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1. INTRODUCTION

Take an edge of a triangle and trace out that length on the other two sides. If
this is done in a certain way, for all the sides, then the existence of a number of
deducible figures can be demonstrated in the construction.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with Z/CAB = ZCAFE, such that AE = AC'.
Let F' be the point on line BC, with /CBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with /ZCBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that CI = BC.
Let J be the midpoint of E and G.

Let K be the midpoint of D and I.

Let L be the midpoint of F and H.

Let M be the circumcenter of A, G, and I.

Let N be the circumcenter of C, D, and F'.

Let O be the circumcenter of B, E, and H.
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Let Q) be the midpoint of D and F.

Let R be the midpoint of G and I.

Let S be the midpoint of £ and H.

Let circles ABC and AGI intersect at T.

Let circles ABC and CDF intersect at U.

Let circles ABC and BEH intersect at V.

Then,

1. J, K, and L form the intouch triangle,

2. Lines DF,EH, and GI are parallel,

3. Circles AGI,CDF, and BEH are congruent,

4. Lines AM, BO, and CN are concurrent at X (104) which lies on the circum-
circle of ABC,

5 M,R, and T are collinear, N,(Q, and U are collinear, and O, S, and V are
collinear, and

6. Lines MRT, NQU, and OSV are parallel.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C has coordinates :z;c,yc)

D has coordinates

yc )
xc+yc \/zc+yc

(1,
(
(7
E has coordinates (/2% + y2,0).
(
(

Fh dinat zc—1 1 Yyc
as coordinates Jao1? + ; \/(fo1)2+1120)
1—

\/(QZC — 1) + y%, O)
T * X 2 xz 2
+ T s (1 - )
(xC_1)2+yC ($C—1)2+yc

($c—1)2+y%> «(1— V(e—1)2 4y )

JaE Y Vo
J has coordinates ((1 — v/(zc — 1)2 + y2 + /2% + y2)/2,0).
c(+y/22+y2—/(@c—1)2+y2) ye(+y/22+y2—/(zc—1) 2+yc))

2*\/x%+y% ’ 2*\/xc+yc
. xcfl+(1fxc)*\/m%+y% Yo . vV x%er%

L has coordinates ((1+zc+ Joo )/2, (\/(xc_l)ery% +yc(1 ToeE ))/2).

. ro—a2—y2+(—zo+r/z2+y2)*(/ (zc—1)2+y2)
M has coordinates ((1—+/(z¢ — 1)2 + y2)/2, — e e —=¢ \/2;; TAMALE ey,

( /o +y2 —/(ec—1)2+92  (@c—)x\/ad+yd —zox(mc—1+y/(zc—1)*+y2) v )
2 ) :

G has coordinates

H has coordinates (z¢

I has coordinates (z¢ * (1 —

K has coordinates (Z

N has coordinates

2yc
. ro—z2—y2+(/r2+y2)*(xo—1++/(xc—1)2+y2)
O has coordinates ((1+ /2% + y2)/2, —<—rc=¥c = yCQyC < < ey,
Q has coordinates ((—2c— 4+ ——2c=1___ 1 1)/2,( + yc )/2) .

. \/xzc+yzc \/(730_1)24‘1/2 \/ c+ 2 \/(Z‘c—l)z—i-y%
R has coordinates

(0= Ve = TP 408 e« (1= Z00) /2, (e (1= 0 1)

2 2
Sh dinat 2 2 (=ze)V/@etY5y 19 1__VEetve 92).
as coordinates ((\/2¢ + ye+xc+ (o= P02 )/2, (yox( \/m))/ )

1. We verify that J, K, and L respectively lie on lines AB, AC, and BC' since we

calculate that
zo(1+4/22+y2 —/(wc—1)2+y2) vo yo(1+y/22+y2—/(c—1)2+y2)
( ) x (42) — =0,
2*\/xo+yc 2o} 2*\/z%+y%
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ys; =0, and
/22 22 /22 22
1 zo—1+(1-zc)* TeHYo 21 yc \__ yc 1_JJC—+yC 2) =
(( +ro+ V(@o—1)2+y2, )/ )*(zc_l) ((\/(wc—1)2+y%+yo< \/m))/ )
0

The incircle of A, B, and C' is given by the equation
( ro+/ atQC—l—y%

— 2 _ yc 2_ yc 2\
. 1+\/z%+y2c+\/(mc—1)2+y2c)+(y 1+\/z%+y%+\/(zc—1)2+y%> ((1+\/x2c+y%+\/(wc—1)2+yé>)

We then verify that J, K, and L lie on the incircle since we calculate that

(1= /(e — 12 T 42+ Vah 4 48)/2 — — iV Tete )2

Iy/224y2+4/ (mc—1)2 402

- yo 2 _ yc 2y _

+ (0 1*\/3320+y%+\/(930*1)2+y%) ((1+\/m%+y%+\/(x071)2+y%> ) 0,
(PR V) e EIE o vt/ o)
2*\/x2c+y% 1+\/x20+y%+\/(xc_1)2+y% 2*\/xzc+y%

yc )2 _ (( Yo )2) _
R A R PV SRV e |
and

2 2 2 2
1 zo—l+(1-z0)*/25+ys 9 _ rotyvzetye 2 el
(1 + e+ V(@e—1)2+y2 )/ 1+\/x20+yé+\/(x071)2+y20) + ((\/(xc%)“ryé +

2_;’_ 2
yo(1-—=L=)) /2— —C — )~ (=X~ —)%) =
(zc—1) +Y& 1+\/xc+yc+\/(xc_1) +Y& 1+\/Z‘C+yc+\/(l‘c—1) +Y&
vo vo
2 1.2 12142
2. The slope of line DF is Y2=YE — \/z ce \/<zc_11) e
Tp—TF C C

\/wzc-&-y% - \/(:vc—l)z-!—y%
i +y2
—(yc*(l—%
: ‘'« YE—YH V (Ec—D2+vE
The slope of line FH is = .
TETEH 2.2 (l_xc)*\/“%”%
T~ (oo+ STk,
(xc—1) +yC
£\ (@e—1)2+4y2
70))

—(yox(1- -
. . _ 02,1 y2
The slope of line G1 is 4¢=4L — ctvo
re—rr 5T 3 \/(10*1)2+y20
1—4/(zc—1) ‘HJC*(IC*(l*ﬁ))
: . \Yatenste]
We then verify that all these slopes are the same since we calculate that
[22 102
Yo _( le] ) —(yc*(l—%))
\/9“20"'9%‘ \/(wc—1)2+y% _ ( \/m ) —0
o 7( IC*I +1) (1—ze)n — +y2 =
\/zzc,+y% \/(10_1)2+y% \ /1204-2,%—(3304—#2020)
V @Ec—D +yg
and
AVACICRREER Y
yc 7( yc ) 7(yc*(1770))
itk oo PR NCETE -

zo—1 )

el —( +1 \/(chl)z+y%
Ver+vz /o124 1/ (zc—1)?4yg —(zox(1- Y—m—" /m))

3. Circle ABC' is given by the equation

(.T . l)2 + ( _zo(zo—D+y )2 . (l + (rc(mc—l)-&-y%)Q) -0
2 2y 4 2y ’
Circle AGI is given b§ the equation ‘

ro—a2—y2+(—zo+r/x2+y2)*(/ (zc—1)2+y2)
(1—((1—/(wc — 1 + 42) /2))P+(y— (— Ze=emirre iy e e e ee DT0e) 2
ro—aZ—y2+(—x T * To—
(1 = Vloc = 17+ 2)/2)? — (- 2eirCoet i nt e i)y

2yc

Circle CDF is given by the equation
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r— (l—l—\/zc-i-yc \/(10—1)2+y%))2+(/y—<_(l‘c—l)*‘/:E%—I—y%’—mc*(mc—l-'r\/(xc—l)z‘i‘y%)—y%))z_

2 2yc

14+4/22+y2 —+/ (xc—1)2+y2 (zc—1)x\/224y2 —xc*(xc—1++/(xc—1)2+y2 ) —y2
(xc ( \/c c ;/ c c>)2+(yc_(_ c cTYc—*c 2; c c c>>2)f

(
0.
Circle BEH is given by the equation

(&= (L+ Va2 +y2)/2)) + —(—wc—%—y%+<w%Tyé2>y*c<xc—1+ G R e
(1—((1+ \/m )/2))2 — (== ad— yc+(\/arCTyc2ytgzc 14/ (o—1)2+y c))z o

T has coordinates ( m yet(ze-1) éz§+m))

U has coordinates (1/2, xc*(wc D+y2+(y/ 78 +v2)+(/ (ze—1) +yc))

2yc

1+\/ (Ic_l) +yc yC/Q . xC*(l_xCJ"V (xc— 1)2+yc))

V' has coordinates ( 5 e

We verify that circles AGI and CDF are congruent since we calculate that

(n —20)* + (yn —yc)* — o3 — yis

— (( LHy/22 92—/ (wc—1)* 442 )—a0) 2 (— (ze—D)*/a+yg—rcx(@c—1+y/(ec—1)2+y2) -y

2 2yo

ro—a2,—y2+(—zo+\/r2+y2)*(/ (zc—1)2+y2)
o) = (1= /(e = 17+ 42) 2)? — (- =eobtlaet i /e )

2yc
0 and we calculate that circles AGI and BEH are congruent since we have that

(xo —1)* +yd — 2% — yis

vo—at—y2+(\/ 2L +yL)* (e —1+4/(xc—1)2+y2)
(14 /o 42)/2) — 1)+ (- et o o fGe b (-

2yc

Ve - DP T )/ - <—”*’”20*y3“*”” eEhly o DBl _ g

2yc

4. Line AM is given by the equation
so—og—vg+(—octy/oE+u2)x(y/ (2o -D2+v3)
— UMY\ — _ 2yc
=x* (LL) =1« :
() ( (1=y/(zc—1)2+u¢)/2 )
Line BO is given by the equation
vo—re—vgt(\/ o tug)x(@c—1+4/(@c—1)2+y2)

_ _ _Yo |\ _ _ _ 2yc

_ (z—1)%4 /z%«ky%fzc*(chle‘ / (chl)2+y%)fy%
= yot(z—zc)*(L2) = yot(z—zc)*( N

IN—TC 1+\/z%+y%7\/(zc*1)2+y%
—z
2

Consider the point P which is X (104) whose coordinates are given by
vo—rg—vgt+(\/ o2 +v2)x(ec—14+4/(@c—D2+y2)
- o
( (44 /22+v3)/2-1 )
2o-23-v2+(/23+u2)x@o -1+ (eo-1)2+u2) sg—ad—ud+(eot/[oE i) (/oo -1 +i)

( Zve )—(( Vo )
(144/2Z+v2) /21 (1-y/(zc-12+v2)/2

Line C'N is given by the equation

—Yc

(

)

ro-ad ot Croty /i) (o P hE)  ro-sdoid (/iR e 14/ G 1)
(- = y(— = )
(1—y/(ec—1)2+42)/2 (+4/22+92)/2-1 )

ao=23-13+ (/oL H2)x@o-1+/(eo-1+d)  wo—el Rt (—aoty/rEH2)x(/(ec-D242) T
- 2yo _( 2y¢o )

(1+\/x%+y%)/271 (17\/(x0*1)2+y%~)/2
We verify that P lies on lines AM, BO, and C'N since we respectively calculate
that
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vo =t —vE+( /2 +d)* (o144 (eo - D2 Hud)

( Zvo )
( (1+4/e2+v2)/2-1 r
IC*IQnyQCJr(\/z%erQC)*(zc71+\/(zc71>2+yé) zc71%71/%4’(710+\/z%+y%)*(\/(chl)2+y%)
(- 2 )—((~ g )

(1442 +v2)/2-1 (1-+/G@o-1)2+42) /2
o —af—vg+(—roty/oE 130/ (ac—D2+y2)
(- )
(1=+/(zc—1)2+y2)/2

ro-sdovdtroty/rB ) (o PHE)  ro-stovd (/iR o1t/ oD 1)
( B 2yc )*( B 2y )
( (1—\/(10—1)2+y%)/2 (1+\/x20+y%,)/2—1 ) -
ro Bt o1 o DI ok Vot /BB o D)
_ 2yc _(7 2uC )
(1+\/x2c,+y%,)/2—1 (17\/(QC*1)2+y%)/2
0,
so—vg—vo+(y/ o2 +vE)r(ac—1+4/(ac—12+y2)
(- 2ve )
( (1+4/c2+v2)/2-1
0=t vt/ gt rae 14y (so D2 HuE) vo—ag—vEt (ot Tatig) (/ (eo D2 +d)
(- 2C )—(— 2iTe] )

(1+\/z§;+y%>/271 (17\/(zc*1)2+y20)/2

_chz%,fy%d»(\ /z%#»y%)*(chle (1C71)2+y%)

1) * e
) ( (1+4/22+y2)/2-1 )
ro-sd vt Croty/rB ) (/o PRE)  re-stovdt (/iR rE o1t/ G 1)
(_ 2y )*(_ 2yC )
( (1-/(eo-1)2+12)/2 (1+4/o% +v2)/2-1 )=
Ic*ﬂ%fy%Jr(\/z%erQc)*(chlJr\/(zc71>2+y20) zc71207y%+(7zc+\/1;20+y%)*(\/(zc71)2+y%)
_ 2yc _(_ 2yc )
(/22 +2) /21 (1-y/(ec-12+y2)/2
0,
and
eo—2g—vg+(\/oi+y2) s —1+/ (ec—1)2+v2)
- g )
+( (1+\/z2c+y%,)/2—1
c
4 zC71%*9%7%\/1%#»21%)*(10*1+\/(EC*1)2+9%) zc71%7y%+(7zc+\/z%+y%)*(\/(zc71)2+y%,)
(- = )—((— 2o ))
(/o3 +v2)/2-1 (1-+/(o-1)2+33) /2
(Ic—l)*\/z%-&-y%—zc*(mc—l-&-\/(20—1)2+y20)—y%
ze) * (- —)
1+\/z%+y%7\/(1071)2+y%
2 —Ic
ro—eg vt (aoty/agig)r(y/ (se D2 4+ug) eo—rg—vg+(\/ a2 +y2)r(ao =144/ (@c =12 +y2)

(- e )e(— EI )
—( (1-4/(ec-1)2+y2)/2 (1+4/o%+2)/2-1 ) =
so—ad—vE+(/ ol tuR)wo-1+/(ec-D2+12)  so—ad -y +(octy/a2 413/ (e 12 +v)

_ 2yc 7(_ 2yc )
W+y/og i) 21 (1—y/(@c—1D2+42)/2

0

We also verify that P lies on the circumcircle of ABC' since we calculate that

eo—wg—vEt /e tug)r@o 144/ (ec D2 4v3)

( bo )
( (1+4/c2+v2)/2-1
Cag=ed -+ (R )1ty eo-D?Hd)  ac—al-id+(ceoty/aE 2/ (eo—D?+4d)
( e )= (( e )

(14422 +y2) /21 (1-y/(zc-12+v2)/2



446 THREE CONGRUENT CIRCLES, SIX PARALLEL LINES, X(104), AND A NEW CONSTRUCTION OF THE INTOUCH TRIANGLE

Cmo-rp vt (roty/mE ) (/oD H2)  mo-mg v+ (/2L 2o 144/ (2012 41})

( =4 ) ( =2 )
L2y (1-y/(ec—1)2+y2)/2 (14422 +v2)/2-1 B
2 20 =23 13+ (\/eE H2)x@o-14//(eo-12+12)  wo—ed-vdt(aoty/eE 2/ (e -D2+u2)

- 2yc —( Eile] )

(144/2%+v2) /2-1 1=/ (g —1)2+y2)/2

zo(ze—1)+y2\2 1 zo(@o—1D+y2\2y _

5. Line M R is given by the equation

— zo—2—y2+(—zoty/ 22 +y2)x(\/ (zc—1)2+y2)
(st = (- 2o o B D)4 2

2 2 2 2 2 2
vo—22 -yt (ot /22 +y2)x(\/ (o —1)24y2,) V @o-1D2+y2
_ cvC Veetug)r/ Sy _((y *(1_70))/2)

2 ( e ‘ sg v
(- /Tec — D2 1 98)/2)( L)
(- (:cc—1>2+y?;>/2>—<(1—\/<xc—1>2+yg+xc*<1—ﬁf‘»/m
romve
We verify that T lies on line M R since we calculate that

ro—z2—y2+(—ro+r/rZ+yd)* ro—1)24y2 1=/ 22, +y2
(_ C—To—Yo (—zc \/2;; yc) (\/( c—1) yc))+( 20 yc—((l—\/(l‘c — 1)2 +yé)/2))*
(7 chz%7y%+(7zc+\/z20+y%)*(\/(zc71)2+y%) (e B (zo— +yc

( ik )~ ((yex(1 \/E >>/2>)_(y%+(xc_1)*(xc+\/m>)_
= 2 2 -
(1= —12+52)/2)~(1—/Go—1)Ptya+ac+(1 M))/m v
vV eZ+vg

y=ym+(x—zM)*

0.
Line N@ is given by the equation

2 2 2 2 2
o YN—YQ\ (zc—1)x/2¢+yg—zox(@c—1+4/(zc—1)2+y¢)—vé
y=yn+(@—an)(=2) = (= o )+ (z—
(_(wc—l)n /x%+y%—wc*(wc—1+\/(xc—1)2+y%)—y%)_(( vo . yo

2
(1+\/x2c+y%*\/($0*1)2+yé))*( e N \/(mcfl)zﬂl%‘)/

2 (1+\/x%+y%—2\/(:cc—l)2+y%)_(( ro—1 +1)/2)

\/ C‘H‘Jc \/(EC 1)2+y
We verify that U lies on line N@ since we calculate that

(_(xc—l)*\/$%+y20—$c*($c 1+4/(zc—1)2+y2)—y 2) (1/2 _ (1+\/z20+y20—2\/($c—1)2+y%)> N

(7(chl)>~q/ C+yC zox(zo—14+4/(zc— 2+yC) yC yo )/2)
e \/ o2 +v2, \/(zc 1)2+yc )
(Ve sl 4y
2 \/ C+yc \/(ZC 124+y2,
B (xc*(xc—1)+yé+(\/w2c+yé>*<\/<xc 1)?2 +yc>) —0

2yc
Line OS is given by the equation

zo—12,—y2 2 2 Vk(xo— ro— 2
¥ = yort(w—ro)x(Ho7ts) = (T EHETNIE NG TNV R (o —((1+

rTO—Ts 2yc
(- so—rE—vE+ (/2L +y2)x(zo—1+4/ (zc— 1)2+yc) Vo242, )/2)

—((yox(1- ———=)
2yo o 5
\/%%‘+y%)/2))*( m : \/ 2\+/y;c 1)2—+?JC )
/ —x)* x
We Verify that V lies on line OS since we calculate that

( vo—ad—y2+(/rL+yd)*(zc—1+4/(zc—1) +yc)> ( 900 1) +yc 1_|_ /22 _|_y /2 %
C C

2yc

eo—vg—vat(y/ 2L v (@c—1+4/ (ac—1)2+v2) \/ a2, +v2,
(= o )= ((yer(l-————=5))/2)
c V(@e-12+v2 )

(I—zc)* +y2
(1 /TET02) /2~ (Tt mo = \1/)2C+ )/2)
T y

(

(
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2

zox(l—zo+r/(xc—1)2+yE)
_(y0/2_ 2yc O):O'

6. The slope of line M RT is %

2 2 2 2 2 2 2 2
zo—vo—yot(—zoty/ratui)*(n/ (o —1)*+yE) \ (@c—1)%+y,
(-——=< \/250 o/ < )—((yc*u—i\/ﬁcn/z)
_ coty

S DTTE) /D)~ (1— oD o1 Y e Ve Py,

oG+
The slope of line NQU is i’g z‘;
_wo—Dxy/et vt —rorEo -1ty / (zc— 1>2+y%>*y%_ e )/2)
B 2yc \/ o2 vl \/(zc 1>2+y
R (/e e, ety

\/ C+yc \/(zc 124y2,
The slope of line OSV is Yo=¥s

TO—Tg
vo—ap—vi+(\/ g HuE)(@o -1+ / (zc— D2 +v2) VAiensle
- o )= (e (1-——=—=-))/2)
C (10—1)2+yc

—xo)* 22, +y2
(14++/22+y2)/2)— \/$o+yc+wc+#)/2)

(1(1—1)2-&-1%
We then verify that all these slopes are the same since we calculate that

2 .2 2 .2 2. .2 /
zo—zG—yot+t(—zoty/2Htye)*(n/ (zc—1)*+yZ) (xg—1)2+y?2
(= -t Vet = )—((yc*(l—ic) )/2)

2o ehale

(zo—1)2+y
(1=y/(zc=1)2+32)/2)—((1—+/ (o —1)2+y2 +2c*(1 M)/m
VeEEtvg
(ro—1ry/ o2 +yvE —ror(@o—1+4/(ec—1)2+v2) —vd - o
- Te —(—=+ — =)/2)
—( Voetvdg VoD ) =0
1+y/o2+v2—/ (a0 - 12 +v2, vo—1
( 3 )— nE +1)/2)
\/ c*yc \/(IC +vg
and
22 2.2 2.2 /
zo—xpn—yia+(—zotr/za+yi)*(y/ (o —1)2+yZ) (xg—1)2+y?2
(-——== Vite )~ ((yer(1-Y—=s9))/2)

2o Z2C+'!!C

(1=/ G2 +92)/2)~ (1o 1P FyE +eex(1 \/(\“”/C_LW»/Z)
roTve

2 2 2 2 2 2 2 2
zo—ri—yo+(\/r5H+yi ) (o -1+ / (zc—1)*+yZ) A/ TEty
L AR ) ((yex(1-—L_C _))/2)

we V (@c-D2+vZ ) =0
(1—z¢) +y ’
((1+/22+52)/2)~((\/2g +vg+ac+ \/%C)/
zo y

(,

—(
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FiGURE 1. J, K, and L form the intouch triangle.
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FIGURE 2. Lines DF, EH, and GI are parallel.
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F1GURE 3. Circles AGI,CDF, and BEH are congruent and lines
AM,BO, and CN are concurrent at X (104) which lies on the cir-
cumcircle of ABC.
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FIGURE 4. R, M, and T are collinear, N, (@, and U are collinear,
and O, S, and V are collinear, and lines RMT, NQU, and OSV are
parallel.
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