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1. INTRODUCTION

We show that three certain nontrivial points lie on the circle which is centered at
the incenter and which passes through the circumcenter of a triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let J be the circumcenter of ABC.

Let K be the incenter of ABC.

Let v be the point on line AC with /BAa = 7 — ZBAC, such that Ao = AB.
Let B be the point on line AB with ZCAp =n — ZBAC, such that A = AC.
Let ~ be the point on line BC' with /yCA =7 — ZACB, such that Cy = AC.
Let 0 be the point on line AC' with /6CB =7 — ZACB, such that C'6 = CB.
Let € be the point on line AB with ZeBC =m — ZABC, such that eB = BC'.
Let C be the point on line BC with /(BA =7 — ZABC, such that (B = AB.
Let n be the circumcenter of A, «, and (3.

Let 0 be the circumcenter of C,~, and 9.

Let v be the circumcenter of B, e, and (.

Let ' be the reflection of n about A.

Let 0" be the reflection of 6 about C.

Let ' be the reflection of v about B.

Then J,n', 0, and (' are concyclic about K.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).
B has coordinates (1,0).
C' has coordinates (xc,yc)
J has coordinates (1/2, W)
yo

K has coordinates
( o+ 1:20—&—3%, e )

1y/22 2+ (2o =12 +y2 " 144/aZ+y2+/(ec—1)2+y2
a has coordinates
(—zc/(xg +y2)' " —ye /(g + yg)'?).
[ has coordinates
(= (a2 +y&)"2,0).
~ has coordinates
(we + (@ + y&)'? * (zc — 1) /((we = 1)° + y2)"?, (zc + (2 + y&)"? * (vc —
1)/((we = 1)* +y2)"? = 1) * (yo/(vc — 1))).
0 has coordinates
((we* (28 +yg) * (28 — 2% e +yg + 1)) 2 + 2t +y2)) /(2 +y2), (we * (23 +
ye) * (8 — 2% wo +yg + D))V2 + 1+ 42))/ (38 + vg) * (yo/xc))-
¢ has coordinates
(1+ ((ze = 1)* +y2)"/2,0).
¢ has coordinates
(—((we = 1)+ (((xe = 1)* +y2)"/? —xc +1) = %)/((mc —1)?+92), (—((zc — 1) =
((xe =1 +y2)"? —2c +1) = y2)/((zc = 1)* +y2) = 1) * (yo/(vc — 1))).
71 has coordinates
(—(at +y2)'"2/2, ((zc — 1) * (2 + y2)'?) /(2 * ye).
0 has coordinates
(wesyo + (a2 +y2)"? * ((xe — 1)* +92)"?) /(2 % ye).-
¢ has coordinates
(2 + ((we = 1)* +y2)?) /2, —(zc * ((xc — 1)* + 42)"/?) /(2 % yo))-
1’ has coordinates
(22 +y2)'2/2, = ((xc = 1) * (2 + y2)'*) /(2 * ye).
0" has coordinates
(ze, yo — (@8 +y2)"? * (e = 1)° + y2)'*) /(2 * yc).
(' has coordinates
(2= ((zc = 1) + 92) ") /2, (xc * ((we = 1) + y2)'*)/ (2 x yc)).
The circle centered at K which passes through J is given by the equation
(- VT2 )2 (1/2- ey

Lty/ag vt/ (eo—1)2 44 LVt tvety/ (wo =1t

+<y_1+\/x +yc+\/ zo—1)2

(M _ e )2) =0
2yc 1+y/22+y2 44/ (o —1)2+y2 i
We verify that 7,0, and ¢’ lie on this circle since we calculate that
ro+r/ T2 +y2
(a2 +y2)'?/2 - e ¢ )2+ (=((xe = 1) * (28 + y2)'/?)/ (2 +

/a2 tyg v/ (re—1)2+u2
ve) - i 2 (12 e e (el

1y/22+y2+/ (wo—1)2+y2 /o5 o2t/ Eo— )P4 e

yc 2\
1+\/x%+y%+\/(xcfl)2+y%) )=0,
T x2 2
(zo — CIVICTe )2 4 (yo — (a2 + y2) Y2 * ((zo — 1)2 + y2)V2) /(2 %

/a2 tug /(o —1)2 442
e )2_ ((1/2_ zoty/ 23 +ud )2+(wc(rc—1)+y20 .
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Yo )2):0
/a2 tyg v/ (re =122 ’
_ 2 2\1/2Y /o9 roty/ TG+t 2 2
(@2~ ((we — 02 4 42)2)/2 — IR _p (e n (2~ 17 4
roty/eE+ye )2 4

211/2 _ ve 2 B
o))/ 2 * o) 1+\/””20+y%+\/($0—1)2+y%) ((1/2 Lhy/22ty2 /(2o —1)2+y2
zo(@o=D4yg vo o _
( 2yc 1+\/x2c+y%~+\/(mc—l)2+y%) ) = 0 as desired. O

FiGure 1. Illustration.
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