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1. INTRODUCTION

In [1], we deduced the existence of a circle which passes through the incenter of
a triangle. Here, we will make a construction which is slightly different and will
deduce the existence of a different circle which passes through the centroid of a
triangle. We show, surprisingly, that the circle in [1| and the circle here are the
same size.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let « be the point on line AC with /BAa = 7 — ZBAC, such that Ao = AB.
Let 3 be the point on line AB with ZCApP = n — ZBAC, such that A = AC.
Let v be the point on line BC' with /yCA =7 — LZACB, such that Cy = AC.
Let § be the point on line AC' with Z/6CB =m — LZACB, such that C'6 = CB.
Let € be the point on line AB with ZeBC =71 — ZABC, such that eB = BC'.
Let ¢ be the point on line BC' with Z/(BA =7 — ZABC, such that (B = AB.
Then the centroids of ABC, Av(, Bad, and Cfe are concyclic about X (26446) and
the radius of this circle is 1/3 the radius of the Fuhrmann circle.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

a has coordinates

(—ae/(xt +ye)"? —ye/(xE + y&)'?).

[ has coordinates

(=2 +y2)'?,0).

v has coordinates

(we + (28 + &) * (ze — 1)) /((ze = 1)° + y2)'?, (we + (28 +y2) '/ * (zc —

1)/((we = 1" +y2)"? = 1) * (yo/(xc — 1))).

0 has coordinates

(w0 (22 +42) * (a3 — 220+ 98+ 1)V2 + 32+ 42)) /(a2 +42), (o * (22 +

) (2 — 25 20 + yh+ 1)V + 2+ 42) /(a2 + 92) * (yo /xc).

¢ has coordinates

(1+ ((ze — 1)* +y)"/2,0).

¢ has coordinates

(~((w0 — 1) % ((xc — 12 +y2)V2 — 20+ 1) = 42) /(w0 — 1) + ), (~((wc — 1) +

(((xe = 1* +92)"? —ae +1) = y2) /(e — 1)* + &) — 1) * (ye/(vc — 1))).

The centroid of ABC has coordinates ((z¢ + 1)/3,yc/3).

The centroid of Ay( has coordinates

((xe + (22 +y2)'"* * (z¢ = 1) /(e = 1)* + yg)"* = ((we — 1) * (((zc — 1)* +

ye)'? —xc+1) =)/ ((we = 1) +42) /3, (xe + ((2E +y2) '/ * (ve = 1)) /(v —

1?+y2)"? = 1) * (ye/(zc — 1)) + (= ((zc — 1) * (((ze = 1)* + 92)"* —2c + 1) -

ye)/(we = 1) +y2) — 1) * (yo/(zc — 1)))/3).

The centroid of Bad has coordinates

(L+ (ze* (2 +y2) * (2 —2xve+ye+ D)2+ ag +y2)) /(28 +y2) —zc/(af +

ye) ) /3, (—ye/(@g + y&)' " + ((we * (28 + y&) * (28 — 2% 20 + y& + 1))/ +

vt +ye))/ (@2 + y2)) * (ye/zc))/3).

The centroid of Cfe has coordinates

(0 — (22 + y2)12 + 1+ (e — 1) + y2)V2)/3,50/3).

Consider the circle whose equation is given by

(x + (W8 + 22)? = (y& + (zc = 1))V = 2% 3¢ = 2)/6)* + (y ((y + (¢ —

D)2 (g +28) ' —we) + (xe — 1)+ (g2 +22)"? + 2% y2) /(6% yc))?

1)/3+ (e +22)' " — (Y& + (wc = 1)°)/2 = 2x 20 = 2) /6)° + (yo /3 — (

D)2 (2 +a2)'? —we) + (we — 1) * (g3 + 22) ' + 2% y2) /(6 % yc))?) = 0.

We verify that all four centroids lie on this circle since we calculate

((fvc+1)/3+((yc+flf?;)1/2 — (Y& + (we = 1)) = 2520 —2)/6)* + (ye /3 — ((y2

(e = 1)) ((ye +ag)'? —we) + (flfc = 1) (g2 +a2)"? + 25 42) /(6% yc))?

(((fﬂc+1)/3+((yc+$c)1/2 (Y& +(zc—1)*)"? = 2x2c —2)/6)° + (yo /3~ ((y2

(e = 1)) 2 (g +28) ' —xc) + (20 — 1) * (yg +28) /2 + 2542.) [ (6+yc)) ) =0

((we+((@g+y2) P (ve—1))/((xe—1)* +y2) > = ((xe = 1) * (((ze = 1)* +y) /> —
+1)=y2)/(we=1*+92)) /3+((We+ag) /= (yg + (e —1)°) /2 = 2520 —2) /6)*+

vo+ (@ +yg)? x (we = 1))/ ((re = 1) +y2)* = 1) * (ye /(ve = 1)) + (—((zc —

)* (((ze =1 +y2)"? —2c +1) —y2) /((xe = 1)° +y2) = 1) * (ye/(vc — 1)) /3 —

(y%Jr(xc—1)2)1/2*((y%+x20)1/2—xo)+(xc—1)*(y%+x2c)1/2+2*y%)/(6*yc))2—

((xe+1)/3+ (e +a2)"? = (Y& + (xc —1)*)V* = 2x 20 = 2)/6)* + (yo /3 — (& +

o= 1)) ((y2. +Ic)1/2—fvc)+($c—1)*(y%JrfC%)”z+2*y%)/(6*yc))2) =0,

Lt (zo# (((0f +y2) = (08 = 2xz0+yg + D)2+ 2t +u2)) /(28 +ye) —2e/ (2 +
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W2 34+ ((ye+ad) = (Y +(xc—1)) V2 =252 —2) /6)* 4+ ((—yc /(& +yE) >+

(g +yd) x (xt —2xzc+ Y&+ 1)) 2+ 2t +yd))/ (aE+y2)) * (yo/xc)) /3 —
+(xe—1)) 2% (Y +ap) 2 —zo)+(xo—1) * (Y2 +a2) 1 +2%y2) [ (6xyc) ) —
c+1)/3+ (e +22)"? — (Y& + (xc —1))V2 = 2% 20— 2) /6)* + (yo /3 — (Y& +
c— D)2 (e +a2) 2 —xo) +(xe— 1) (yg +ag) 2 +2%y2) /(6% yc))?) = 0,

= QAA
S (S)QMQH
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)2 = 2% 30 = 2)/6)* + (yo /3 — (2 + (v — 1)) * (42 + 22)"/?
(vo = 1) # (y& +23) V2 +292) /(6 5+ yc) ) = (e +1)/3+ (2 + 22) /2
(we = 1)*)? = 2x 20 = 2)/6)* + (yo /3 — ((y& + (zc — 1)*)% * (¢ + 22
zo) + (o — 1) * (Y2 + 22)V2 + 2% y2) /(6  yo))?) = 0 as desired.

We then verify that this circle is 1/3 the size of the Fuhrmann circle since we
calculate that

(e = (v = (2g +y&) /24 ((we = 1)* +52)"2/2))? + (1 = zc) * 70) /ye —
((we = (((zo = 1) +92)"? = 1) = (20 — (28 +y¢)'/?) + 0 * (22 + y2)' /2 — 2+
v8)/(2 % ye)))?)/((xe + 1)/3 + (W2 + 22)'* = (2 + (vc — D)V? — 25 2¢ —
2)/6)° + (yo/3 — (W2 + (xc = D)2 % (8 + 28)"* — 2c) + (v — 1) * (& +
we)' P+ 25 92) /(6 % yo))?)? = 3. i

We make note that the circle is centered about X (26446).

zo — (2 +y2) 2 + 1+ (e — 12+ y2)V2) /3 + (v + 22)V? — (y& +

Y
1/2 _

FiGure 1. Illustration.
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