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1. INTRODUCTION

We recreate the construction in [1] and show that a certain circle in this context
passes through the incenter of a triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with /ZCAB = ZC'AE, such that AE = AC.
Let F' be the point on line BC', with /ZCBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with /CBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that C'I = BC.
Let M be the circumcenter of A, G, and I.

Let N be the circumcenter of C, D, and F.

Let O be the circumcenter of B, E, and H.

Then the incenter of triangle ABC and the centroids of triangles ANO, BM N,
and CMO are concyclic.
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which permits any use, distribution, and reproduction in any medium, provided the original
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates xc,yc)

D has coordinates

(1,

( Yc

(s \/wc+yc)'
E has coordinates (/2% + y2,0).

(

(1-

. zo—1
F has coordinates (ICC N +1, \/(wcyﬁ)z vy )

— /(e — 17 + 12.0).
—x )% 1:2 2 3;2 p)
+ (1-zc) Vv CJ'Z/C’yC * (1 _ V IoTYE : ))
(10—1)2+yc (mC_1)2+yc
. (zo—1)2+yZ V (@c—1)2+y2
I has coordinates (z¢ * (1 — W),yc (1 — . ).

ro—22—yZ+(—2 22 4y2)* zo—1)24y2
M has coordinates ((1—+/(zc — 1)2 + y2)/2, ——=< vt rety/ sty (eo ) +yc)).

G has coordinates

H has coordinates (z¢

2yc
N has coordinates <1+\/x20+y?,~*2\/($071)2+y2@7  (mo—1)xy/ x2c+y%fxc*(;;*c*1+\/(xC*l)Qer%)*y%).
2 a2 3
O has coordinates ((1+ /2% + y2)/2, _ Te—ro—yot \/f’fc+yc2);ch L/ (zc—1)2+yg )>

The incenter of ABC' has coordinates

( xc—l—\/ac%—&-y?j e )
1222+ (e =12 +y2 " 144/a2+y2+/(ec-1)2 42

The centroid of triangle ANO has coordinates

22 2 _ Z—1)2+4y2
(PR Re DR (14 /T ) 2)/3
(_(900*1)*\/1%+y%*$c*($0*1+ (ze—12+92)—ve  zo—rg—yet(V/ag+yg)x(wc—1+4/(zc—1) +yc))/3>

2yc

2y
The centroid of trianglec BMN has coordinates
14+4/22+y2 —+/ (xc—1)2+y2
(14 (1 = oo = D)7+ )2+ TEREy ety /g
(_wc—a%—yé+<—xc+\/;g+yé>*<\/<xc—1>2+y20>_(w—l)*\/m—xc*(;cc—lﬂ/W)—yé) /3).
ye ye
The centroid of triangle C'M O has coordinates

((wo+ (1= V(e - 12 +u2)/2+ A+ Vag +2)/2)/3,
(yc o — xc yc+( $C+\/xc+yc) (\/(xC 1)2+yc) o — x%*Q%‘H\/ x%+yc) (IC 1+\/ (xC 1) +yC )/3)

2yc
Consider the circle Whose equation is given by

24/ x4+ 2 T 1)24y2+3
(¢ — DRSO DIV 2 4 (4 (—(24 (42 + (n — 1))V (o2 +a3)1/2
zo) + 2% (o — 1) * (y& + 22)"* = 3 % yd — 3% 1% + 3% x¢)/(6 x yo)))* —
RV A N S N e e e A I = _
1+y/224y2+1/ (wc—1)2 402 6 1+y/22+y2 44/ (e —1)2+y2
(—(2% (g2 + (w0 — LY)V2# (g3 +22)1V2 — 20) + 2% (wc — 1) # (43 + )2 — 3
— 32 +3x20)/ (6 yc)))?) = 0.
We verify that all four of these points lie on this circle since we calculate that
( w24y B 2\/I2c+y20*2\/($c*1)2+y?;+3)2 +( yc _
1/22+y2 4/ (wo—1)2+y2 6 I+y/aZ+y2 4/ (mo—1)2 432,
(2 (gt (e — D)V (4 02) Y2 — )+ 25 (00— 1) (4 +22) V2~ Bxy2 — 3

ro+r/ T2 +y2 2¢/x2+y2 21/ (zc—1)2+y2+3
2+ 520) /(0 g — (g o ey — DA D
( e — (=(2* (W + (wc = D)2 (98 + 22)? —2c) + 2%

1+\/x%+yc+\/ (wc—1)2+y2
(xc —1) * (yc + xc)1/2 Bxyt — 31t +3xx0)/(6xyc)))?) =0,

. - 3?2 2 _ rr—1)2 2
(el Pk 4 (1 4 [Ty f2)f3 - e e s,
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((_(xc—l)*w/z%,—l—y%—mc*(zc—l—l— (mc—l)Q—l—y%)— 2 _®o— zc yc—l- ‘/ZO'HJC)* zo—1+4/(zc—1) +yc))/

2yc 2yc

(—(2*(yé+(:cc—1)2)1/2*((y%+x20)1/2—xc)+2*(370—\1/>*(yc+3i/ &)"? = 3%yt —3x
2 2 ot/ 2Ly _ 2¢/aHyE 24/ (zc—1)2+y2 43\ 9

24 8520) (o)) - (e 6 2+

vo _ 2 1212 2 L 2\1/2 _
1+1/223 tu2+/ (o) 192 — (=2 (y¢ + (zc = 1)*)V* = ((ye + 2¢) Tc) + 2

(
(e = 1) * (Y& + 22)"/* = 3%yt — 3x at + 3 20) /(6% yc)))?) =0,

(1+(1—/(zc — 1) + y2 )/2+1+\/“%‘+920*\/(10*1)2+y2c)/3 2\/x?;+y%*2\/(xcfl)2+y%+3)2+
(

(=

( TCo— -Z'C yc+(_1‘0+\/xc+yc *(\/ zo—1)2 +yc) (zc— 1)*\/ xc+yc_$0*($0 1+\/ (zc— 1)2+yc) yc)/?)_

%o
(2% (yg+(zc—1)? )1/2 (Y& +a2) 2 —xc)+ 2% (xzc—1)* (yc+xc)1/2_3*yc_3

roHr/ TG AYE 24/22 4942 -2/ (xc—1)2+y% +3
b+ 82) (6390)))? — (e e - B e
( e — (2% (8 + (we — D)2 5 (98 +22)V* — o) + 24

Lty/ag+ye /(o =) +u
(e = 1) * (y& + 28)"/? = 3%y — 3% 2 + 3+ 2c) /(6% yc)))?) = 0,
and
1.2 2 _ To— 2 2
(zo+ (1= /(e — D2 T ) /2+(14++/2% + g8)/2) /3~ DotV ae- Uty |

((yc_$O—$2c*—y20+(—wc+\/$2c+y%) (V(@wo=1?+42)  wo—ad—y2+(/aE+yd)x(@c—1+ (xc—1)2+y%))/3_
2y

2yc
(—(2x (& +(xe—1)%)"?% ((y +ag)' P —ao) +2x (we—1)* (yg+18) ' /* = 3xyg — 3%

9 B rot+a/rd 4y B 2\/x2c+y%72\/(chl)2+y%+3 9
rt 4 3220)/(6200) ~ (7 s e P+
( o< — (=(2% (& + (ze = )2 % (g + 22)"? — 2c) + 2%

1+y/22+y2 44/ (e —1)2+12
(e — 1) % (Y2 + 22)Y2 = 3% y2 — 3% 22 + 3% 20) /(6% yc)))?) = 0 as desired. [
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FiGure 1. Illustration.
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