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1. INTRODUCTION

In [1] we gave a generalization of the orthocenter of a triangle. Here, we will prove
a result in the same configuration which is related to it.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let P be the incenter of ABC.

Let J be a point in the plane different than P and not on a side of ABC.

Let « be the point on line AC with /BAa =1 — ZBAC, such that Ao = AB.
Let 3 be the point on line AB with ZCApB = n — ZBAC, such that A = AC.
Let v be the point on line BC' with /yCA =7 — LZACB, such that Cy = AC.
Let § be the point on line AC' with Z/6CB =m — LACB, such that C'6 = CB.
Let € be the point on line AB with ZeBC =71 — ZABC, such that eB = BC'.
Let ¢ be the point on line BC' with Z/(BA =71 — LABC, such that (B = AB.
Let n be the circumcenter of A, «, and .

Let 0 be the circumcenter of C,~, and 9.

Let v be the circumcenter of B, e, and (.

Let k be a point on line AJ.

Let X be the point on line BJ such that BA: J\A = Ak : Jk.

Let p be the point on line CJ such that Cu: Ju = Ak : Jk.
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Then if any three of the four lines nk,0u, L\, and JP are concurrent then all four
lines are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1,0).
C' has coordinates (z¢, yc).
P has coordinates
( roty/TE 2 yc )
I/ 224y +1/(me—1)24y2 | 14/22+y2+/ (zc—1)2+y2
J has coordinates (z;,y,) which is different than P.
« has coordinates
(—ze/(xE + y&)' %, —yo/(aE + y&)'?).
[ has coordinates
(— (2% +y&)",0).
~ has coordinates
(zo + (28 + y&)"? * (e — 1))/ ((xc — 1)* + y&2)'/2, (xe + (2 + y&)'/? * (zo —
1)/ ((xc — 1) +yg)"?* = 1) % (yo/(zc — 1))).
0 has coordinates
(o (a3 +ye) * (28 — 2% 0 +y& + 1)) 2+ 22 +y3)) /(a5 + &), (we* (((x3 +
ye) * (15 — 2% xo + Y& + )2+ a3 + @) /(28 + v&)) * (yo/xc)).
¢ has coordinates
(1+ ((ze = 1)* +y)"/2,0).
¢ has coordinates
(~((@e = 1) (((ae = 12+ 42)"2 =20+ 1) = 12 ((ae = 1P+ 32). (~((2c 1) =
(e =12 +y2) 2 —2c+ 1) —y2) /(e — 1)+ y&) — 1) x (yo/(vc — 1))).
1 has coordinates
(=22 +y&)"2/2, ((xze — 1) * (3 + y2) )/ (2 % yo)).
6 has coordinates
(zo,ye + (28 + y2) 2+ ((xe — 12 + 42)V2) /(2 % ye)).
¢ has coordinates
(2+ ((ze — 12 +42)"%) /2, —(zc * (zo — 1)+ y2)V) /(2 * ye)).
Kk has coordinates
(Th, Tp x Y1 /2 7).
A has coordinates
(xp — x—’; + 1, —m’;*f")
1 has coordinates

(we + () @y —xc) yo + (35) (s — yo))-
Line nkx i given by the equatlon

y = (ar*ys/zs) + (@ — @) = ((((xe = 1) * (@ + 12)"?)/(2 * yo)) — (an *
ys/es)/ (=@ +yg) "2 /2) — ).

Line 6u is given by the equation

y = (ot (@ +y2)"?* ((we —1)* +92) ")/ (2xyc)) + (x — @) * (Yo + (3) (s —
ye))—(yo+ (@t +yg) ' Pe((ze—1)*+y2) %) (2xyc))) /((we+(52) (@ — ve))—ac)).
Line ¢\ is given by the equation

y = (—(zc* ((xe = 1)* +92)"?) /(2 x ye)) + (= = (2 + ((zc = 1)° +y2)"/?)/2)) »
E(( (we + ((SCS)— D2 +52)"2) /(2% ye)) — (%22)) /(2 + ((ze — 1)* +42)"?)/2) —
T — 241

Line J Pi is given by the equation
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Y=yt (x—2s) ((( v )= ) (— ety

) 1+y/22+y2 44/ (o —1)2+y2 1+y/22+y2 44/ (e —1)2+y2,
Ty)).

Let Q = ((((ze = 1) % (a2 +y2)"*) | 2xye)) — (xrxys 20)) /(= (25 +y2)?/2) —
Let Ft = —y * (((E(xc — 1) (22 +92)"?) /(2 * yo)) — (w * ys/xg)) ) ((— (22 +

Let S = (((ye + () (s = v0)) — (e + (a2 + 93)"2 * ((we — 1% + 42)Y/2)/(2 %
=)@y —we)) = xc)).

Let T = —wo*(((yo+ (35) (s —yo)) — (o + (@2 +92) 2+ ((ve —1)*+42)"?) /(2%
yo)))/((we+(35) (x = 2e)) =)+ (et (w2 y2) V(e — 1) +92) )/ (2xyc)).
Let U = (((~(zc * ((:vo =12+ 52)')/ (2% yo)) — (2) /(2 + ((wc — 1)* +
ve)'?)/2) = (ax — 35 + 1))

Let V = —((2+ ((ac — 17 +32)"2)/2) ¢ (((— (e ((we - 1)2+y%)1/2)/(2*yc)3

(E2) (2 + (e = 1)? + 42)"2)/2) = (@ — 2 + 1)) + (~(we * ((wc — 1) +
¥2)'2)/ (2% yo)). _

Let W = (1 ) — w0/ (5 W;fygi ) )

Lot Z = —a % ((( o )=y /(e e ) —z))) +

Iy/22+y2 44/ (mo—1)>+12 Iy/22+y2 44/ (mo—1)>+12

YJ-

Lines nk, Op, and ¢\ are concurrent if and only if
Q -1 R
det |S -1 T| =0
u -1V
— Qx(T-V)+S«xV -TxU+Rx(U—-S)=0.

Lines nk, O, and JP are concurrent if and only if

Q -1 R
det | S -1 T| =0
w -1 Z

= Qx(T-2)+S«Z-T+«W+Rx(W—-295)=0.

We have that Q « (T = V) + S« V —=T*xU+ R* (U —95)

= (s — )5 (o — 1P+ g3) P2 (23 1 (=) — 2y 5 (b %)+ 4 (s
(— 2023+ 240 59)+ T (—h +20) — 0 (~ % +20))) — g (2 +2) Y
(yox(zy* (2 =252t +x0) — T3k (2%2s —4xxo+2))+y* (xr* (2% —2) + 20 %
)+ apryo (2xwe — 25w ,) % (10 —1)°+y2) )+ ((x0 = 1) +y2) P+ (202 024+
vrx(re—1))kyd+ (—apx (25 aixay —2%2%) — 2y (22 —22)) *yo)) + (2 +y2 ) /2%
((we—1)24+y2) 25 (2 * (= +wo*ay) + 2%+ (=i +xc) —x % (—xd +32)) +yd *
(2% (=22 4xc)+ap*((2—2%20) %23+ (2% w0 —2)*2 7))+ 22 % (— g+ 3% 2L, —3x 2%+
10))+y2k (wpryor (22 4+y2) V26 (2500 —2) 25z cxpxy2Hk (o —1)2+y2)2)) [ (w %
yox (apx (20 2y —2) =z (w0 — 1) +92)2) % (2% 2y + (23 +y2) /) * (w0 — 7).
If we assumed that Q« (T'—=V)+S*«V —Tx U+ R (U —S) =0 when z; = x,
we would then have the constraint

0 = (20— 1)) 25 (5% 5 (b4 28) =0y (—h+08) 4 5 oy (2o +
2xxoxay)+aix(—ag+ae) —wrx(—rg+ao))) —yrx((wE+ye) 2+ (yox (v (xh —
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2528 +x0) —TykTpk (2% 1L — A% xo+2)) Hyd k(T x (2% 2 —2) Fxo*Ty) +Tp Yo *
(2%x0—2%2) % (10— 12+ y2) V) + ((we —1)2+y2) V2% (2% 2y 5 2p + 25 % (10 —
D))y A (—ap* (25w — 2% x8) — % (23 —28)) *yo)) + (a8 +y2) 7+ (2o -
12+ y2)"? 5 (y * (=25 +woxay) +af* (—ag +wc) — vy (—ad +ag)) +ygx (aF
(—zi+xo) e+ ((2—2%z0) %25+ (2% 10 —2) %2 5)) + 04 % (—xl + 3% 28, — 3%t +
T0)) Y2k (e y2 ok (02 +9y2) 2% (2% 00— 2) + 25 zox 1 Y2k (2o — 1)2 +y2)V2).
We also have that Qx (T — Z)+ S+« Z —T+«W + Rx (W —5)

= —((@3 +y2) P x (wy —ar) * ((xe =12 +y2) 2 # (07 * (—at +28) — 2% (—x¢ +
o)+t (mpx (—2xxo*x 2t + 2% o xxy) +aix (—xi +ac) —xy*x (—rh +10))) —
yrx (22 +y2) Y2 % (yo * (g x (2f — 2% 02+ 20) — vy % 24 % (2% 2% — 4*wc—|—2))
Yo * (mpx (2% 25 —2) Fxo*wy) Fapxyc* (2% xc —2%x5) * (o — 1) +y2)Y?) +
(xe =12 +y2) 2% (2xzy*ap+xs* (w0 — 1)) % yd 4+ (—zp* (2% 22 %05 — Q*xc)
wyx (28 —xd) % ye)) + (28 +ye) P (2o = 1) +y2) 2 * (yE * (— $J+xc*$J)+
22x (—xi+wo) —wyx (—rd+ L) tyd s (2dx (—ai+xo) Fapx ((2—2x30) %23 +
(2x20—2)%x))) + 5% (—at + 32l —3x a8 +w0)) + Y5+ (T xyg o+ (v8 +y&) 7
(2520 —2)+ 2% xo*mpx Y2 * (w0 — D2 +y2)V2)) /(2% my* 2p + Y2 * (2% 24+ (22, +
ye)' ) x (wo —wg) # (xg — w0+ 2% (20 =12 +y3) 2 + (0 + y2) P * (27— 1))
If we assumed that Q* (T —Z)+ S« Z —T«W + Rx (W —S) =0 when x; = z;
then we would have the constraint

0= ((wc—1)2+y2) V2% (2% % (=2l +23) —wyx (—xb+2d) +y2 * (zp* (—2%vo* 2%+
2xx0*y) ik (—ritre) —xz sk (—1i+30))) —yrx (22 +y2) Y 2% (yo* (v (23 —
2% 2% +x0) —TykTpk (2% 1E — A% xo+2)) Hy k(T x (2% 1y —2) Fxo*Ty) + TR * Yo *
(2xzc—2x25)* ((xo—1)2+y2)H) + (e — 12+ y2) 2% (2% 2y * 2+ 2 5% (30—
D)o (o e —2ut) ey (af ) o40)) o R (o -
D24+ y2) 2% (Y2 (—a% +aoxxy) F 2%+ (—a+x0) — 2% (— xc+azo))+yc (27
(—224z0)+zpx((2—2xz0) %25+ (2xx0—2)*x))) + 24 % (—wd + 3% 2d — 3*xc+
10)) Y2k (e xy2 o+ (02 +y2) 2% (2% 00— 2) + 25z x 1k Y2k (2o — 1)2 +y2)V2).
Both of these constraints are the same, so the theorem follows. Il
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