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1. INTRODUCTION

In [1], we demonstrated that the Bottema point and five other certain points are
concyclic. Here, we will show that two more points lie on this particular circle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.
Let ACFG form a rectangle, with F' adjacent to A.

Let BCHI form a rectangle similar to ACFG, with I adjacent to B.
Let lines AG and C'F intersect at J.

Let lines BH and C1 intersect at K.

Let L be the Bottema point (the midpoint of F' and I).

Let circles ACFG and BCHI intersect at M.

Let line CIK intersect circle ACFG at N.

Let line C'F'J intersect circle BCHI at O.

Let line AC' intersect circle BOCHI at P.

Let line BC' intersect circle ACFG at Q.

Let lines KP and AG.J intersect at R.

Let lines JQ and BHK intersect at S.

Then J,K,L,M,N,O, R, and S are concyclic.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (a:c,yc)

F has coordinates (zp, —(z¢ * xp)/yc).

G has coordinates (x¢ + xp, yo — (o * TF) /Yyo).

H has coordinates (z¢ — zp,yc — (1 — z¢) x xp) /yc).

I has coordinates (1 — zp, —((1 — z¢) * xr) /yc)-

J has coordinates ((xc + xr)/2, (Yo — (xc * xFp)/yc)/2).

K has coordinates ((x¢ — 2z +1)/2, (ye — (1 — z¢) * xr) /yc)/2).

L has coordinates (1/2, —xpr/(2 * y¢)).

Circle ACF( is given by the equation

w2+(—:cp—xc)*x—y*yc+(azc*xp*y)/yc+y2 = 0.

Circle BCHI is given by the equation

2?4+ (xp—xc—1)xx—y*xyc+ (1 —zc) *xp xy)/yc +v* — xp + 1c = 0.

M has coordinates

((xp—zo)* ((2%xp —1)xyd — (2xxc— 1) x2%)) /(2% 2p — 1) *y2 + (2% 20— 1) %

%), —(2%xpx(zp—x0)*x (xrp+rec—1)xyc)/(2xxp —1)?*xy2 + (2520 —1)* x2%)).

N has coordinates

(—((4 — o * (wr+ 2 % 50— 2)) * ((or — 1) # 4 + (30 — 1) * 20+ 20) /(8 +

(zc = 1)%) * (y2 +2%)), (zF = 1) * y& + (wc — 1) xxc * 2p) * (2% 2p + 20 — 1) *

V2 — (e — 1) % 23)) (o * (5 + (w0 — 1) * (g + 23).

O has coordinates

((xF*yC+( T3+ (2x 10 +2) 2%+ (22 — 3*xxc) * xp + 2%) * Y2 + (o — 2%) *

xp+ (2#ag — ) x2%) /(Yo + (2F +22) * yg + a2t * 2h), (wr — 1) * y2 + (20 —

1) xzcxap) * (2% 2p — 2c) * Y& + xo * 2%)) /(Yo * (Y& + 28) * (Y& + 2F)))-

P has coordinates

(zc * (0 — )/ (4 + 7). (5 — 70) * yo) /(47 + 72)).

(@ has coordinates

(& — (we — 1) x2p)/(ye + (xc = 1)%), =((@p + 20 — 1) * yo)/ (¥E + (xc —1)?)).

R has coordinates

(—((zp—zo) # (wpt+ac)*((wp = 1) xyg + (xo = 1) xxcxap) [ ((ye +a) * (2% xp —

Dxy2+xpx(zp+2%(xc—1)*20))), —(xrp —2c) * (Y& —zo*xxp) * ((xp — 1) xy2 +

(zo—1)xxc*ar))/(Yox (Yo +at)*(2x2p —1)xyt +ap* (xp+2x(zc—1)*2C)))).

S has coordinates

(2xzp—1)*yt+ap*(2%+(xc—1)* (3*xxc— 1)) *y2 + (vc — 1) *zo* 050 + (10 —

1)2x2%+ (zo— 1) xxoxxr) /(Y2 + (wc — 1))« (2% xp — 1) xyd + 2% + 2% (xo —

Dxzo*xzr)),—((zr+xc—1)* (y2 + (xc — 1) *xp) * ((xp — 1) x y2 + (vc — 1) *

roxxr))/(yox (Y + (e — 1)) (2% zp — 1) xy2 +ap* (xp+2x (zc — 1) x20)))).

Now consider the circle whose equation is given by

(—((2xxc+3)*xxp—2xxc— 1) *yt+xp*(zpx((2xxc—1)*2p — 2520+ 3) +

(o —1)*xzc*(2xx0+3))*y2+(xc— 1) xxo* (2xxo — 1) *2d) /(42 x (2% xF —

Dxyd+ap*(xp+2x(xc—1)*20))))2+ (y— (2% xp — 1) *yd + (2% 2% — 5*x 2%+

(222 —2xxc+3)krp+as —xo)*xys + (2x2% —2xx0— 1) 2% — 3% (v — 1) % x0*

72)/ (L yo (25 2p — 1) 5 g+ 5 (2 + 25 (30— 1) £20))))? — (0 +2),/2 —

(2*xc+3)*xp—2%x0c— 1) %yt +axp* (xp*((2xxc—1)*xp — 2520 +3) + (20 —

Dkzo*(2xxc+3))*y2+ (vo — 1) *zo* (2xxe— 1) x2d) [ (dxyZ x (2% xp — 1) xy2 +

rp*(xp+2%(xo—1)x20))* 4+ ((yo — (xe*2p) Jyc) /2 — (2% xp — 1) x y& + (2%
— 5%+ (2528 —2xx0+3)*xp+1h — o) %Y+ (2% xh — 2% wo — 1) k2 — 3%
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(re— D) xxo*a%)/(dxyc*x ((2xxp— 1) xyd+ap*x(zp+2%(xc—1)x20))))?) = 0.
We verified in [1] that J, K, L, M, N, and O lie on this circle. We now verify that
R and S lie on this circle since we calculate that
(=((@p—zc)x(@ptac)*((xp—1)xye+(zc—)*zcxar))/(yo+ag)«((2xxp—1)x
vi+rpx(zp+2x(xc—1)*x20)))— ((2%xc+3)xxp—2%x0—1)*yt+apk(xpx (2520 —
Dxxp—2%10+3)+ (20— 1)*xo*(2xx0+3) ) *y2+ (vo—1)*wo* (2500 —1)*2%) /(4%
yer ((2xap—1)*yt+ap+(zp+2+(zc—1)*2c))))? +(—((2r —20)* (Yo — o *TF)*
(zp—1)xye+(zc—1)*zcxar)) /(Yo (Y2 +a8)*((2xxp—1)*yg+op*(zp+2%(zo—
Dxxc)))—((2%xzp—1)xys+ (2525 — 5502+ (2522 — 2% 10+ 3) % T p+ 22— 20 ) *yd+ (2%
12 —2%xc—1)xxh—3%(vo—1)xxo*xrd) [ (dxyc*((2xxp—1)*y2+xp*k (v p+2% (To—
Dxz0))?—(((we+xr)/2—(((2xxc+3) %2 — 2510 — 1) *yd+xp*(xp*x (2520 —1)*
Trp—2%x0+3)+(xo—1)*x0ox(2xx0+3)) xyi+(xo—1)*wo* (2% 10— 1) *2%) /(4% Y2 *
((2x2p—1)xyetap*(vp+2+(ro—1)x2c))* +((yo — (woxzr) /yc) /2= (252 —
D)syt+ (2% xh —bxa%+ (2x2% — 2% w0+ 3) % xp+ 22 —x0) *yb+ (2% 2% — 2% 20— 1) *
3 —=3x(zc—1)xxc*xx%) [ (4xyox((2xxp—1)xyi+ap*(zp+2x(zc—1)x2c))))?) = 0
and
(2%zp—1)xyp+azpx (224 (zo—1)*(3xxc—1)) %2+ (vc— 1) xzo* 0+ (10— 1)**
3+ (xo—1)3xxoxxpr)/(Ya+ (xo— 1))« (2% xp — 1)y + 2%+ 2% (xo — 1) *x0*
2r))—((2%zc+3)xxp—2xx0— 1) xys+ap*(xpx((2xxc—1) %2 p—2%20+3)+ (10—
Dxzox(25x0+3))*y2+(ro—1)*xo* (2510 — 1) x2%) [ (dxyix (2% xp— 1) Y2 + 2 5%
(24 20— 1))+ (— (o — 1) (et (ro— L) r)+{ (0 — 1)y (e~
Dszo*xzr))/(yox (i +(xc—1)?)x((2xxp—1) 2 +zp* (xp+2%(zo—1)*20))) —
(2xxp—1)*yt+ (2525 —bxrh+ (2x2% —2xx0+3) % T p+ 2% —10) * Y2+ (2% 2% — 2%
ro—1)x2%—3x(xc—1)*xo*xa%)/(dxyo*x ((2xxp—1)*yd +apx(xp+2%(zo—1)*
ze)))? = ((ze+zr)/2— (2%xc+3)xxp — 2520 — 1)%Yb+ ap* (xp* (2520 —1)*
rp—2xxc+3)+(rc—1)*wo*(2%xx0+3) ) *y2+(vo—1)*xxo* (2500 —1)*2%) [ (43 y2*
(2*ap—1)*yetap*(zr+2x(zc—1)x20))))*+((yo — (zc*zF) /yc) /2— ((2*xF —
Dxyd+ (2xa% —5xat4 (2525 — 2510+ 3)*xp+ 2% —x0) kyb+ (2% 22 — 2% 20— 1)
3 —3x(xo—1)xxo*xrd) [ (dxyox ((2xxp—1)xyd+rxpx(zp+2% (zc—1)*20))))?) = 0
as desired. 0

FiGurg 1. Illustration.
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