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1. INTRODUCTION

In [1], we justified several claims regarding the six circumcenters formed by a
triangle vertex, the cevian point, and the circumcevian triangle. Specifically, they
all lie on a conic. Here, we will justify a generalization of this conic.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let D be a point in the plane, not on a triangle side.

Let E be a point on line AD.

Let F' be the point on line BD such that BF : DF = AE : DE.
Let G be the point on line C'D such that CG : DG = AE : DE.
Let line C'D intersect circle EFG at H.

Let line BD intersect circle EFG at I.

Let line AD intersect circle EFG at J.

Let K be the circumcenter of A, D, and I.

Let L be the circumcenter of A, D, and H.

Let M be the circumcenter of C, D, and I.

Let N be the circumcenter of C, D, and J.

Let O be the circumcenter of B, D, and H.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

437


http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953

438 GENERALIZATION OF THE ELLIPSE FORMED BY S1X CIRCUMCENTERS OF A TRIANGLE VERTEX, THE CEVIAN POINT, AND THE

Let P be the circumcenter of B, D, and J.
Then K,L,M,N,O, and P lie on a conic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp,yp).
E has coordinates (xE,:cE *xYp/Tp).

F has coordinates ((xp + zg * (xp — 1))/xp, 2 * yp/xp).

G has coordinates (((zp — z¢) * g)/xp + zc, (T *yp + (xp — TE) * Yc) /D).
Circle FF G is given by the equation

(x — (((zp — 1) %z +xp)/zp +7E)/2)* + (y — (2% g *yo * yp + (xp — TR) *
ye + (vc —at) xxp + (3¢ — vc) *2p) /(2% xp x yc))?* — (v — (((zp — 1) *zp +
xp)/xp+rE)/2)* +(xp*yp/rp — (2% rE*yo*yp + (xp —wp) * Y& + (o — 12 *
g+ (25 —xc) *xp)/(2*xxp * yo))?) = 0.

H has coordinates
((xp—zc)*TRp+re*TD)*Yc*Yh — (Tp*Tp* Y —To*Tp* Yo+ Th*x Y2 +To* T p*
Y2 TL KT DH T —To* TP T — Ta kT p+Tak Ty — T % T +To*Th+ T *Tp — Th*
Tp)*yp+rh*xys+xp*(xp—xc)* ((xp—1)*xxp— (rc—1)*2p) *xyc)/(Tp * yo *
((yp—yc)*+(xp—20)?)), (Tpxyc*xyh — 2xrpxyd+ri*rp—ro*Tp—T5*Tp+
ToxTp)*Yh+yc* (Tpxyt+Th* T —Tp*Tp+Th*Tp—To*Tp— 2% To*x T+ a9+
zo*xp)*yp— (xp—1D)*xp*(xg—xp)*yd)/(xp*yc* ((yp —yc)*+ (xp —x0)?))).
I has coordinates
((xp—1)*xxp+xp)*xycxyh — (xp— 1) x (g —xp) * (Y2 + (xc — 1) *xxc) *yp +
(zp—1)*xxp*xp*yc)/(@p*yc*(yh+(@p—1)%)), (yp* (TEp*ycxyh — (vp—xp) *
(Y2 +(zc—1)*xzc)*yp+(zp—1)*zp*(vp—1)*yc))/(wp*yc*(yp + (p—1)%))).
J has coordinates

(zp*ycxysh — (xp—xp) * (Y2 + (xc — 1) *xxc) *yp +xp* ((xp — 1) xxp + xp) *
yo)/ e = (yp + 1)), (yp * (x * ye *yp — (vp — p) * (Y& + (vc — 1) * xc) * yp +
zp * ((xp — 1) * x5 + xp) * yc))/(xp * ye * (yp + B))).

K has coordinates

(—(zp*xyc*xyh — (g —xp) * (Y& + (xc — 1) xxc) *yp + xp * ((xp — 1) x x5 —
ap)*yc)/(2xxp*yc),(xp+1)*yp)/2+ ((xp — 1) *xp*xp)/(2%yp) — ((xp —
vp) # (4 + (e — 1) * 20)/ (2 4 yc)).
L has coordinates

(—(zp*yc *yh + (—zp *x Y& + (vc — %) * 2p + (2% — z¢) * xp) * y% + ((z% —
zp)xxp+ (1 —2%x0) *x%) *yo * yp + x4 * y2) /(2% xp * yo * (xc * yp — Tp *
ye)), ((zp +zc) *yo*yp + (=25 —p) *y¢ + (vc — ) * xp + (¢ — x0) *Tp) *
yp + (2% —xp) *xxp + (1 —xzo) * %) * yo) /(2 x yo * (xo * yp — Tp *x yc)))-

M has coordinates

(zp*yc*xyh + (—2*xxp*xyi + (vc —2%) *xxp+ (2% —xc) *xp) * Y5 + (xp * Yo +
(2% —zp+ai —xc)x2p— 05 +x0*2p) *yc) *yp + ((xp —2%) x g — 13 + %) *
y&)/2*xp*yc*((wec—1)*yp+(1—ap)*yc)), —((rp—zc) *z5—(xc —1)*2p)*
yoxyh—(zp—zc)*(xp—xp)* (Y2 +(xc —1)*xzc)xyp+ (xp — 1) *xxp*yd + (xp —
Dxazp*(xp—xc)*(xp—xc)*yc)/2*xxpxyc* (o —1)xyp — (xp — 1) xyc))).
N has coordinates

(zg*yc *yp + (—2% g *y2 + (¢ — 22) xxp + (22 — xc) * xp) * y% + (vp *
ve + ((#%h —xzp + 24 —x0) *xp + 25 + o * xp) xyc) * yp + ((xp — %) x g —

35?1’) - 37?3) *y%)/(2 *xp*yo* (xo*xyp —rp*yc)), —(((xp —x¢) * 15 — T *TD) *
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Yo b — (p — w0) % (25 — ap) * (42 + (20 — 1) % 20) * Yp + 7 %y + 2 * (1 —
xo)* ((xp — 1) xxg — (xc— 1) xxp) *yo)/(2xxp x yo * (xc * yp — xp * yYc))).
O has coordinates

(—(zp xyo *yh + (—xp *y& + (v¢ — %) * 2 + (22 — z0) * xp) * y% + (2% —
rp)*xp+ (1 —2xxc)* x5 +2p) *yc*xyp + (% —xp) *y2)/(2*xp xyo * ((xc —
Dxyp+ (1 —zp)*yc)), ((xp — 1) xxp + (¢ — 1) xxp) xyc xy3 — (xp — 1) *
(rp*xyd +ap*yd + 2t xxp —xo*xxp — x5 *Tp+To*xp) *yp + (xp — 1) x
Ip * (.Z'E - .Tc) * yc)/<2 *Tp * Yo * ((Z‘C — 1) *Yp — (ID — ].) * yc)))

P has coordinates

((zg * yo * yp — (xp — xp) * (Y& + (vc — 1) * xc) xyp + xp * ((xp — 1) * x5 +
xp +1)xyc)/(2*xp xyc), —(((zp — 1) * 25 — xp) * yp)/(2* zp) — ((zp —1)* *
25)/ (2% yp) + (3p — 1) * (25 — 2p) + (4 + (0 — 1) + 2))/ (2 * 2 * yc).

We verify that K, L, M, N, O, and P lie on the same conic since we substitute the
above values into the following matrix to calculate that

% Yy Tk *Yk Tk Yk 1]
3 yi xpxyp, xp yr 1
det 3 v Tv*kym rm o ym 1| 0
2 2 ok x 1 —
N Yn N * YN N YN
3 vy wo*xyo To yo 1
L2 yp xpxyp xp yp 1l

as desired.
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FiGurge 1. Illustration.
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