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1. INTRODUCTION

In [1], [2], and [3], we constructed a triangle with two similar rectangles erected
on the non-base sides and demonstrated the existence of several circles, some of
which pass through the Bottema point. Here we will demonstrate the existence
of two more circles that can be found in this particular construction.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let ACFG form a rectangle, with F adjacent to A.

Let BCHI form a rectangle similar to ACFG, with I adjacent to B.
Let lines AG and C'F intersect at J.

Let lines BH and C1 intersect at K.

Let line AC' intersect circle BCHI at L.

Let line BC' intersect circle ACFG at M.

Let lines CF and KL intersect at N.

Let lines CI and JM intersect at O.

Then,

1. F.1,N, and O are concyclic and

2. J,K,N, and O are concyclic.
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Proof. A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

F has coordinates (zr, —(z¢c * zp)/yc).

G has coordinates (z¢ + zp,yo — (zc * Tp) /yc).

H has coordinates (zc — zp,yo — (1 — z¢) * xr) /yc).

I has coordinates (1 — zp, —((1 — z¢) * xr)/yc)-

J has coordinates ((x¢ + xr)/2, (yo — (zc * xFp)/yc)/2).

K has coordinates ((z¢ — 2z +1)/2, (ye — (1 — z¢) * xr) /yc)/2).

L has coordinates ((z¢ * (z¢ — zr))/(yé& + 2%), —((xr — zc) * yo)/ (Y2 + 22)).
M has coordinates

(8% — (e — 1) * 26)/ (5% + (0 — 1), —((@r + 2 — 1) £ y0) /(g + (w0 — 1))
N has coordinates

(—(zp*(xp—zc—1)*ys+ (23 + (2% 22 — 4*xc—1)*xF—xc*(2*xC—xc—
2) xxp —xi) kYt + (xo — 1) xzo* xh + 2k % (22 —d*x 2o +2) x 2% — (zo — 1) %
w8 2p) (9 +05) % (& 53)), (2 * g + (w0 +2) T + (2% 2% — 35 0 —
1)*xp+xc)*yé+xc*xp*(xp*(xp+2*xc 2)+ (xc —2) % (g — 1) x ) *
W2+ (20 — 1) 2 5+ (20 — 1P+ 2 5 23) (o * (g + 75) % (3 + 22).

O has coordinates
((xp*x(xp+xc—2)+ 1) *ys+ap* (zp* (zp+2%2% —2) + (voc — 1) * (2% 2% —
3xxc—1))*xyi + (v¢ — 1) *xzo* %+ (e — 1) * % 2o * (xo +2) x 2% + (vo — 1) %
w2 20) /(g3 + (0 — 1) (4 + 73)), (38, — (wp * (20— 3) * op — 2 438, +
ro+2)+xc—1)xys — (vo— 1) *xp* (2% + 2% 2% xxp —4dxTo*xTp — T+ 20) *
VA — (0 — 1) x50 — (0 — 1) %+ 23) (e # (9 + (0 — 1) (42 + 23))).
Consider the circle whose equation is given by
(x—((xp*((Z*xC—l)*a:F—|—2)—1)*yc—i—Q*xc*xp*((2*x%—3*xc+2)*xp+
ro—1)*xyd+(xc—1)*x2d % (2xzo — 1) x2%) /2%y * (2% xp — 1) % y2 +xp* (Tp+
2% (zc—1)*%20)))) 2+ (y— (wp*((2xzp— 1) *yd +2x (xo — 1) *xo* (2% xp — 1) Y2 —
224 2% (xo— 1) xxo* (2% —xo— 1) *xxp—xb+2x2 —22)) [ (2xyo* (2% xp — 1) *
yetap+2x(zc—1)*ac*ar)))?—((zp— ((wp*((252c—1)*xp+2) — 1)*ye +2%
roxrp*((2%rh —3xx0+2)*rp+ro—1)*xyc+ (e —1)2*xxd* (2x 20— 1) x2%) /(2%
2 _ 2 _ 2 (_ _

yex ((2xap—1) sy +ap*(xp+2%(zc—1)xx0))))*+(—(xc*xr)/yc — (xp* ((2%
Tp— 1)*yc+2*(xc Dsxo*x(2%xp—1)xyé —2%+2%(zo— 1) *xxo* (22 —10—1)*
rp—xh+2%xd —12))/(2xycx ((2xxp— 1) *y2 + 2%+ 2% (e — 1) *x0*x5)))?) = 0.
We verify that F, I, N, and O lie on this circle since we calculate
(xp—((xp*((2%xxc— 1)*:L‘F—|—2) ) syt +2%zo*rp* (2513 —3%w0+2)* TP +10 —
Dy +(vo—1)* %22 x(2xxc—1)xx%) /(252 % ((2xxp — 1)yt +xp* (vp+2% (xo —
Dxzo)?+(—(zo*xzr)/yc— (xp* (2% xp — 1) *yd+2% (xc — 1) *xo* (2% xp — 1) %
Y2 — 14+ 2x (o — 1) *xox (22 — 10— 1) *ap — 2 +2x28 —22)) /(2% yo* (2% xp —
)xyd+ai+42x(xo—1)xxoxap)))? — ((xp— ((xp*((2xxc—1)*xp+2) — 1) xyd + 2%
voxrp*((2%rh —3xx0+2)*xp+ro—1)*y2+ (e —1) % xd* (2x 20— 1) x2%) /(2%
2 _ 2 ~ 2 (_ _
yor(2rep —1)xys+ap(rp+2% (2o —1)*20)))) + (= (zo*2r) [ye — (wr* (2%
Tp— 1)*y0+2*(xc Dsxox(2%xp—1)xyd —2%+2%(zo— 1) *xzo* (22 —10—1)*
rp—xh+2x28—12)) /) 2xycx ((2xxp—1)xy2+2%+2% (xc— 1) *xx0*2F)))?) = 0,
(1—zp—((zp*((2%xc—1)*1p+2) — 1) syt +2xxo*xp* (2525 —3%xx0+2)* TP+
ro— 1)y +(xc—1)?x0ix(2xxc —1)*2%) /(2% y2x ((2xxp— 1) xy2 +wp* (Tp+2%
(e —1)*20))))? +(—((1—z0)*zF) Jyc — (wpx ((2xxp — 1) xyh +2% (v — 1) * 20 *
(2xzp—1)xy2 —a%42x(xo—1)*xo*x (22 —xo—1)*xp— 2t +25 28 —22)) /(2% yo
(2xzp—1)*yd+22+2x(xc— D) *xco*xxr)))? — ((vr — (xp* (2% 20— 1) % 2P +2) —



BENJAMIN LEE WARREN 466

Dxyd+2xzoxap* (2523 —3%x0+2)*rp+r0—1)*y2+ (10— 1) 522 % (2% 00— 1) *
) (2rge((25p 1) w8t wpe(apt 2o(zo— 1) wre)? +(~(rowor) fyo— (e
(2%xp—1)*ys+2%(xc—1)xxo* (252 — 1) xy2 — 1%+ 2% (xo— 1) xxo* (2% —20—1)*
w4 Bty a2)) ) (Dryes (2ep — 1wy rot 2 (50— 1) xaeers))?) =0,
(—(zp*x(zp—zo—1)xyd+ (234 (252E —dxxc—1)* % —xo* (2% 12 — 20 —2) %2 —
w2 )xyi+(re—1)xxoxrh+aix (vl —4xro+2) k1t — (vo— 1) xadxxp) (Y2 +x2)*
(yé—i—az%))—((xp*(@*xc Dxxp+2)— 1)yt 425 xcxap* (2528 — 3% w0 +2) %1 p+
ro—1)xyd+(rc—1)* %22 x (2xxc—1)*2%) /(2% yi x (25 xp — 1) %y +xp* (zp+2%
(wec—1)*2c))))?+ ((xrxyd+((xo+2)x 2%+ (2%22 —3xxc— 1) xTp+x0) ¥ YL+ a0 *
rpx(zp*(zp+2525—2)+(xc—2)%(xc—1)*xc)*y2+ (o — 1) xxix 2%+ (v0—1)**
wixah) [ (yor (Yo +ad)* (e +at)) — (wp*((25xp— 1)yt +2x(xc—1)*z0* (255 —
)syd —r%+2x (o — 1) xxox (vt —xc—1)xxp—xh+2%33 —22)) /(25 yc*x (2% xF —
Dxyd+ai+2x(xc—1)xxoxap)))? — ((xp— ((xp*((2xxc—1)*xp+2) — 1) xyd +2x%
vo*xrp*((2%rh —3xx0+2)*xp+ro—1)*xy2+ (ve—1) % xd* (2x 20— 1) x2%) /(2%
yor (2xap—1)xyg+aps(rp+2x(xc = 1) x20))))* + (= (xc*2p) [yo — (wp*((2%
Tp— 1)*y0+2*(xc Dsxex(2%xp—1)xyé —2%+2% (zo— 1) *xzo* (2E —10—1)*
rp—xh+2x28—12)) ) 2xycx ((2%xp—1)xy2 +2%+2% (xoc— 1) *x0*2F)))?) = 0,
and
(xpx(xpt+zo—2)+1)*ys+apx(vp*(zp+2%2% —2)+(vc—1)* (2% 2L —3x 10—
D)) sy +(ze—1)*xoxri+ (xo—1)**xo* (vo+2) x2h+ (xo—1)3* 2t xxp) /(Y2 +
(e —1)2)x (v +2%))— ((xpx((2xxc—1)*xp+2) — 1) *ys+ 2% xo*rp* (2% 2% — 3%
ro+2)krptro—1)xyd+(re—1)* %2t * (2xxc—1)x2%) /(2% yd « ((2xxp — 1) xy2 +
rp*(p+2x(xo—1)x20)))) 2+ (xpxyS — (wp* (o —3)*xp — 252t + 20 +2)+ 10—
1)xyt— (q:c ) xxp* (054250t xrp—dxxokrp—rdb+xc)*ys—(vo—1)**xo*rh—
(r0= 1) st/ (o (4 (ro1)2) (b ta))~ (rpe((2np 1)y 2e(rc—
Dxxo*(2xxp—1)%y2 —r%+2%(rc—1)*xox (i —10—1)xxp—xt+2x2 —22)) /(2%
yox((2xxp—1)*y2 42542+ (xc—1)*zo*rp)))* — ((2p— ((mp*((Q*mc D)xxp+2)—
Dxyd+2xzoxap*((2%23 —3%xx0+2)*wp+r0—1)*y2+ (10— 1) 522 % (2% 00— 1) *
12)/ (2xyix((2xxp— 1) xy2 +apx(xp+2%(vc—1)*20)))) 2+ (—(xoxxrR) /yc — (v p*
(2xxp—1)xys+2x(vo—1)*xxo*(2%xp—1)xy2 — 2% +2x (v —1)xxo* (v —20—1)*
rp—xh+25xd —12))/(2xycx ((2xxp— 1) xy2 + 2%+ 2% (e — 1) xxc*xxr)))?) = 0.
Next, consider the circle whose equation is given by
(z—(((zc—1)*zox(2xxc—1)*2F) /(45Y2)+((2% 20 —1)*2p+2%20+1) /4)) 2+ (y—
(2xxp+1)*yd+ (2x2% —2xx0—1)*xxp—(xc—1)*20)/(4%yc))? — (e +2FR) /12—
((ze—1)*zo*(2xx0—1)*xR)/(45y2)+((2%x0— 1) * 2R+ 2520 +1) /4))? + ((yc —
(xc*xp)/y(;)/Z (2xzp+1)xyd+(2x22 —2xxc—1)*xp—(xo—1)*20) /(4%yc))?) =

We verify that J, K, N, and O lie on this circle since we calculate that

(ze+ar)/2— (e — 1) xxc*x (2xxc — 1) xp)/(4xy2) + (2% 20 — 1) xap +
2520+ 1)/4)*+ ((yo — (e xzp)Jyc) /2 — (2% xp+ 1) x g2 + (2% 22 — 2% 20 —
Dxap— (e —1)x2c)/(4d*yc))? — ((xo +2r)/2 — ((xe — 1) x 20 * (2% 20 —
Dxap)/(4*y2) +((2x2c — 1) x2p + 220+ 1)/4))* + ((yo — (zc *2F) [yc) /2 —
(2*zp+1)*y2 + (222 —2%x20 — 1) x2p — (xc — 1) x20) /(4 % yc))?) = 0,
(ze—zrp+1)/2—(((zc — 1) xxox (2xx0— 1) xxp) /(4% y2) + (2520 — 1) x 2P +
2xxc+1)/4))*+ ((yo — (1 —zo) *2p) /yc) /2 — (2% xp + 1) xy2 + (2% 25 — 2%
ro— D xxp—(vc—1)*x20)/(4xyc))? — (((zc+2r)/2— ((wc — 1) 20 * (2% 20 —
Dxxp)/(Axye) +((2x2c — 1) *xp + 2% 20 +1)/4))* + ((yo — (zc *2F) [yc) /2 —
(2*zp+1)*y2 + (2«22 —2xz0— 1) xxp — (xc — 1) x20) /(4 % yc))?) = 0,
(—(zp*x(zp—zc—1)*ys+ (23 4+ 2% 22 —dxzo— 1) * 2% —xo*x (2x2h — 20 —
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2)kxp — i) xys + (vo— 1) *xoxrh + ot x (22 —dxxo+2) 2% — (vo — 1)? % 2 *
v (64 22) % (% + 230 — (0 — 1) 5 2% (2 2c — 1) kp)(Axg) + (2520~
Dxxp+2x20+1)/4))* + ((xrp*yd + (xo+2) x 2%+ (2% 2% — 3%z — 1) xxp+20) *
Yot roxxp*(xp*(xp+2%3t —2)+ (x0 —2) x (xo — 1) *x0) * Y2+ (vc — 1) * 22 *
wp+ (vo = 1) xatxaf) [ (yo * (Yo +ag) * (o + %)) — (2% 2p + 1) xy2 + (2523 —
2xxc—1)*xxp—(zo—1)*xc)/(4*yc))? — ((zc+xr)/2— (((zc—1) %20 * (2% 20 —
Dxxp)/(4xyg) + (2% 2 — 1) *xp +2x 20 +1)/4))* + ((yo — (xc *zr) /yc) /2 =
(2*zp+1)*y2 + (2«22 —2x20 — 1) xxp — (xc — 1) x20) /(4 % yc))?) = 0,

(xpx(zp+ac—2)+ D) *yd+ap*(xpx(zp+2%x2% —2)+ (zo— 1) * (2% 2% — 3%
ze—1))*yd + (rc — 1) xzo*rh+ (xo — 1)? x 20 % (xo + 2) * 2% + (o — 1)? x 22 *
op)/ (Y& +(xe —1)*)* (e +27)) = ((we = 1) xac* (2xaxc — 1) xap) /(4xyd) + (2%
ro—1)szp+2xxc+1)/4))?+ ((xp*ys — (xp* ((ve —3) *xp — 2% 2%+ 20 +2) +
ro—1)xys —(zo— 1) *xpx (2% +2xad xxp —dxxo*rp — x4 +x0) * Y2 — (10 —
D sacxrp—(ze— 1) xag =)/ (yo (ye + (e —1)*) x (yg + %)) — (2% 2p +1) *
i+ (2x2% —2xxc— 1) xxp— (v — 1) xx0)/(4*yc))? — ((zc +2r) /2 — (((xc —
Dxzo*x(2xzc—1)*xp)/(4xy2)+((2xzc—1)*xp+2%xc+1)/4))? + ((yo — (zo*
) /yc)/2—((2xxp+1)xyd+ (2x22 —2xxc—1)*xp— (zc—1)x20) /(4%yc))?) = 0
as desired. 4

FiGUure 1. Illustration.
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