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1. INTRODUCTION

We deduce the existence of a set of coaxal circles which pass through the cevian
point and the vertices of the pedal and circumcevian triangles.

2. RESULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.

Let D be a point in the plane.

Let E, F', and G be the vertices of the circumcevian triangle of D adjacent to sides
AB, AC, and BC respectively.

Let H, I, and J be the vertices of the pedal triangle of D on sides AB, AC, and
BC respectively.

Then circles DEH, DFI, and DGJ are coazxal.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).
D has coordinates (zp,yp).

E has coordinates

((we*yp —xp*yc) * (yo* (yp —ye) + (e — 1) * (xp —2¢))) /(Yo * ((yp — ye)* +
(zp —xc)?)), (e — 1) *xyp — (xp — 1) xyc) * (xc * yp — xp *yc))/ (o * ((yp —
yo)? + (2p — 2c)?))).

F' has coordinates
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((yp * (yo * (yp + (zp — 1) * yo) + (zc — 1) x zo * (xp — 1))/ (yo * (yp + (zp —
1)), (yp * (2 + (r0 — 1) * 3¢) £ yp — (2p — 1) 5 ye)) /(e * (yh + (0 — 1)
G has coordinates

((zp* (W2 + (zc — 1) *2¢) *yp +xp * yc))/ (e * (b + b)), (yp * (V& + (vc —
1)+ 20) * 4p + o * yo)) (e * (6 + 73))).

H has coordinates (zp,0).

I has coordinates

(w0 * (xc * 20+ yo * yp)) /(&% + 43, (o * (50 * 2 + yo * yp)) /(2 + 42)).

J has coordinates

(o * (we — 1) xyp + yc) + (zc — 1)* x 2p)/(y¢ + (xc — 1)%), (yo * (yo * yp +
(20— 1) * 2p — 50 + 1)/ (4 + (z0 — 1)?)).

Circle DFEH is given by the equation

(x— (((x¢ = D) *xzo*xyp +ap* (xp — 2% xc+ 1) xyc) /(2% (xp — z0) * yo)))* +
(y—yp/2)? — ((zp — (((xc — 1) *xc*yp+xp* (xp — 2% xc+ 1) *yc) /(2% (xp —
20) % 50)? + (yp/2)?) = 0.

Circle DF'I is given by the equation

(. — (((xp + o) * Y2 + b —22) *xyp + o x (xp — 1) * xp * yo) /(2 % yo * (yo *
yp +xc* (xp —1)))))* + (y — ((yp * (Yo * (Yyp +yo) + 2o * (xp + 20 — 2))) /(2%
(yo *yp + e * (xp —1))))* = (#p = (((xp + 2¢) * Y2 + 3¢ — 32) * yp + 20 *
(zp — 1) * zp * Yo) /(2 * yo * (Yo * yp + xc * (xp — 1)))))* + (yp — ((yp * (yo *
(4p + ) + 70 * (wp + ¢ — 2))/(2% (Yo * yp + 3c % (2p — 1))))?) = 0.

Circle DGJ is given by the equation
(z—((((zp+xc)*y2 + a2 —2x22 +xc)xyp + (xc — 1) *zp* (xp+ 1) *yc) /(2%
yo * (Yo * yp + (vc — 1) 2p))))* + (y — ((yp * (yo * (yp +yc) + (vc — 1) * (vp +
20)))/(2* (yo *xyp + (xc — 1) *2p))))* — ((xp — ((xp +2c) * Y& +ad — 2% a3 +
re)xyp+(xe—1)*xp*(xp+1)*xyc)/(2*yc* (ycxyp +(xc—1)*xp))))? + (yp —
((yp*(yo* (yp+yc) +(xzc—1)*(xp+2¢))) /(2% (Yo *yp + (vc — 1) *xp))))?) = 0.
The radical line between circles DEH and DF'I is given by the equation
(x—(((zc—1)*zc*yp+ap*(xp—2xxc+1)xyc)/(2% (xp —2c) *yc)))* + (y —
yp/2)? — ((zp — (((x¢ — V) xzo*yp +xp* (xp — 2% xc+ 1) *yc) /(2% (xp — xc) *
ye)))? + (yp/2)?) = ((x = ((((vp + @) * y& + 2 — 2¢) % yp + 20 * (xp — 1) % Tp *
ye)/(2xyo * (yo xyp +xc* (xp—1)))))* + (y — ((yp * (ye * (yp +yo) + 2o * (vp +
xo—2)))/(2% (yo *yp +xc* (vp—1)))))* = ((xp — (((xp +2c) * Y& + 28 — ) *
yp +xc*(xp— 1) *xxp*yc)/(2*ye * (yo*yp +xc* (xp —1)))))* + (yp — ((yp *
(yo * (yp +yo) +xc * (xp + 20 — 2))) /(2 % (yo * yp + x0 * (xp — 1)))))?)) = 0.
The radical line between circles DEH and DGJ is given by the equation
((ye*yp + (wc — 1) xxp)/(yc*yp +ac* (xp — 1)) * (x — (((zc — 1) x T * yp +
xp*(vp —2%xc+1)xyc) /(2% (vp —20) *yc)))* + (y —yp/2)* — (xp — (((zc —
Dxzoxyp+ap*(xp —2xxc+1)*yc) /(2% (xp —xc) *yc)))? + (yp/2)?) — ((x —
((xp+ae)xyd +ad —2x22 +xc)xyp+ (xe — V) xxp* (xp+1) xyc) /(2 x yo *
(yoxyp+(zc—1)*xp))))*+ (y— ((yp * (Yo * (yp +yo) + (rc—1) x (xp+xc))) /(2%
(yo*yp +(xc —1)*xp))))> — ((zp — ((xp +20) * Y2 + 2t — 2% 2E +20) * yp +
(x¢ — D) *xxp* (xp+1)*yc)/(2xyc* (ye*yp + (xc — 1) *xp)))) >+ (yp — ((yp *
(yo * (yp +yo) + (xc — 1) * (vp +20))) /(2 % (yo * yp + (vc — 1) xxp))))?))) = 0.
The radical line between circles DF'I and DGJ is given by the equation
(ye*yp+ (xc—1)xxp)/(xp —z0))* ((x— ((((xp+xc) * Y2 + T8 — 22) * yp + 0 *
(zp—1)*zp*yc)/(2xyc* (yoxyp+axc*(zp—1)))))*+ (y— ((yp* (e * (yp +yc)+
zo* (vp+wc—2)))/ (2% (Yo*xyp +re* (xp—1)))))* = (zp — ((zp +2c) *y2 +
xé—xg)*xyp+ro*(rp—1)*xp*yc) /(2% yo* (Yo *yp +xo* (xp—1)))))* + (yp —
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(yp * (yo = (yp +yc) +xcx(xp+rc—2))) /(2% (yo*yp+zc*(rp—1)))))*) — (-
(((zp+zo)*y2 + a8 —2x 22 +xc)*yp+ (xoc — 1) *xp* (xp+ 1) *yc) /(2% yc *
yoxyp+(zc—1)*2p))))* +(y— ((yp* (ye* (yp +yc) +(xc —1)* (xp+ac))) /(2%
ye*yp + (xc —1)*xp))))? — ((xp — ((xp + ) * Y& + xk — 2% 2% +xc) xyp +
re— V) *xap*(xp+1)*yc)/(2xyc* (yo*yp + (v — 1) x2p))))? + (yp — ((yp *
(ye * (yp +ye) + (vc — 1) * (wp + 2¢)))/(2* (ye *yp + (vc — 1) *2p))))?))) = 0.
We then verify that these are all the same line since we calculate

(= (((ze —1)xxc*yp+ap*(xp —2%xc+1)*xyc) /(2% (xp —xc) *yc)))? + (y —
yp/2)*> — ((xp — ((xc — V) *xzc*yp+ap* (xp —2x 20+ 1) *xyc)/ (2% (xp — xC) *
4o )+ 22) (= (((2p+r0) ey + a3 syp+row(zp—1)s2pxyc) /(25
yox(yoryp+rex(rp—1)))))*+(y—((yp*(yox(Yyp+yc) +re*(¥p+rc—2))) /(2%
(yexyp+rox(rp—1)))))* = ((xp— ((((xp+xc)*ye+al—ag)*yp +xc*(xp—1)*
rp*yc)/(2xyox (yoryp+rox(rp—1)))))*+(yp— ((yp* (yo* (yp+yc) +xo*(rp+
vo—2)))) @2 (g yp+3c+ (2n — D)) — (((ge* o -+ (ro— 1) x20), (e s o+
zox(zp—1)))*((x—(((xc—1)*xcxyp+ap*(xp—2%xc+1)*yc) /(2% (xp —x0) *
yc)))’+(—yn/2)*—((zp—(((xc—1)*zc*yp+rp*(xp—2*%TC+1)*Yc) /(2% (2D —
zc)*yc)))*+(yn/2)*) — ((z—(((zp+ac)*xye+2¢ —2%2¢+30) *Yyp+(Tc—1) *TD*
(zp+1)*yc)/(2*yo*(yoxyp+(zc—1)*zp))))*+(y— ((yp* (yo* (yp+yc) +(zc—
1) (2p+26))/ (2% (g ryp+ (w0 — 1) xzp))? — (2p— ((((2p+10) 92 +-2% — 2%
ri+z0)*yp+(re—1)*xpx(xp+1)*yc)/(2xycx(yoxyp+(rc—1)*xp))))*+(yp —
(g (g x (yp-+ o)+ (ro— 1) e(zp+20)) /(23 (yeryp+ (zo—1)2p))2))) = 0,
and (z — (((zc —1)*xzc*yp+apx(xp—2%xxc+1)*yc) /(2% (xp —xc) *yc)))* +
(y—yp/2)?>— ((xp—(((xc—1)*zc*yp+ap*(xp—2%xc+1)*yc) /(2% (xp —20) *
v )P+ /2~ (5—((((2p--oe) 1+ 28— a2 ryp-+ao(zp—1) sap ko) /(23
yox(yexyp+ac*(@p—1)))))*+(y—((yp* (yo* (yp+yc) +rc*(vp+rc—2))) /(2%
(yexyp+aex(vp—1)))))* = (2o~ ((((xp+rc) *ye +at —a)*yp+ac*(vp—1)*
zp*yc)/(2xyc*(yoxyp+ac*(xp—1)))))*+ (Yo — ((yp * (Yo x (yp+yc) +xc* (xp+
ro—2)))/ 2% (geryp—+ e (o — D)) — (e syp-+ (r0—1)ep) (2 —20) )
(z—((((xp+xo)*y2+ad—2xi)xyp+xc*(xp—1)xxp*yc) /(2% yc* (yo*yp + o *
(zp—1)))))*+(y—((yp*(yc*(yp+yc)+rc*(xp+rc—2))) /(2% (yo*ryp+zc*(rp—
D2 =((xp—=(((p+ac) <y +at—at) xyp+rc*(p—1)xxp*yc)/(2xycx (yo*
yp+ac*(zp—1)))))*+(yp — ((yp* (yc * (yp +yc) +ac * (xp+xc —2)))/ (2% (yo
yp+a0x(op— D)D)~ (2 - (p+r0) s+ Th— 2522 +70) -+ (s~ 1) 52
(zp+1)*xyc)/(2xyc*(yoxyp+(vc—1)*2p))))*+(y— ((yp* (yo* (yp+yc) + (vc—
Dx(zp+ac)))/(2x(yc*yp+(zc—1)*2p))))* = ((2p— ((((xp+zc) * Y& + 2t — 2
r2+zo)*xyp+(re—1)*xpx(xp+1)*yc)/(2xycx(yoxyp+(rc—1)*xp))))*+(yp—
«yg*gyiﬁﬁﬂ>+yC)+($c—1)*@&)*ﬁcﬂ)ﬂﬁ*(yc*yD+($0—4J*$D)D)%)D==£
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FIiGUurg 1. Illustration.
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