International Journal of Computer Discovered Mathematics (IJCDM)
ISSN 2367-7775 (©IJCDM

Volume 10, 2025, pp. 52-54

Received January 31, 2025. Published on-line April 11, 2025

web: http://www. journal-1.eu/

(©The Author(s) This article is published with open access'.

The Centroid Lies on Another Circle

BENJAMIN LEE WARREN?® 2

e-mail: warrenbenjamin52@yahoo.com
web: https://orcid.org/0000-0002-2829-6953

Mathematics Subject Classification (2010). 51N20.

1. INTRODUCTION

If one forms the pedal and cevian triangles of the centroid of a triangle, then the
centroids of the three triangles which comprise a vertex of the other three triangles
are concyclic with the centroid about X (15699). We present a proof of this.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D, E, and F be the midpoints of AB, AC, and BC' respectively.

Let G be the centroid of ABC.

Let H,I, and J be the vertices of the pedal triangle of G on lines AB, AC, and
BC respectively.

Let K, L, and M be the centroids of AF.J, BEI, and CDH respectively.

Then G, K, L, and M are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (xo,yc)
D has coordinates (1/2,0).
E has coordinates (z¢ / 2,yc/2).

F has coordinates ((z¢ +1)/2,yc/2).
G has coordinates ((z¢ +1)/3,yc/3).
H has coordinates ((z¢ +1)/3,0).

I has coordinates
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(J(xhc*(y%er:Ec*(xc+1)))/(3*(y%+$20)), (yo* (yetacx(zc+1)))/(3*(yz +at))).
as coordinates

((vc +2) * 4 + (10 — 1) = (20 + 1))/ (3% (4 + (ve — 1)), (g * (% + (w0 —
2) % (30 — 1)))/(3* (4 + (vc — 1)2))).

K has coordinates

(5 zc+T)*ye+5x(vc — 1) (zc + 1)) /(18 * (y& + (zc — 1)%)), (ye * (5 *
ye + (o = 1) x (5 ac — 7)) /(18 * (y& + (zc — 1)%))).

L has coordinates

(5xxc+6)*y2 + 22 * (5xxc+8))/(18 % (y& + 22)), (yo * (5 * y2 + xc * (5 %
7o +2)))/(18 % (4 + 22))).

M has coordinates

((8 *To + 5)/18,@/0/3).

Consider the circle whose equation is given by

(v — (14sc+11)/36)+ (y— (1) /36— ((re — 1) xa0)/(125y0))* — (w0 +
1)/3— (10 +11)/36)°+ (yo/3— (115y0) /36— (20— 1) 52)/(1244)))2) = 0.
We verify that G, K, L, and M lie on this circle since we calculate

(xc+1)/3— (14 x2c+11)/36)* + (yc /3 — (11 xye) /36 — ((xc — 1) * z¢) /(12 %
ye)))® — (((ze +1)/3 = (14 * ¢ +11)/36)* + (yo /3 — (11 * yc) /36 — ((zc — 1) *
zc)/(12* yc)))?) =0,

(bxxe+T7)xyd +5% (v —1)*x (zc+ 1)) /(18 * (Y& + (zc — 1)?)) —
11)/36)% + ((yo * (5xy& + (zc — 1) * (5 2 = 7))) /(18 + (Y2 + (zc — 1)°
yc) /36— ((xc —1)xzc)/(12%yc)))* = ((zc+1)/3 = (14* 20 +11) /36)* + (yo /3 —
(11 % yc)/36 — ((zc — 1) * zc) /(12 % yc)))?) = 0,
((5*xc+6)xyt+ai*(5xxc+8))/(18% (y2+22%)) — (14xx0+11) /36) %+ ((ycx (5
vox(5xx0+2)))/(18%(y2 +22)) — (11xyc) /36— ((zc—1)*zc) /(12%yc))) > —(
1)/3—(14%2c+11)/36)%*+ (yc /3— (11%yc) /36 — ((zc— 1) *x0) /(125 yc)))?
and

(8*zc+5)/18— (14*xxc+11)/36)*+ (yo /3 — ((11*yc) /36 — ((xc — 1) xxc) /(12 %
ye)))? — (@ +1)/3 = (145 30+ 11)/36) + (yo /3 — (115 ) /36 — (e — 1)
zc)/(12 % yc)))?) = 0 as desired. O
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FiGure 1. Illustration.
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