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1. INTRODUCTION

In [1], some results were discussed regarding a phenomenon where the diagonal
intersection in a given quadrilateral lies on the radical line of two circles: the
circles passing through opposite pairs of vertex midpoints and the points that
complete the quadrilateral. Here, we prove a generalization of this.

2. PRELIMINARIES

Let A, B, C, and D be the vertices of a given quadrilateral arranged counter-
clockwise.

Let line AD intersect line BC' at point F.

Let line AB intersect line C'D at point F.

Let G be the intersection point of the diagonals.

Let a be any given point on line AD.

Let g be the point on line BC' such that C'8: B = Aa : Da.
Let v be the point on line AB such that Ay : By = Aa : Da.
Let 6 be the point on line C'D such that C§ : D = Aa : Da.
Let P denote the circle passing through «, 5, and F.

Let Q denote the circle passing through ~,d, and F.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

26


http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953

27 THE DIAGONAL INTERSECTION LIES ON THE RADICAL LINE OF TWO CERTAIN CIRCLES IN A QUADRILATERAL
3. RESULTS

Theorem 3.1. G lies on the radical line of P and Q.

Proof. Without loss of generality, we can orient the quadrilateral on a Cartesian
grid to satisfy the following.

Let A have coordinates given by (0, 0).

Let B have coordinates given by (1,0).

Let C' have coordinates given by (z¢, yo

Let D have coordinates given by (xp,
Line AD is given by the equation y =

a‘f‘@

Line BC is given by the equation y = (=< )(m —1).
Line AB is given by the equation y = 0.
Line CD is given by the equation y = yo + (2= (z — z¢).

Tp—xC
Line AC' is given by the equation y = z(% )

Line BD is given by the equation y = ( ZD o)z —1).

FE has coordinates given by zp = —22YC____ gnd =
g Y TE = TpYyc—xcYD+YD Ye

TpYc=TCYD gnd yr = 0.

YcYp
zpYc—rcyp+yp’
F' has coordinates given by xp =

Ycyp

and Yo = ToYyp—ITpyctyc’

G has coordinates given by xg = ——<42
TcYD—TDpYc+yc
a has coordinates given by (zq,zq(£2)).
B has coordinates given by (z¢ — (zc — 1)(52),yc(1 — %))
7 has coordinates given by (Z=,0).
4 has coordinates given by (J:C (e —xp)($2),yc + (yp — ye)(52)).
P is given by the equation
(x + zaycyh+yp(@a—2p)yd+H(wo—1) w0 —(vo— 1)xch)+$2Dyc(l‘a+1))2
2zp(yp(zc— 1)—IDyC)

+ ( . xayD(xc—l)—chycyD-i-ny%(xa—xD)+$axD(xc—1)(u’Uc+$D—1)—1‘0962,3(130—1))2
Yy 22p(yp(zc—1)—zDpyc)
_ (QZ + Iaycy%ﬂlD((Ia*ID)y%HﬂCC*l)QM*(IC*l)mcID)Jrﬂ%yc(maJrl))2
a ) 2ID(yD(xc—21)—nyc) ,
4 (IE (yD) . zayp(rc—1)—2pycyp+rpys (ta—rp)+rarp(zc—1)(zc+rp—1)—zc2] (T —1) )2
(e} Tp .
@ is given by the equation

2zp(yp(rc—1)—zpyc)
(ZE _ 1($Dyc ToYD + Za ))2

2 ye—yo zp
i ( _ zayhH— (Qxa—wD)ycyDJr(wa—:CD)y%+($D—zc—1)($D—wc)wa+$cw%—w2@xp)2
Yy 22p(yp—yc)
— (:v_a _ 1(rDyc—xcyD x_a))Z
Tp 2 Yc—YD Tp
+ (anD (2za—zp)ycyp+(@a—zp)yi+(@p—rc—1)(zp—20)Tatrcrd—zizp )2
2zp(yp—yc)

It follows that the radical line between P and Q is glven by the equation
(Tayoyp — (2pye — (o — D)rcTa)yh — Yo(TaYe — TpYe — TpTa + TpTa + T¢Ta —
TeTo + 2xcxs — 20% — 22xp +xcxp)yp — (xp — V)xp(T0 — Tp)Y2)T — ToYcys) +
(Tayé — ((xp + 20 — D26 — 2cwp)yyc — (v — Drcwa)yp + (2 + 20 — V)20 —
rorp)yye — 2p(rp — 270 + Dayo — (ve — Dae((3zp — 20 — 1)wa — 2p(22p —
z0))y)yp — (xp — V)rp((rp — 3zc + 1)20 + Toxp)yyc = 0.

We then verify that G indeed lies on this line since we calculate

(Tayeyd — (@pye — (T = D)Tea)yd — Yo (Tale — TpYE — TpTa +TpTa + T3¢0 —
xcxa—I—Qxcx%—Qx%—x%xp—i—xcxp)yp—(xD—l)xD(xa—mD)y%)(m)—

Tayoyp+(@aye — (Tp+20—1)Ta —202D) (55252 )ye — (vo —)zema)yh +

(((xp +wc — 1)zo — JSC(TD)(W)?JC zp(rp — 2xc + 1)zayc — (o —
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Dzc((3zp — xc = 1)za — 2p(22p — 20)) (557252 ))yp — (@p — Dap((zp —
3rc + Dy + vexp) (2L —)ye = 0 as desired. O

TcyYp—xTpyct+yc

Theorem 3.2. If the quadrilateral is cyclic, then the power center of P, QQ, and
the circumcircle is G.

Proof. Suppose that A, B,C, and D are cyclic.

The circumcircle is given by the equation (z — 1)* 4 y* + y(m%jc*y%) =1

This indicates that xp and yp must satisfy (xp — —) +yh + Mm;—z%—y%) = i.
The radical line between Q and the circumcircle is given by the equation
((za+(ze—=1)2p)ycyp + (—2a —h +2D)ye )T +Tayycyh + (—22ayyt — Toayo +
(xo —22)xpY)yp + Tayye + Tprys+ (2% + (=220 — Vap+ a3+ 10) 2 + T0Th —
zcrp)yyc = 0.

22 .
Using the fact that zp = 1 + \/ T—Yh— W we then verify that G

indeed lies on this line since we calculate
(ot (ze—1)2p)ycyp+(—to—rh+2p )y ) (s ), (2D )y oy +

TcYp—xpyct+yc rcyYp—xTpyct+yc

(=2val o e e —rotayort (@o—ae)ep (o Ko Wt sop St et
rprays + ((ah + (—22¢ — V)ap + 2% + x0)xe + voH — xCID)(—chD yS:ZZchyc)yC

yp(zc—z%—y2) 2 yp(zc—zL—yZ)\2
- <<xa+<xo—1 —W— g By (e (b3 g - 22l )
_ yplec—zE—ud)\\, 2 Toyp
Lyt e)) ) ) e )
zoyp—( +\/ny% yc Cyetye
2
b e
zcyp—( +\/%—y2D—TCQ)yO+yC
2
+ (= 22( e Jve — ToTaye
zoyp—( +\/%—y%—%)yc+yc
2y\/1 1 2 yp(@c—zi—yd) YcyD
(ro—23) (b} — g — L)y )y
veyp—(3H\/ 1—vh—— 55— Ivotue
youp 3 1 1 2 yp(zc—z%—yZ) 2
T S e+ (3 + \/ IV T )Ty +
zoyp—( +\/ 2-#)%-’-.@0
p(rc—zL—yZ)\2 1 1 2 yplzo—af—y¢)
+\/——yD yCC c) T (=200 — 1§ + /1 -y — e ety
yp(zc—22—yZ)\2
1 1 9 yplwc—z%—y2) ycyp _
~wol} + \/z o mle By sem )y = 0
zcyp—( +\/Z—y%—#)yc+yc
and
+( (L 1 2 yplzc—zi—v) 1 1 2 yplzc—zi—vd)\2
((xa ro— (2_ 1Yo — o ))yCyD‘i‘(_xa_(Q_ 1Yo — vo )
1 1 2 yplec—zZ—vZ)\\, 2 ToYp
+ (b -y ey so
zoyp—(5— z—y%—#)ycﬂ/c
2
+ .Ta( yc;i)D(107z2 —u2) )yCyD
zoyp—(5 \/i—y%—#)ycﬂm
2
+ (—2z4( S — )Ye — ToTaYo
rcyp—( \/%* %*%)ycﬂ/c

yp(xo—=ZH—y¢)
zcyp—(% %—y%—#)yc-l—yc

ro—12,—y?
Hao—aZ)(i—y/s — g — Ll ity ] T S
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(zo—a3—yd) 2
Ta( ey )y%+(%—\/i—y%——y’3 )Ty +
xcyD*(%*\/%*y%*yD(zc;igc_yc))ycﬂ/c ve
(ec—2—12) (co—2—v2)
(G~ s v~ 2B g (Cgne —1)(3— \f3 -4 — 2O 2R
ro—x2—y?2
z%—%xc)xaﬁ-zc(%-\/i-y%-gngzgg—&ﬁ)z
1 1_ .2 _ yplzc—2g—y2) Yoy _
—zo(h — /L —vh - ] — Jyo = 0.
ve zcyp—(3— i*y%*w(cyic%y%))chryc
Combining this with the previous result and the fact that the radical lines of any
three circles in the plane are concurrent gives the desired result. O

The results in [1| are the special cases of these results where we take « to be the
midpoint of A and D.

FIGURE 1. Giventhat Aa: Da=Cp: B = Avy: By=C¢: D¢,
then the intersection point of the diagonals lies on the radical line
of the circle passing through «, 3, and E and the circle passing
through ~, 6, and F.
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