + zp) and yo = praxp.
The coordinates of P are given by xp = %(xc + xp) and yp = prexp.

1. The line passing through F and F' is given by the equation

y=yep+ (Gip) (@ —zp).

The line passing through G and H is given by the equation
y =yc+ (=) (z — x6).

TG—TH
We subtract one from the other and we get

ye+ (=) (@ —op) — (yo + (32200 (@ — 7¢))

TE—TF TG—TH
_ _ _ (YE—YF Yyeo—yag YE—YF _ YGTYH '\
=yp — Yo — ey )re + (Gompi)ve +a(Gimr — pemay) =0
since we calculate yE YE __ YG_UH
—TF rTG—TH

p(((xg— zA)zc+zAzB)zD TpzpTCO) p((zptzplzg—zpgzpglzp—TpoTRTCO)
_ zptep—za—zC “prerce zctTp—Ta—2p “pratop 0
TRTDTTATC 1 TATBTTCTD 1 -
TptTp—TA— zc_i(mB_'_mC) zA+zB—zC—zD_§(zA+rD)
— — (Y¥£—YF YG—YH
and yp — yo — (L= )rp + (2222 )ag
_ (p(((wB—xA)xc+:cA:cB)xD—:L‘AxBarc)) _ (p(((xA-i-wB)wc—wAwB)wD—wAwac))
« w)B-&-xD—x,a;—xc y To+Tp—TA—TB
P TR—TA zc+zAzB TH—TATBTC
_ (( sptrp—ra—2C )—prBTO
TBTD—TAXC 1
» (ZB)_;,_ID_ZA_ic)_*(zB‘Fx)C)
i acAJra:B TO—TATR)TD—TATRBETC
( ToF+Tp—TA—TR ) PTAZD
TATB—TCZD 1
_ (W) 5(zatzp)
indeed collinear.

)( IBTD —TAXC )
Tp+rp—rA—xC

)( TATR—TCTD ) =0so F,F,G, and H are

TA+TB—TC—TD

+

2. The line passing through E and [ is given by the equation
y=1yr + (&=L (x — x;). We then verify that K lies on this line since

TE—T]

YE—YI
yr + (IE,I,)@K — 1) — YK
p(((zp—zpg)zctzgzp)zp—2pzpec) peplep(2zo—cp)—zpeC) 2
_ p:vB($D(2xc—:vB)—meC)+< tptep—t—aC totep—2zp )( TATB—T]H
ro+xp—2xp T pTC—TRTD zC:cD—:cZB rA+xp—2xp

TAtTOo—TR—TD zc+zD72zB
=0so E,I, and K are indeed collinear.

zcrp—1%h ) __ pzp(zp(zatzp)—2z473)

ro+xp—2xp 2rp—raA—Tp

3. The line passing through £ and J is given by the equation
= ys + (=L (x — x 7). We then verify that L lies on this line since

TE—Tj
YE—YJ
yo+ (=) (e —xy) —uL
p(((ep—zp)ectzpzplep—razprc) pec(ec(zatep)—2zp2p) 9
— pxc(xc(xA+xB)f2xAxB)_'_( zptep—xzg—xC 2z —rp—xp )( LCID—Ty
2rc—xA—2TR TATO—TRTD IAEB*I% ro+xp—2TA

TAtTzo—TR—TpH T Atz —2z0
=0so F,.J, and L are indeed collinear.

wAﬁBflzc ) __ pra(zp(2xc—TA)—TATC)
rA+rp—2xC ro+xrp—2x4

4. The line passing through G and M is given by the equation
y = yu + (LB (1 — 7). We then verify that N lies on this line since

TG—TM

p(((zpat+zg)eo—zpaT)Tp—TATRTC)
ATTB)EC—ZTATBI)TD ABC—p(EA(EC

_ T+ —TA—T 1
o+ (S22 =) = prareH (B T
Atep—ro—rp

zp) — 2(xa +x¢)) — prprp = 0so G, M, and N are indeed collinear.
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5. The line passing through E and O is given by the equation
Y =yo + (££=22)(z — zo). We then verify that P lies on this line since
p(((rp—zp)zotrpgrpl)zp—TpgTRTC)

YE—Yo — zptrTp—TA—TC
wore zptec—zp—2p 2 (zatep)

Tp) — §<xA +xp)) — prcxp = 0so E,0, and P are indeed collinear.

—PTATB

) (ze+

6. We see easily that line AD and line BC' intersect at the point
( zazp—zprc  —p(((xp—Tra)TC— ﬂUAﬂ?B)ID-tﬂ?AIBSEC))
TA+Tp—TB— mc TA+Tp—TB—TC

The line passing through I and J is given by the equation

y = pz(r; +x5) — 2127).
The line passing through K and L is given by the equation
y=plx(rg + 1) — rxTL).
If these two lines intersect at a point @), then the coordinates of ) are given by
T — _TATD=TBTC 404 _ —P((zp=rA)Tc—2ATB)TD+TATBTC)
Q= TA+Tp—TR—TC Ya TA+TD—TB—TC

The line passing through G, M, and N is given by the equation

y=ym+ (=20 (2 — 2).

The line passing through E, O, and P is given by the equation

y=yo + (F£=22)(z — z0)

If these two lines intersect at a point ()’, then the coordinates of Q)" are given by

_ zATp—TBRIC _ —p(((xp—za)Tc—rAZB)TD+TAZBLC) LY
.TQ/ - TA+TD—TB—TC and yQ/ - TA+TD—TB—TC SO Q - Q :

Now we note that if two of these lines are not concurrent, then none of them are
concurrent, and so they all would have to be parallel.

4. HYPERBOLAS

We will use cartesian coordinates. Without loss of generality, we take the hyper-
bola to be the equation given by y = ¢, /(%)2 + 1 for some positive real p, g since
any hyperbola in the plane can be rotated and translated into a curve of this form.
A has coordinates given by (z4,q,/(%4)* +1).

B has coordinates given by (zp,q,/(*2)* + 1).
C' has coordinates given by (zc, q,/(%¢)* +1).

D has coordinates given by (zp,q4/(“?)* + 1).
The line passing through points A and B is given by the equation

_ a@—2a)y/Tp P~ (e—2p) /TR

p(zp—2x4a)

The line passing through points C’ and D is given by the equation

_ al@—2c)\/a},+p*—(@—p)\/22+p?)

p(zp—zc)

The line passing through points A and C'is given by the equation

_ a(@—2a) /TR~ (e—1c) /TR )

p(rc—z4)

The line passing through points B and D is given by the equation

_ dl(@=zp)\/rh+p*—(z—zp)\/25+p?)

p(xp—zR)

The line passing through points A and D is given by the equation

_ a(@—2a) /T pP— (o) /[T P)

p(xp—x4)

The line passing through points B and C' is given by the equation
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q((z—zp)\/ 2L +p*—(z—xc)\/ 2% +p?)

Y= p(rc—2xpB)

The line tangent to A is given by the equation y = a(zzatp’)

py/2%+p?

The line tangent to B is given by the equation y = ‘I(IL;;”?.
py/25+p

The line tangent to C' is given by the equation y = WL;:LP?.
py/2g+p

The line tangent to D is given by the equation y = Q(QJLQTZ).
P/ 2H+p

The coordinates of E are given by
_ (zc—wa)(@py/73+p>—2p /2% +P?)+(zp—2B)(wc /24 +P>—T A /2L +D?)

TE (zc—2a)(\/2H+P2—\/25+P?)—(@p—2B)(\/2Z+P>—/2% +1°)
and
Yg = q(((p—za)\/2L+DP*+(zc—2B)\/ 24 +P*)\/ 75 +p>+(zp—2)\/ (2% +p?) (5 +p2)+(xa—2D) A/ (35 +D?) (22 +p?))

p((c—z4)(\/2H+p2—/2%+p?) —(@p—2B)(\/22+P2—/2%+D?))
The coordinates of F' are given by

zpzro—p*+y/ (2% +p?) (22 +p?)

Tp+aCc
The coordinates of G are given by

_ (@p—za)(@or/rh+p2—2p\/125+P?)+(@p—10) (1B /T4 P2~z AN /TH+D?)

a(zp /22 +p2+10/7%5+D?)

and yF = p(xB+.'Ec)

Tp =

d
e YO Y e P Yoy ey R
o = d(ze—za)\/2h4+P* +(@B—20)\/ 23 +P*)\/Th 4P+ (@D —2B)\/ (25 +9°) (@ +p*)+(@a—2D)\/ (22 4P%) (@h+p?))

p((@B—24)(\/2%+0?—/22+P?)—(zp—20) (\/2%+P>—/2% +P?))
The coordinates of H are given by

2 2 2 2 2
__ TAZD—P + (93,4+p )(:ED+p ) o
Ty = prypp and yy =
The coordinates of I are given by
p*(xc—zp)+apy/ (@h+p?) (22 +p?)—zcy/ (2% +0%) (2 +p?) and
ep(@p—z0)+y/ (@h+p?) (@ +p?) =/ (2% +9%) (@} +p?)
y q(zprcy/rh+p2+p? /23 +p?—wBT DN/ 12 +p?—p?\ /22 +D?)
[ pu—
pp(@o—zp)+(\/1h+p?—\/2%+p)\/2%+p?)
The coordinates of J are given by
p2(xa—zp)+ey/ (@2 +4p?) (@4 +p?)—2a+/ (22 +D?) (2% +p?) d
vo(ep—ra)+y/(@g+p?) (@4 +p?)—/ (e} +p?) (2% +p?)
y q(wcwar/254p2+p2 /2L +p? —zcT BN /24+P2—p? /T4 +D?)
J =
pac(@a—zp)+(\/ 2% +p2—/24+p?)\/22+p?)
The coordinates of K are given by
R p2(wa—zp)+zpy/ (2% +p2) (24 +p?) 144/ (2% +D?) (2% +p?) and
K=
zp(xp—r4)+/ (23+p?) (2% +02)—/ (2} +p?) (2} +p?)
” q(zpzaN/T%+p*+p*\/2h P>~z pr /24 +p>—p? /2% +D?)
K = .
p(zp(za—zp)+(\/2%5+p2— /2% +p%) /7% +p?)
The coordinates of L are given by
= p*(@o—zp)+apy/ (@} +p?) @d+p®) —zcy/ (@ +p?) (@3 +p?) and
L=
za(zp—20)+/ (@4 +p?) (@2 +p?)—/ (24 +p2) (22 +p?)
y q(zazc /25 +p2+p2 /25 +p2 —w Az p/T2AP2 —p? /72 +p?)
L= .
p@a(zc—2p)+(/7%+p2—\/22+p2)\ /24 +p?)
The coordinates of M are given by

Ty = $A$C_p2+m,4(§::p2)(x2€+p2) and yy =
The coordinates of N are given by

_zpzp—p’*+y/(e5+p?) (2% +p?) . q(wB\/x%+P2+$D\/w2B+P2)
TN = Tp+Tp and yy = p(zp+zp) )
The coordinates of O are given by

q(za \/:v2D +p2+zp \/xi‘ +p?)
p(za+zp) :

Iy =

Ty =

q(za\/7E+P2 a0 /2% +D?)
p(ratzc) )
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zazp—p’+/ (2% +p?)(@h+p?) _ a@ay/rp+p* s \/ZA+p

Lo = ) Ta+ap and yo p(xatap)
The coordinates of P are given by

_ zexp—p*y/(aZ+p?) (23 +p?) q IO\/$D+P2+1‘D\/10+P
Tp = To+xp and yp = p(zc+ap)

1. The line passing through F and F' is given by the equation
y=yp+ (E=25)(x — 2p).

The line pas?sing through G and H is given by the equation
y=vye+ (2=E)(x — xg).

We subtract one from the other and we get

ye + (2=25)(x — wp) — (yo + (35=25) (v — 26))

TE—TF TG—TH

= s~y () + (=)o + a(JE2 — 2t =

since we calculate
(ye —yr)(xze¢ — 2u) — (Yo — yu)(TE — TF)
_ ((q(((a:foA)\/xQﬁp% zo—xB)\/ 4 +p?)\/aH+p?+(xp—zc)y/ (@4 +D?) (@L+p?)+(za— ID)\/(xQB+P2)(fEZC+p2)))
p((zc—za) \/wD-i-p —\/xB-HD (zp—zB) \/xc+p2—\/wA+p )
_(q(xB\/xzc'+p2+wC\/xB+p ))(((J:B zTA) (:r:c\/:cD—l-p —Z‘D\/xc—i-p +(zp—zc) :(:B\/wA-i-pz—zA\/:cQB-i-pz))
pleptzc) (z—24)(y/7H+P2—\/22+P?)— (@D —20) (\/ 25 +P>— /7% +1?)

o (IAID—P2+ (13?44‘1’2)(33%"'172)))
TA+TD
_((q(((wc—wA)\/xB—i-pQ-&- zp—xc)\/ T4 +p?)\/ 25 +p?+(xp—2B)\/ (#4+p?) (zL+p?)+(za—2D) (xQC+p2)(cczB+p2)))
p((@s—24)(\/2%+p>—/25+p?)—(zp—20) (\/2%+p?— /2% +p?))
_(Q(xA\/z2D+p2+xD\/x?4+p2) ))(( (‘”C_xA)(mB\/$2D+P2—$D\/$?3+p2)+(wD—IB)(xc\/w?4+p2—a:A\/z%+p2))
p(zatep) (zo—2a)(/2H+P>—\/2%+p?)—(@p—2B) (/24 +p*— /24 +p?)

TBTC— 2 $2 1'2
o ( BTC—p°+ ( B+p2)( c+p2)>> — O

and using thisBJ\rNg find that

(ye —yo)(rr — 2r)(xc — 2n) + 26(xE — 2F)(Ye — yu) — 2E(yr — yr)(¥c — Tn)
= (ye —yo)(xp —2r)(ve —vh) + va(Ye — yr)(ve — 2n) — ve(Ye — yr)(Tc — TH)
= (¢ —zu)|[(ye — vo)(xE — 2r) + (¢ — 28)(ye — Yr))

= (g — vu)[TrYe + TaYE + TEYF — TFYE — TEYe — Teyr) and thus we calculate
that

TrYc + TGYE + TEYF — TFYE — TEYG — TGYF

_ ($B$C*p2+\/(x2B+P2)(xQC+p2))
rptzc
*(q(((zc—m)\/ﬁﬁp% zp—rc)y/ 25 +p*)\/rh+p?+H(ep—ap)y/ (@5 +p?) (23 +p?)+(za—2D) (m%+p2)(r25+p2)))
p((@B—24)(/25H+p2 /22 +p?) —(xp—20) (/2% +p>— /24 +D?))
(xp—xa)(xcor/2hH+p?—rpr\/TE+p?)+(xD— Ic)(l“B\/xAer *xA\/xB,JrP
+( (zp—14)(\/25+P2—\/224p?)— (D —2C) (/25 +P2— /4 +P?) )
Tp—T T4 Te Tp—xC z5+p T4y +p
q((wp—zA)\/ Te+P*+(To—2B)\/T4+D?)\/ T +P>+(xp—0)\/ (24 +P?) (5 4+p?)+Hwa—z D)/ (z%+D?) (2 +p?))
g p((ec—24) (/2% +p2—/2%5+p?) —(zp—2B)(\/ 72 +p?— /2% +p?)) )
" ((wc—zA)(xB\/$2D+p2—33D\/$B+P )+(zp—zp)(zc\/24+p? —wA\/$20+p2))
(me—24)(\/2H+p2—/25+4P?)—(2p—2B)(y/22+P2— /2% +p?)
N (q(wB\/rzc+p2+rcx/zQB+p )
p(zp+zc)
B (wacﬂPJr (waLp?)(m%erQ))
rptzc
*(q(((zB—wA)\/:r‘é+p2+(mc—rs)\/xiﬂv?)\/:cQD+p2+(xD—xc)\/(mi+p2)(ré+p2)+(m—xn) (m%+p2)(z%+p2)))
p((wcﬂm)(\/x%erL\/xQBerQ)f(foxB)(\/xQC+p27\/xi+p2))
. <(xc xA) xB\/a:Der 7mD\/mB+p +(zp— xB)(xc\/xA+p f:rA\/xc+p2))

(zc—za) \/xD-Irp —\/;I:B—I—p (zp—zB) \/xc+p2—\/x +p?)
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*(Q(((Zc—mA)\/mQB-l-p +(@p—xc)\/ 24 +p?)\/2H+p*+(@p—2B)\/ (#4+p?) (2Z4p?)+(za—2zD) (m%+p2)(r25+p2)))
p((@B—24)(/25H+p2 /22 +p?) —(xp—20) (/2% +p>— /24 +D?))
(mB IA xC\/:ED+p 7ID\/$C+I) )+ Tp— xc xB\/xAer *IA\/JL"B+P2) Q(xB\/xc+p2+xC\/IQB+p2)
_( 2 2 2 12 )( (rp+zc) )
(zB—24)(\/2h+P2—\/22+D*)—(2p—20) (\/Th+P>—\ /2% +P?) P c
=0so F,F,G, and H are indeed collinear.

2. The line passing through E and [ is given by the equation
=y + (L= (g — ).

TE—XI

The line passing through 7 and K is given by the equation
y=yr+ (B (@ — ).

T—X]
We subtract one from the other and we get

yr+ (G @ — ) = (yr + (5= (@ — )

TE—T] TK—XJ
(M _ M) + x(u _ M) — 0 Since we Calculate

= T —T] TEp—Tr TE—T] TEp—Tr
(yx —y)(xe — 1) — (yp — yr)(xx — 1)
_ ((Q(QJDTA Vr5+p2 402 /ah+p?—zpap \/wi+p2—p2\/w,24+p2))
p@p(ma—z5)+(\/25+p2—/2% +p?)\ /2% +p?)
B (q(vawC\/xQD+p2+p2\/:E%erLa:BxD\/x%erLPQ\/I%ﬂJZ) )
pes(@c—zp)+(\/75+p2—\/22+p)\ /24 +p?)
“ (((xc zA) mB\/a:Der 7mD\/xB+p2)+(mD mB)(azc\/xA+p fo\/m +p2))
(zo—za)(\/2H+p2 /2% +p?)—(p—28) (/22 +P>— /24 +p?)
- (pQ(wc zp)+rpy/ (@4+p?) (22 +p2)—zcy/ (2% +p?) (22 +p? )))
zp(xp—r0)+y/ (25+p2) (2L +p2) — /(2% +p?) (z3 +?)
(( a((zp—za)\/2E+p*+(o—ap)\/23+p?)\/2h+p*+(zp—2c)\/ (25 +p?) (25 +p*)+(za—2D) (w%+p2)(w%+p2)))
p((wo—za)(\/ah+p2—/2h+p?)—(@p—2B)(\/2Z+DP>—/2%+D?))
B (q(xBxC\/wZD+p2+p2\/:r%erLwaD\/w%+p27p2\/$%+p2) )
pes(zc—zp)+(y/25+p2—/22+p)\ /24 +p?)
* ( pA(ra—zp)+rpy/(2354p?) (2% +p?)—z A/ (¢} +P?) (2} +P?) )
zp(zp—2a)+y/ (@5 +p2) (24 +p2) -/ (23+p?) (x}+p?)
_ p2(f‘C_f‘?D)”D\/(IQB+P2)($2C+P2)—IC\/(IQB+p2)(x%+p2))) =0so I, I, and K are indeed
zp(xp—r0)+y/ (2%+p2) (2% +p2) -/ (2% +p?) (23, +D?)
collinear.

3. The line passing through E and J is given by the equation
y=ys+ (L) (x — ).

TE—TJ

The line passing through J and L is given by the equation
y=ys+ (L) (z — z)).

X —x g
We subtract one from the other and we get

o+ (G — ) = (o + (5=05) (@ — )

TEp—Tj rr—xg

=g (LY — YEULY (LU YETYT) — () since we calculate
T —Tg TE—XJ T —xJ TE—ZJ

(e —y)(@e —x5) = (e — ys)(xL — 24)
_ ((q(wch\/xZ’DerQerz\/x2D+p27mAzD\/x%+pr2\/x?;erQ))
p@a(zo—zp)+(y/a%+p2— /23 +p2) /2% +0%)
_ (q(xcch V2% +02+p? /2L +p2 —zcT /7% +0%—p?\ /T4 +p?) )
pac(@a—zp)+(\/ 2% +p2— /24 +p?)\/ 22 +p?)
« (((wc—wA)(mB\/$2D+p2—wD\/wB+P2)+($D zp)(zcr/% +p° —»"CA\/&EQC-FPZ))
(zo—za)(\/7H+P? /2] +P?)—(p—2B) (/22 +P> —/4+p?)
. (PQ(wA—mB)-FZB\/(ﬂCQc'FP ) (2% +p%)—za4/( mc+P2)($B+P2)))
zo(zp—2a)+y/ (@5 +0%) @4 +p?) —/ (@Z+p?) (25 +p7)
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(( q((xp—za)\/2E+p*+(xc—2R)\/ 25 +p?)\/2h+p*+(ep—2c)\/ (25 +p?) (% +p?)+(za—2D) (w%+p2)(z%+p2)))
p((we—za)(/ah+p2—\/2%+0%) —(wp—28) (/2L +p>— /24 +D?))
_ (Q(ﬂchA\/x23+p2+p2\/9623+p2*90013\/$Z+P2*p2\/w,24+102)))
pec(@a—z8)+(\/a5+p2—/24+p2)\/22+p?)
« ( p*(zc—zp)+zpy/ (2% +p? )(x%+p2)—1‘c\/(wi+p2)(w%+p2))
za(@p—z0)+y/ (@3 +0?) (@E+p?)—/ (€4 +p?) (@ +p?)
_ (Pleazzr)tany/ @ wh ) —ea @it EE ) g oo BT and I are indeed
zo(zp—wa)+y/ (@L4p?) (2% +p2) —/ (2% +p?) (2% +p?)
collinear.

4. The line passing through G and M is given by the equation
y=yum + (E=L0)(z — zu).

The line passing through M and N is given by the equation

Y = yar + (L0 (@ — ).

We subtract one from the other and we get

yu + (P20 (2 — ovr) — (ym + (=08 ) (2 — o))

= gy (LML  YGTUM ) 4 p(UNZUM _ JGUM ) — () gince we calculate
TN—TM TG—TM TN—TM TG—TM

(yv —ym) (e — 2m) — (Yo — ym) (TN — Tar)

- ((Q(mB\/ m%)ﬂLpQJFxD\/ 3323+p2)) o (q(xA\/$%+P2+xC\/fE?4+P2) ))

- p(zp+rp) p(ratzc)

*(( (xp—zA)(zo\/T%H+P>—TDN\/ 22 +p?)+(zp—2C) (2B \/xi—i—pQ—xA\/xQB-ﬁ-pQ) )_ ( zazc—pP+ (2% 4+p?) (=L +p?) ))

(zp—24)(\/7H+p?—/22+4p?)—(zp—20)(\/25+P2— /7% +p?) Tatzo
_((q<((wc—wA)\/a:%+p2+(a:3—wc)\/wi+p2)\/ac%+p2+(wp—w3)\/(wi+p2)(w%+p2)+(m—xp)\/(w%+p2)(w%+p2)))
p((es—24)(\/2%+p>—/225+p?)—(zp—20) (\/ 2% +p?— /2% +P?))

_(Q(:EA\/l‘QC-FpQ—HEC\/ZDi-FpQ) ))*«meD—pQ—&- (wZB+P2)($2D+P2))_(rArc—pQ—i- (zi+p2)(z%+p2)))
p(xa+tzc) zp+Tp za+zo

=0so G, M, and N are indeed collinear.

5. The line passing through F and O is given by the equation
y =yo + (1=22)(z — zo).

The line passing through O and P is given by the equation
Y= Yo + (yP*yo)(x _ xO)-

We subtractpgn% from the other and we get

Yo + (£=22)(z — o) — (yo + (££=22)(z — 7o)

= so( 428 — 2ot 4 a(mmae — fioe) —

since we calculate

(yp —yo)(xe — z0) — (Y — yo)(xp — 20)

- ((Q(xC\/ I%+p2+wp V 1%+P2)) o (Q(IA\/IQBJFPQ+IB\/$?4+P2) ))

- p(zc+zp) p(ratzp)

*(( (wc—za) (/2% +P2—T DA /x23+p2)+(:cD—:cB)(acc\/:L‘i—&—pQ—xA\/x%-‘rpQ) )_(JJAIB—PZ'F (2% +p2) (2% +p?) ))

(ze—za)(\/2H+p2—\/25+p?)—(p—2B) (/22 +P>— /24 +P?) TAtTE
_((Q(((wB_wA)\/3320+P2+($C_CUB)\/33?4+p2)\/$%)+p2+(33D_37C)\/($?4+P2)($%+P2)+($A—JCD)\/($QB+P2)($QC+132)))
p((we—za)(/2hH+p2—/2%+0%) —(wp—2B) (/22 +p>— /24 +D?))

_(Q(IA\/$%+P2+ZB\/$?4+P2) >>*(($CZD—p2+ (120-"772)(172/34'172))_(mAms—pQ-‘r (ﬂci+p2)(fc25+p2) ))
p(ratxp) ) ) ro+Tp Ta+TR

=0so F,0O, and P are indeed collinear.

a((z—za)y/zhH+p*—(z—zp)/2%+p?)

6. Line AD is given by the equation y = pET—y

a((w=2c) /o] P~ (@—p)\ /22 +p?)

plep—zc)

Line BC' is given by the equation y =
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We see that if these intersect at point @), then @) has coordinates given by
(zp—wa) (/224D —20\/7%+4P2)+H(wc—B) (@D /24 +P2—w A /2% +p?)
(zp—za)(\/224P2—\/2%+p2)—(xc—2B) (/2% +P2—/2% +D?)

_ q(((p—za)\/2H+p*+(xp—2B)\/2%+p?)\/2e+D?+ (20 —2D)/ (2% +p?) (2% +p?)+ (x4 —20)/ (85 4+D?) (23, +p?))
yo = P(@p—24) (/T 17—/ 19— (wc—28) (/55 17 /7 77) '
We verify that Q lies on line I.J since
(q(wszc V23 +p2+p? /2% +p>—zprpy/ 22 +p>—p?\ /2L +D?) )

p(@B(zc—2p)+(\/2h+p2— /22 +P?)\/2%5+D?)
X (((a:Dfa:A)(zB\/a:Zchprxc\/x23+p2)+(mcfwB xD\/zi+p2fo\/x2D+p2))
(zp—a)(\/224P>—/7%+D?)— (o —28)(\/73+P>— /2% +P?)
_ (pQ(wc—wD)ﬂD\/(xQB+p2)(xc+p —xC\/(wB+p2)(xD+p2)))
zp(zp—z0)+y/ (@4 +0?) (22 +0%) -/ (2% +p?) (23, +p?)

(q(zcmA\/z23+p2+p2\/123+p2fzcz3\/z%ﬂ??*pz 1?4+P2)) (Q(szc\/ %+p2+p2\/ %+P2*IBID\/ 2CJrPQﬂDQ\/ 2+p2))

TQ = and

( p(zc(zA—zB)-&-(\/zzBﬂr?— :v?4+p2)\/1%+p2) p(zp(zc— zD)+(\/ +p2—\/ 2+p2)\/ @2 +p?) )
P2ea-ep)tepgy/ @302 04 +p0) -4/ @E 4P @h+p?) | p2@o—zp)tepy/@h 2 0L +ph)—eon/ (0] +p2) (@ +p2)
sc(ep—oa)+y/ @392 @4 +p2)— /(@3 +92) (2% +p2) ep(@p-20)+y/ (@} +p2) @2 +p2)— /(0 +9%) (% +5)

(q(((:vB—xA)\/r%+p2+(xp—x3)\/w?4+p2)\/x%+p2+(wc—xp)\/ (@4 4+p?) (x5 +p?)+(za—zc)\/ (@5 +D?) (5 +p?)) ) _

p((@p—za)(\/25+p>—/2%+p?) —(z0—28)(/2h +p*— /2% +p?))

0.
We verify that () lies on line K L since
(q(xD:cA Vr54p2 402 /ah+p? —zpr sy /a4 +p2—p?\ /2% +p?) )

p(@p(@a—zp)+(\/25+p2—/2% +p2) /2% +p?)
4 (((zD—mA zB\/zC—I—p —a:c\/332B+p2)+(mc—a:B)(zD\/z124+p2—z,4\/a:ZD—l—pQ))

(zp—2a) (/224D —\/25+4P?)—(wc—2B) (/2% +p2— /2% +p?)

B (pz(fofrBHwB V (@%+p?) (2% +p%) —z A/ (2% +p%) (z3,+p?) )

zp(zp—2a)+y/ (@5 +p2) (% +0%)—/ (2% +p2) (25 +p?)

Q(zAzC\/ D+p2+p2\/ 2 4p —zAzD\/ Tz +p —pQ\/ 2+4p?) (q(zDzA\/ B+p2+p2\/ x%+p _IDZB\/F_ZD m)
( pleg(ezc— arD)+(\/ 2+p2—\/ 2+p2)\/ 2+r2) plep(zs— mB)+(\/ 2-H?Q—\/ 2+p2)\/ 2 +p2) )_
p2(@g—sp)tepy/ (@4 +p2) g +p2) o0/ @4 +p2)h+p2)  pP@a—ap)tepy/ @ +pD) @] +p2)-a a4/ (h +p2) (2h+p2)
s a@p—2c)+y/ (@4 +02) @2 +p2) =/ (% +92) (2D +p?) - aplep-va)ty/ (@D +p2) @4 +p2)—/ (@} +p2) (2% +p?)

(Q(((IB*‘TA)\/"L"ZDJFPZWL(ZD*ZB)\/x?qJFPZ)\/9520+P2+($C*$D)\/(9”,24+p2)(123+P2)+($A*$C) (m%+p2)(z%+p2))) _

P((@p—24)(\/22 402 —\/2%+P*) (w0 —2B) (/2H+p>—/2% +P?))

0.
We verify that @ lies on line GM N since

q(zB\/IQD+p2+zD\/z%+p2) )_(LI(IA\/ C+P2+IC\/ A+P2))
)
( zp+ep )= zptzc )

(q(xA\/IQC+p2+xC\/x?4+p2))+(((ID*IA)(CEB\/IQC+p27mc\/I23+p2)+(mc*$3)(xp\/xi+p27x,4\/m2D+p2))_
plratzc) (a:D—xA)(\/xQC—i-pQ—\/ﬁB—I—p (xc—zB) \/xD-i-p —\/xi-"—pz)
(an?C_pQ'F (wi+p2)(z%+p2) ( plzp+zp) p(zp+zc)
TAtZC szD7p2+\/(zzB+p2)(Z%+p2) (IATC*P2+\/(Z§1+F2)(Z%+P2)
_(Q((($3_$A)\/$%+Z’2+(~TD_xB)\/5172A+p2)\/$20+p2+(33c_$D) (aci,+p2)(w23+p2)+(w,4—wc)\/(w23+p2)(w2,3+p2)))
p((@p—24)(\/22+P2—\/2%+0%) —(wc—2B)(\/2h+p>— /24 +D?))

= 0.
We verify that @) lies on line FOP since

(Q(””A\/m23+p2+m3\/$?4+1’2))+(((wD—wA)(IB\/l%-i—pQ—xc\/:BZB+P2)+(20—£B)(ID\/1,244—172—96,4\/$2D+p2))_
plzatep) (zp—24)(\/2Z2+P2— /2% +p?)—(zc—25) (/23 +P2— /2% +D?)

onn ST (N TD e ) atea/oh it e[
( ATB—DP ATP BTP p(zoc+xp) p(ratzp) )

TA+TTB (zczD—p2+\/(fv%+p2)(12D+p2))_(ZAZB—p2+\/(z?4+p2)(IQB+p2))

rc+zp zatTp

_(q(((xB—xA)\/w%+p2+(azp—x3)\/xi+p2)\/:czc+p2+(xc—xp) (2% +p?) (@B +p?) +(xa—20) (w23+p2)(w%+p2)))
p((@p—24)(\/22+P2—/2%+0?) —(wc—2B) (/25 +p>— /24 +D?))
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= 0 as desired.

We notice that if we’re considering the second hyperbola mirrored by the first,
then the above propositions will still hold because if any of the signs of the y
values of A, B, C', or D are switched, then the above calculations will still hold.

FIGURE 1. When the conic section is a circle, E, F, G, and H are
collinear, the triples of points (E,I,K),(E,J, L), (G, M, N), and
(E,O, P) are each collinear, and lines AD, BC, IJ, KL, GMN,
and FOP are concurrent at point Q).
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FIGURE 2.  When the conic section is a parabola, E, F,G, and
H are collinear, the triples of points (F, I, K), (E, J, L), (G, M, N),
and (F, O, P) are each collinear, and lines AD, BC, IJ, KL, GMN,
and FOP are concurrent at point ).
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D

FIGURE 3. When the conic section is a hyperbola, F, F, G, and
H are collinear, the triples of points (F, I, K), (F, J, L), (G, M, N),
and (E, O, P) are each collinear, and lines AD, BC, IJ, KL, GMN,
and FOP are concurrent at point Q).
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