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1. INTRODUCTION

Pascal’s theorem [1] is one of the most fundamental theorems about lines associ-
ated with a hexagon whose vertices lie on an ellipse. The result in [2] is another
of these sorts of results. Here, we introduce another result about a line that can
be found from the same type of hexagon.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D and E be points on line AB, F and G be points on line AC, and H and I
be points on line BC' such that D, E, F,G, H, and I lie on a conic section.
Let lines AI and BF intersect at J.

Let lines BF and CD intersect at K.

Let lines AH and C'D 1intersect at L.

Let lines AH and BG intersect at M.

Let lines BG and C'E intersect at N.

Let lines AI and C'E intersect at O.

Then,

1. Lines AN, BL, and CJ are concurrent at P,

2. Lines AK, BO, and CM are concurrent at @),

3. Lines JM, KN, and LO are concurrent at R, and

4. P,Q, and R are collinear.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yco).

D has coordinates (zp, )

E has coordinates (zg,0).

F has coordinates (zr, zp * yo/zc).

G has coordinates (acg,xg * Yo /xco).

H has coordinates (zy,yc * (xg — 1)/(xc — 1)).

I has coordinates

(—(((((xg = 1) % xp —xc) *Tp — To *Tp + To) * Tp + To * Tp *x TE) * Ta + To *

rpxxp*xxp —xaxxp*xp)*xy + (1 —23)*xp +2%) xxp +ai *xp — 22) *

Tp—To*Tp*Tp)*xTg—ToxTp*rpxrp+rixxp*xrp)/(((zp+xp—1)*2p —

To*Tp*Tp)*Tg — To*Tp*rp*rp+asxxp*xg)*xxy+ (((xo—1)*xp —

To)*Tp —To*Tp+To) ¥ Tp+To*Tp*TR) ¥ TG+ To*Tp*Tp*Tp — Te % Tp *

xg),—((xp—1)x(xp— 1) xxp*xxg* (rg —zc)*yc)/((zgp+2xp — 1) *xp — 20 *

Tp*Tp)*rg —rc*Tp*rp*rp+aixxp*rp)*kr + ((xc— 1) *x2p —20) *

TE—To*Tp+T0)*Tp+To*Tp*TR) % Tq+To*Tp*TE*Tp — TH*xTp*xTp)).

Line AH is given by the equation

y=azx(yox (g —1)/(xc —1))/zn.

Line AI is given by the equation
=zx(—((zp—1D*x(xp— 1) *xzp*xxg*(xg —xc)*xyc)/((((zp+2p — 1) *xzp —

To*Tp*Tp)*Tg — To*xTp*rp*rp+as*xxp*xg)*xxy+ (o —1)*zp —

To)*Tp —TC*Tp+To) ¥ TR+ To*Tp*TR) ¥ TG+ To*Tp*Tp*Tp — Te *x Tp *

xg))/(—(((xe = 1) xxp —xc) %X — To* Tp + To) * Tp + To*xTp ¥ Tp) * Ta +

roxxpxrp*xrp —rikrp*krp)*rg+ (1 —23)xxp+ad)xxp+ri*xp —14)*

Tp—To*Tp*Tp)xTg—ToxTp*rpxrp+raxrp*rp)/(((zgp+xp—1)*zp —

Te*Tp*Tp)*Tg—ToxTp*xTpxrp+rixxp*rp)xry+ (((xo—1)*xp —x0) *

TE—To*Tp+TC)*Tp +To*Tp*TR) ¥ Tq+To*Tp*TE*Tp — TH*xTp *xTg)).

Line BF' is given by the equation

y=(r—1)*(zp*xyc/xc)/(xp —1).

Line BG is given by the equation

y=(x—1)*(vg*yc/rc)/(xc —1).

Line C'D is given by the equation

Yy =vyc+ (x —zc)*yc/(vc — xp).

Line C'E is given by the equation

y=yc+(x—zc)*yc/(xc —Tp).

J has coordinates

(zo* (xp* (zp*(xp* (2% —1)—ad) —xi*xxp+ai)tac*xrp*xp)+xy* (1o *

(zpx(zoxxp—xc+rp*(rc—xp*(xc—1))) —To*Tp*TE)+ T2 *Tp*xTp — T *

Tp*Tp*Tp) —To*xTp*Tp+To*xp*rp*xr)/(vy * (vg* (To*xp — 0+ TR *

(¢ —2%To*Tp) + Tp*Tp*Tp) + TE*Tp*xTp — To*Tp *x TR * Tp) — T * (TZ *

rp—1i—xpx(rp* (v +10) — L)+ Xp*TE*RTR) —TELRTpRTE+To*Tp* TR *

xrp), (tpxxaxyc* (vo—xg)*(xp—1)*(xp—1))/(xg * (xg* (rc*xxp —Tc+TE*

(e —2%To*Tp) +Tp*Tp*Tp)+To*Tp*Tp —To*Tp*Tp*Tp) — T * (Th+xp —

i —xpx(rpx (T 4+x0) — L)+ Tp*Tp*Tp) —TE*Tp*Tp+To*Tp*TEp*TR)).

K has coordinates

((xe+ 1) *axp —xc)*xp —xc*xp)/(tp*xp —x0), (Tr* (Yo —xp*yc))/(xc —

$D*.CCF))
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L has coordinates

(xpxxg*x(xc—1))/(xrc —xp —xyg +xp*hH), (xp*yc* (xyg —1))/(vc —zp —
I’H+ZL‘D*$H)).

M has coordinates

(—(zg*xxg * (xc — 1)) /(vc — e * g — o * oy + 26 *xy), — (e * yo * (xyg —
1)/(xc —xc*xx6 —xc* Ty +Tg*xpH)).

N has coordinates

(xo*xxp+xoxrg —Tp*xxg — 2o *xp *xq)/(Tc — g *x xg), (Tg * (Yo — TE *
ye))/(xc — vp * 26)).

O has coordinates
(zo*(xpx(zp*(zp*(vh —1)—a2) —x2*xp+ai)+xc*Tp*rp)+or*(To* (TF*
(rexxp—zo+ap*(vc—rp*(xc—1))) —XC*Tp*TE)+TE*Tp*Tp—To*Tp* TR *
rp)—rixrpxrpt+roxrpkrp*ar)/(vax (zoxxp—rpx(xp*(ro+1)—rotwp*
(zc—zcxxp)))—ri*rp—wp*(vox(voxrptap*(zpx(xp—1)—2%xp+1))—xi*
rptroxrp*rp)trxoxrp*xp), (rpxrexyck(to—xy)x(xp—1)x(xp—1))/(xgx*
(xe*xp—xp*(xp*(xc+1) —xc+xp* (T —To*Tp))) — 2% *xTp — T * (T *
(woxxp+ap*(rpx(xp—1)—2%xp+1)) =22 %Tp+To*Tp*Tp)+To*Tp*TF)).

1. Line AN is given by the equation

y=xx* ((rg*(yc —xp*yc))/(xtc —xp *xxac))/((vc *xp + 0 *xx6 — Tp * Tg —
ro*xrpxxg)/(xc —rEp*xxg)).

Line BL is given by the equation

y=(x—1)*x((xp*xyc*(xg —1))/(x¢c —axp—xug+xp*xg))/((xp*xzy* (xc —
1))/(x¢ —xp —xg +xp*2y)) —1).

Line CJ is given by the equation
y=vyo+(x—zc)x((zrpxzexyc*(xc—xy)*x(xp—1)x(xp—1))/(zg* (ze* (zc*
Tp—To+Tp*(Te—2%To*Tp) +Tp*TR*TR)+TEH TP TR — Lo TPk TR*TE) — Tk
(22 *xxp—a% —xp*(xp* (T2 +10)—TL)+Tp*TR*Tp) — T2k Tp*TE+To*Tp*Tp*
rr))—vyc)/((wg* (xpx(zp*x (zp* (22 —1)—2i) —xi*xp+ai)+xc*rp*aR)+
r*(zo*(xp*(xoxrp—xo+ap*(xc—Tp*(xc—1))) —TO*Tp*TR) + X5 * TP *
TE—To*Tp*Tp*Tp) —To*xTp*Tp+To*xTp*Tp*xr)/(vy*(va*(xo*xxp —T0+
Tp*(Tc—2%To*Tp)+Tp*Tp*xTp) +TA* T p*Tp—To*Tp*xTp*Tp) —Tox (Te*Tp —
2 —rpx(xpx (2% +10)—TE) X p*TE*TE) — T AT TR+ XK T DR TEXTR)) —T0).
Consider the point P whose coordinates are given by
(—(xp*(zexrp+arg*(xc—zp*(xe+1)))x(zy—1))/(zp*(ze*(xpx(3xxp—1)—
2xxp+1)—zexxpxrp)tre*x(xpx(ve—rpx(ve+2)) —ro+ap*(ze+1))+xox*
rpxTg), (Tp*rexycx(xg—1)x(xg—1))/(zg*x(xe*x(xp*(3xxp—1)—2%xp+1)—
roxxp*Tp)t+re*(xp*(xc—xp*(vc+2)) —xc+ap*(rc+1))+xoxxp*rR)).
We verify that P lies on lines AN, BL, and CJ since we calculate

(—(zp* (xoc*xxp+xc*(xc —xp*x(xc+ 1)) *x(xyg — 1)) /(xy * (xg * (xp * (3 *
xp—1)—=2%zxp+1)—xc*xxp*xp)+xc* (xp*(rc—rp* (vc+2)) —xc +
xp* (o + 1)) +axc*xxp*xp)) * ((rg* (yo — 2p *xyc))/(xc — zp x xg))/((zc *
T+ roxrg—Tp*xieg—Toxxp*rg)/(xc —xp*ag)) — ((xp*xxa*yc * (g —
Dx(zg—1)/(zg*(zgx(xpxB3*xxp—1)—2xxp+ 1) —xc*xp*xp) + g *
(xg* (xc —axp* (¢ +2)) —xc+ap* (xc + 1)) +xo*xxp*xR)) =0,

(—(zp* (ze*xzp +xe* (xc —xp* (vc+ 1)) * (xg — 1)) /(xg * (xg * (xg * (3 *
xp—1)—=2%xaxp+1)—xc*xp*xp)+xc* (xp*(xtc—xp* (xc+2)) —xc+
xp*x(rg+1))+xcxxpxxg)—1)* ((xp*xyc*(xyg —1))/(xc —xp — 2y + Tp *
zm))/(((xp *xg * (v — 1)) /(xc —xp —xg +xp *xg)) — 1) — ((xp * g * Yo *
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(xp—1)x(xg —1))/(zg* (rg*(xp*x (B3xxp—1)—2%xp+1) —zc*xxp*TE)+
xg* (xp*x(xc —xpx(vc+2)) —xc+axp*x(xc+ 1)) +xc*xxp*xp)) =0,
and
yo+(—(xp*(zexxp+trex(ro—xpx(xc+1)))x(zg—1))/(zp*(va*(xp*x(3xxp —
1)=2xxp+1)—zc*xp*rp)taxcx(rp*x(vc—xp*(xc+2))—xc+xp*(xc+1))+
zoxxp*xp)—xo)*(((rpxxexycx(xec—zy)*(xp—1)*(xg—1))/(zp*(xg* (xo*
Tp—To+Tp*(Te—2%To*Tp) +Tp*TR*TR)+TEA TP T — Lo TPk TR*TE) —To*
(22 *xxp—a% —xpx(Tp* (22 +10)—TL)+Tp*TR*Tp) — T2k Tp*TE+To*Tp*Tp*
zr))—yo)/((ze*(xp*(zpx(xp* (22 —1)—2d) —ai*xp+ri)+To*Tp*TR)+ T 1 *
(ro*x(zp*(zo*xxp—rotrpx(rc—rpx(xc—1)))—To*Tp*TR) +TE*Tp*Tp—To*
Tp*Tp*Tp) —To*Tp*xTp+ro*xrp*rp*xr)/(va*(rax (xo*xp —To+TE* (T —
2% To*Tp)+Tp*TR*Tp) +TE*Tp*Tp —Xo*Tp*Tp*Tr) —xg* (T5*Tp — 1% —
rpx(Tpx(TE4x0) — 1)+ Tp*Tp*TF) — XL ATk TR+ To*Tp*Tp*Tp)) —To) —
((xpxxerycx(zp—1)*(xg—1))/(zp*(ze*(xp*x(3xzp—1)—2%xp+1)—zc*Tp*
rp)t+ro*(xpx(ro—rpx(rc+2))—xo+rp*(xc+1))+x0o*Tp*rE)) = 0 as desired.

2. Line AK is given by the equation

y=xx*x((zrp*(yc—xp*xyc))/(xc —xp*zp))/((xc+1)*xp —2c) * Tp — T *
xp)/(xp*xxp — x0)).

Line BO is given by the equation
y=(z—1)x((zrpxxcxyc*x(xc—zy)x(xp—1)*(xg—1))/(zg*(xc*xxp—2p* (Tp*
(re+1)—xc+zp*x(xc—xo*ap))) —vi*xp—rp*(To* (zo*xp+ap*(vp*(Tp —
1)—2xzp+1))—azi*xp+zc*xrpxzp)trcxxp*rr))/((zo* (zp* (zp* (zp*(x% —
1) —z2)—aixxp+ai)+xcxxpxrp)+rg*(zox(xpx(xoxxp—ro+rp* (To—Tp*
(rc—1))) —Te*Tp*TR)+TE*Tp* T —To* TR TR TF) —TEXTp*TE+TO*Tp*T p*
zp)/(zg*(xcxrp—rp*k(rpx(vo+1)—rct+rp*(xo—Tc*rp))) —Ti*Tp—TH*(To*
(ze*xrptapx(zp*(xp—1)—2xxp+1))—2i*xp+rc*Tp*xr)+rc*Tp*rr))—1).
Line C'M is given by the equation
y=yc+(x—xc)*((—(xg*xyc*(xg—1))/(xc —xc*06 —TCc*TH+T0*TH)) —
ye)/(—(zg x g * (xc — 1)) /(xc — xc *xg — T * Ty + g *Ty)) — TC).
Consider the point ) given by the equation

(xg* (zgxxzp+axp*x(xc —xp * (xc+ 1)) * (xc —xy))/(xy * (xg * (vF * (3 %
xp—1) = 2% xc*xp) + x5 *xp — o * Tp * Tp) + xg * (xp * (5 + x0) + TP *
(¢ —axp*x (2xxc+1))) —2i*xp+axc*xp*ap), —(Tr* e *yc* (T — ) *
(xp—1))/(zg* (zg* (xp* (Bxxp—1) —2%x0*Tp) + TE*Tp —To *Tp *Tp) +
g (zp* (25 +xc) +ap* (o —axp*x 2xxc+ 1)) — i *2p +ac*xTp *2F)).
We verify that @) lies on lines AK, BO, and C'M since we calculate

(xg* (xo*xxp+ap* (o —zp*(xc+1)))*x(xc—2xg))/(xy* (xg* (xp* (3*xxp —
1)—2%xc*xp)+ai*Tp—To*xp*xp)+xe*(xp*(vi+x0)+xp*(vo—2p* (2%
zc+1))) —at+ap+acxrp*rr))*((xr*(yo —rp*yc))/(xc —rp*ar))/(zc+
)xxp—zc)*xxp—xc*xp)/(xpxrp—x0)) — (—(Trxxa*yc* (xc —xg)* (xp —
1))/(xg* (wg* (xp* (3xxp —1) — 2% 20 *xp) + X5 *Tp — T * Tp * Tp) + T *
(xp* (22 +2c) +xp*(xoc —xp* (2xx0+ 1)) — 2t *xxp+axc*xxpxxp)) =0,
(xg* (xe*xxp+ap* (o —zp*(xc+1)))*x(xc—xg))/(zy*(xg* (xp* (3*xxp —
1)—2xxo*xp)+a%*xp—xc*xp*Tp)+To* (Tp* (vh +20)+xp* (xe—xp* (2%
ro+1)))—aixxptackrpxrr)—1)x((zrp*xze*yox (vo—zg)* (xp—1)* (vp—
)/ (zg*(zocxxp—xp*(xp*(xoc+1)—xc+xp*(Tc—Tc*Tp))) — T *Tp — T *
(rg*(wexxp+ap*(zpx(xp—1)—2xxp+1))— 22 *xp+To*Tp*Tp) +To*Tp*
zr))/((zg* (xp*x (xp* (xp* (22 —1) —a%) — 2zl *xxp+ %)+ To*xTp*TE) +Th *
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(rg*(zp*(zo*xxp—zo+ap*(voc—zp*(xc—1))) —wc*xxp*rp)+Ti*Tp*TH —
TC*TP*TR*Tp) —To*xTp*Tp+To*Tp*xrp*xrr)/(xa* (xo*xxp —xp*(xp* (To+
1)—zo+zp*x(zc—zc*xp)))—as*xp—wg*(vo* (zo*xrp+rr*(rp*(xp—1)—
2xxp+1))—ai*xxp+ro*xrp*rp)+roxxp*rr)) — 1) — (—(Trp*xc*yo* (rc —
z)*(xp—1))/(xgx(xe*(xpx(3xxp—1) —2xxc*Tp)+Ti*Tp —To*Tp*Tp)+
ro*(xpx (22 +xc)+xpx(vo—xpx(2xxc+1))) —xi*xp+xc*rp*ap)) =0,
and

yo+ (zg*(zoxxp+ap*x(zc—xpx(xc+1)))*(xc—xp))/(xp*(za* (xp*(3*xp —
1)—2%xc*rp)tai*rp—re*rpxxp)+ro*(xp* (v +x0)+ar*(re—rp* (2% 10+
1))—zi*xpt+roxrpxrr)—zo)*((—(zoxyox(zg—1))/(xo—xo*r6—To*TH+TO*
zg))—vye)/((—(zgxrg*(zc—1))/(xc—rcxre—ro*rg+re*ry))—xc)—(—(Tp*
raxycx(ro—xg)x(xp—1))/(xg*(vo*(xp*(3xxp—1)—2%x0%Tp)+TE*Tp—TCO*
rpxrp)trok(xp*(ré+rc)trpx(vo—rp*(25xxc+1))) —ri*xptaroxrprrr)) = 0
as desired.

3. Line JM is given by the equation

y= ((zpxxg*ycx(xc—ap)*x(xp—1)x(xg—1))/(zp*(ze*(xc*rp —Tc+ TR *
(Tc—2%To*Tp)+Tp*Tp*Tp)+ T2 *Tp*Tp—To*Tp*Tp*Tp) —ra* (Th*xxp—
v —xp*(xp* (2 +30) —2L) 4 ap*TpxTp) —TLKTp*Tp+ XK TR TEHTE)) +
(z—((wo*x(xpx(zp*(zpx (i —1)—2%) —ai*xp+al)+xc*xp*rR) +TH* (00 *
(xpx(zoxxp—rc+rp*(Tc—xp*(xc—1))) —To*Tp*TR)+ T2 *Tp*Tp — T *
Tp*Tp*Tp) —To*Tp*xTp+ro*xrp*rp*xr)/(vg*(rox (xo*xp —xo+TE* (10—
2% To*Tp)+Tp*TR*Tp)+TE*Tp*Tp —To*Tp*Tp*Tr) —xg* (T4 *Tp — 8 —
rpx(zpx (i +xc)—1i)+ap*rp*rr) — i *xrp*rp+ro*rp*rp*rr)))* (((TF*
roxyox(ro—xg)x(xp—1)*(xg—1))/(zg*(xa*(zcxrp —To+xp* (To—2% X0 *
Tp)+Tp*TEp*Tp) +TE*Xp*Tp—To*Tp*xTp*Tp) — o (v2*xp —1h —xp* (Tp*
(22 4xc)—1i)+ap*rp*rr)—ri*rpkrp+ro*rp*xrpxrr))— (—(vo*xyo*x (vy—
)/ (zc—zc*xxg—rcxrg+raxzn)))/(xax(xpx(xpx(xp*(zi—1)—xd) —xi*
rp+ai)trxcxrprrp)trg*(vo*x(wpx(roxrp—ro+rp*(ro—rp*(xc—1)))—
TO*TP*TR)+TEkT Pk T —TOXTpRTRFTR) —To*Tp*Tp+To*Tp*Tp*xr) /(T *
(rg*(xe*xxp—To+TE*(To—2%To*Xp) + TP *TE*Tp) +TEL*Tp*Tp —To*Tp*
Tp*Tp)—xo* (T *rp — x5 —xp* (xp* (¥ +x0) —2E)+axp*TE*RTR) — XLk Tp*
rptrexxp*rpxrp))—(—(xexrp*(xc—1))/(vc—xo*rg—ro*rH+rc*TH))).
Line KN is given by the equation

y=((zr=*(yc —xp*yc))/(xc —ap*xp)) + (x = (zc + 1) xxp — 2¢) * 1p —
zo*xap)/(xpxxr—xc))) * (((2r* (yo —zp*yo))/(xc —xp*ar)) — (26 * (Yo —
xg*xyc))/(xc —zp *x2a)))/(xc + 1) *xp — x0) * xp — xc * xp)/(xp * TFp —
x0)) — ((xo *xp + 20 * g — Tp *To — Xo *Tp *x Tq)/(xc — Tp x xg))).

Line LO is given by the equation

y=((xp*xyc* (xg —1))/(xc —zp —xg +xp*xg)) + (x — ((xp *x xy * (vc —
1))/(xc—xp—xg+axp*xy)))*(((xp*xyc*(xy—1))/(xc—xp—xg+Tp*2H))—
(xpxxgxyc*x(re—axp)*(xp—1)*(xp—1))/(xag*(ve*xxp—xp*(xp*(xc+1) —
ro+apx(rec—xoxxp))) —wixxp—xp*(xo*x (xoxrp+rp*(rp*(xp—1)—2%
rp+1))—aixxpt+azo*xxpxrp)trcxxp*rp)))/((zp*xzgx(xe—1))/(zc —
rp—zg+apxxy))— ((wox(wpx(zp*(xp*x(vh —1)—ad) —xi*xp+ i) +xc*
rp*rp)+ap* (vox (xp*x(xe*xxp —xo+xp* (o —xp*(xc—1))) —xo*xp *
TE)+XL*TpRTE —TORTP*TE*Tp) —To*Tp*Tp+To*Tp*xrpxxr)/(Te* (To*
zp—zp*(xp*(zoc+1) —xc+ap*(xoc—xo*xp))) — T4 *xTp —TH * (T * (To *
rp+ap*(zp*(zp—1)—2%xxp+1))—2i*xp+rc*Tp*TR)+TC*Tp*TR))).
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Consider the point R whose coordinates are given by
(—(zg*(zox(zp*(xptro*(rp—1))+troxrp*(re—1)—ri*rp*rp)+ri*Tp* TR —
rexxp*rp*xrp) —ro*(vp* (vp* (vh—xp*(zo—1)*(xc+1))+ai*xp—2i) —20*
Tp*Tp)—Te*Tp*Tp+ro*Tp*rp*xrr)/(vo*(xpxrp*k(zo—rp*(vo—1)) —ri+1c*
rp*x(zo—xp))taixxp+ap*(zox(re—rp*rpt+roxrpx(xp—1))—aixxp+rc*
xp*xp)—Toxxpxtp), —(xaxycx(xp—1)*(zoxxp—rpx(xc—xp*(vc—1))+ 2y *
(zp—zc*xp)))/(xe*(zp*xp*(rc—xp*(vo—1))— 2 +xc*rp* (T —Tp))+Ti*
rptap*(vox(vo—rp*rpt+roxrp*x(rp—1))—2i*Tp+To*Tp*TR) —To*Tp*TF)).
We verify that R lies on lines JM, KN, and LO since we calculate
(xpxxgxyox(xc—xy)*(xp—1)*(xp—1))/(zg*(xg*(xcxxp —rc+xE* (0 —
2% To*Tp)+Tp*TR*Tp)+TE*Tp*Tp —Xo*Tp*Tp*Tr) —xg* (T8 *Tp — % —
rpx(xp* (22 +x0) —2%)+Tp*Tp*Tp) —TE*Tp*Tp+ToxTp*xTp*xr))+(— (T *
(zg*(zp*(zptrex(rp—1))+xo*xrp*(xc—1)—2i*Tp*2p) + 24+ Tp*TE—TC*
rpxrpxrp)—ro*(zp*(xpx (2t —xpx(re—1)*(xo+1))+ai*rp—as)—ro*Tp*
rp)—ri* xp*rp+rokrp*rpxrp)/(vo*x(xpxrp*(to—rp*x(vc—1))—ri+xc*
rp*(zc—xp))+aixxp+ap*(zox(re—rp*rpt+roxrpx(rp—1))—zixxp+rc*
xD*xF)—xc*ajD*xF)—((xg*(xp*(xE*(xD*(x%—l)—x%)—x%*x[)—i—x%)—i—xc*
xp*rp)tagx(rox(zrp*x(xoxxp—rot+axp*(xc—xp*(xc—1))) —zo*rp*xp)+
TLHTp*Tp —TOXTPRTE*Tp) —To*xTp*Tp+ToxTp*xTp*xxr)/ (v * (v * (Tc*
Tp—To+Tp*(To—2%To*Tp) + TPk T Tp)+TH*Tp*Tp—To*Tp¥TE*T ) —Ta*
(22 xxp—1% —xpx(xp* (T4 +10) —2L)+ Tp*Tp*Tp) —TE*Tp*TEp+TO*Tp*TE*
zp)))x((xp*xxe*xyox(xc—xm)*(p—1)x(xp—1))/(zp*(xe*(xo*xxp —To+TE*
(x0—2%T0o*Tp)+Tp*TE*Tp)+TE*Tp*Tp—To*Tp*Tp*Tp) —To* (xe*rp —1h —
rpx(rp* (2% +xc)—2i)+axp*rp*rr) —ri*Tp*rp+To*rp*xrp*rr)) —(—(To*
yox(rp—1))/(zc—zc*xvg—vo*xrp+re*ry)))/((zo* (zp*(zp*(zpx(x%—1)—
i) —aixxp+ad)+acxaprrp)tag*(rox (vp*(vo*rp —rc+rE* (To—Tp*
(rc—1))) —Te*Tp*Tp)+ T2+ Tp*Tp— T TP*TR*TR) — TH*Tp*Tp+To*Tp*
rp*xr)/(za*(xa* (Toxrp—xo+Tp* (To—2%To*Tp) +Tp*Tp*TR) +TEH*Tp*
Tp—To*Tp*xTp*xTp) —ro*(vh*rp—ad —rpx(vpx (1 +10) —2%)+Tp*TERTR) —
rixxp*xrp+ro*xrp*xrp*rr)) — (—(rg*xxg*(vc—1))/(vc —rc* 20 —TO*TH+
zaxry)))—(—(raxycx(xp—1)*(rexxp—rpx(xc—xp*(xc—1))+axg*(rr—xc*
zp)))/(xax(xpxxp*(zoc—rp*(vo—1))—ri+rc*xp*x(vrc—xp))+ri*xp+T8H*
(xg*(xc—rp*rp+ac*rp*x(rp—1))—ai*rp+rc*rp*ar)—ro*xp*rp)) =0,
(zpx(yc—xp*yc))/(rc—xp*zp))+(—(zp*(vax(xp*(xp+rc*(vp—1))+xc*
Tp*(re—1) =22 *Tp*Tp) +TE*Tp*Tp—ToxTp*Tpxtp) —Tox (Tp* (Tpx (T —
rp*x(xo—1)*(xc+1))+ai%xp — %) —To*Tp*Tp) —THRTp*Tp+To*Tp*Tp*
zr)/(za*(xp*xxp*(vc—xpx(vc—1)) —2i+xc*xp*(xc—xp))+Ti*xp+TH *
(rg*(xc—rp*xxp+xo*xp*(Tp—1)) — T4 *Tp+To*Tp*Tp) —To*Tp*TF) —
(ze+1)*xp—zc)*xp—xc*xxp)/(xp*xr—xc)))*((zr* (yo—xp*yc))/(xc —
zp*ar)) — ((xa* (Yo —xp*yc))/(xc —xp*26)))/((zc +1) xxp —20) * TP —
xoxxp)/(xpxxp—zc))— (Toxrp+roxrg—rp*xrg—rxo*Tpx2g)/(xc— T *
zq)))— (—(xgxyc*(xp—1)* (zc*xp —xp*(xc —xp*(xc—1))+axy* (rp —xc*
zp)))/(wgx(xpxrp*(voc—rp*(voc—1))—ri+rc*xp*(vc—2p))+ri*2p+T8H*
(rgx(zc—zp*rp+xcxrp*(xp—1))—xi*Tp+ro*rp*Tr)—ToxTp*rp)) = 0,
and
(xp*ycx(xg—1))/(xc—xp—xy+rp*ry))+(—(rp*(xe*x(xpx(xp+ro*(xp—
) +xc*xp*(vc—1)— 22 %Tp*Tp) + X5 *Tp*Tp —To*Tp*Tp*xTr) —To* (Tp*
(zp* (2t —zp*x(xoc—1)*(zo+1))+ai*xp—2%) —To*Tp*TR) — T2 *Tp*Tp+Tc*
rpxrp*xrp)/(vox (zp*xxp*(voc—zp*x(xc—1)) —ri+axo*xrp*(xc—xp)) + i *
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rptag*x(xg*(ro—xp*Tp+ro*Tp*(Ttp—1)) —TL*Tp+TC*Tp*Tp)—To*Tp*
ar)—((@pxzg*(rc—1))/(vc—xp—xn+rp*xn)))*((p*yc* (xn—1))/(vc —
xp—xg+ap*xry))—((rpxxexycx(ve—xg)*(xp—1)*x(xg—1))/(va* (xoxxp —
rr*(xp*(zc+1)—zc+xp*(xc—T0*2Dp))) — x5 *Tp — T * (To* (To*xTp+ TR *
(zpx(xp—1)—2%xzp+1))—xi*xp+azoxrp*rp)+xc*rp*ar)))/(((xp*xH*
(e —1))/(zc—xp—zg+ap*xh))— (xo* (xp* (zp* (zp* (22 —1) —2%) — 2 *
rp+ai)trxcxrprrp)trg*(vo*x (wpx(roxap—ro+rp*(ro—rp*(zc—1)))—
TO*Tp*TR)+TE*Tp*TE—ToXTpRTR*TR) — J:C*xD*xE+xc*xD*xE*xF)/(xG*
(rexxp—axp*(zp*(rc+1)—zo+xp*(vc—x0c*2p))) — w2 *x2p— TP * (T * (TCO*
Tp+axp*(zp*(xp—1)—2%xp+1)) — a2 %xp+Te*Tp*Tp)+To*Tp*TR))) —
(—(zgxycx(zp—1)x(zo*xxp—xpx(vc—xp*(xc—1))+zp*(xp—xc*xxp)))/(To*
(rp*xp*(vc—zp*(rc—1))—2%+ro*xp*(vc—2p))+as*xp+ry*(ve*(vo—
rp*xptacxrpx(xp—1))—ad*rp+ro*xp*rr) —xc*xrp*rp)) = 0 as desired.

4. Consider the line whose equation is given by

y= ((zp*xzegxyc*x(xp—1)x(xg—1))/(xg*(xg*(zpx(3*xxp—1)—2%xp+1)—
xoxrpxrp)tagx(rp*x(xc—rpx(re+2))—xct+ap*(xc+1))+xo*rp*rp))+
(0= (—(p (v 3 2+ 7 * (50 — 2+ (w0 + 1) (o — 1) (0 + (1w # (s * (3
xp—1)=2xxp+1)—zo*xrp*rp)t+axex(zpx(rc—xp*(vc+2)) —xc+ap*(Tc+
1) +zcxxpxxg)))*((xp*ra*yc*(xg—1)x(xg—1))/(zg*(za* (xg* (3xxp —
1)=2xxp+1)—zc*xrp*rp)taex(zpx(rc—xp*(xc+2))—rc+xp*(xc+1))+
xoxxp*xp))— (—(rrp*xre*xyc*x(xc—xg)*(xp—1))/(xy * (xg* (xp* (3*xxp —
1) —2%xc*xp)+ai*rp—To*xp*xp)+xc*(xp* (vE+x0)+xr*(vo—2p* (2%
re+1)))—zixxp+xcxrp*zr)))/((—(zp*(re*xp+xe* (xec—TR* (To+1)))*
(xg—1))/(zp*(xgx(xpx(3xxp—1)—2%xp+1)—ze*rp*rp)trex(vp*(xc—
xp*(xc+2))—xc+apx(ze+1))+xcxrpxrp))— (xax(zoxrp+arp*(xe—zp*
(xc+1))*(xc—zn))/(wp*(ze* (xp*(3xxp—1)—2%xo*Tp)+TE*Tp—TOo*Tp*
rp)+rox(zp*(2i+xc)tap* (v —xpx (2xxc+1))) —ai*xxp+To*Tp*TF))).
We verify that P,(Q, and R lie on this line since we calculate
((xpxxa*xycx(xp—1)*(xg—1))/(zp*(re*(xp*x(3xxp—1)—2%xp+1)—zo*Tp*
zg)trex(xpx(xc—xpx(vc+2))—xc+ap*(ve+1))+xcxxp*rg))+(—(zp*(xo*
rptrek(ro—rp*(ro+1)))x(zg—1))/(zgx(zagx(zpx(3xrp—1)—2%xp+1)—xC*
xpxrp)tre*(rp*x(xc—xpx(vc+2))—rc+rp*(xc+1))+axoxxp*rg)— (—(zp*
(xoxrptrex(xc—rpx(zo+1)))*(xy—1))/(zp*(zex(xp*(3xxp—1)—2%xp+1)—
roxxpxrp)trak(rpr(re—rpx(re+2))—rotapx(re+l))+axcxxprrr)))*(((zp*
roxyox(xp—D)x(xg—1))/(xgx(zex(vp*x(3xxp—1)—2%xp+1)—zc*rp*ap)+To*
(xpx(xc—zp*(xc+2))—vct+rp*(ro+l))+ro*xrp*rp))— (—(Tp*xre*yc* (vo—
r)x(xp—1))/(xg*(ve*x(xpx(3xxp—1)—2%Tc*Tp)+T2%Tp —To*Tp*TR)+To*
(xpx (a2 +zc)+rp*x(vo—xp*(2xxc+1)))—ad*xp+re*xp*zr)))/((—(zp*(zo*
rptrek(ro—rp*(ro+1)))x(zg—1))/(zg*(zax(zpx(3xxp—1)—2%xp+1)—xC*
rpxxp)trek(rpx(xc—rp*(re+2))—xot+xpx(xc+l))+roxrpxrg))—((xa*(ro*
rptrpx(zc—xp*(zc+1)))x(vc—zn))/(xp*(ze*(xp*(3xxp—1)—2%xc*xp)+
rixxp—rc*krp*rr)trek(rpx(vi+rce)trpx(vo—xp*(25xc+1))) —aZ*x p+ro*
xpxxp)))—(xpxroxyc*x(rp—1)x(xg—1))/(xg*(zex(xp*(3xxp—1)—2%xp+1)—
ro*xxpxrp)+tac*(rp*x(ze—rp*(xc+2))—ve+ap*(ve+1))+xc*xxpkrg) = 0,
((ZE‘D*Ig*yC*(l‘E—l)*(.%H—1))/((1}]{*(.Ig*(ZL’E*(?)*.ID—].)—2*$D—|—1)—J}C*J,‘D*
xp)trox(xpx(xc—xpx(xc+2))—xc+rp*(vec+1))+xe*xrpxrp))+ ((vo*x(xox*
xptrpx(xc—xp*(re+1)))x(xc—2n))/(xg*(xe*(xp*(3xxp—1)—2%xc*2p)+
rixxp—roxTp*Tp)trok(xp* (v +ro)+xp*(zo—xp*(2%xc+1)))—ri*Tp+
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xoxxpxrp)—(—(xp*(roxrptrax(to—rpx(xc+1)))x(xg—1))/(zp*(xo*(Tp*
(3xxp—1)=2%xp+1)—zc*rp*rp)+re*(Tp*(vo—rp*(Te+2)) —rotap* (Tt
1)4+ze*xzp*xg)))*((zp*xzegxyox(xg—1)*(xg—1))/(xg*(xc* (xp* (3*xxp —
1)—2xxp+1)—zcxxpxrp)txe*(xpx(xc—rp*(vc+2))—xct+ap*(rc+1))+
zoxxp*xg))—(—(vrp*xxaxyox(xoc—xy)*(xp—1))/(xg*x(vg* (xp*(3xxp—1)—
2% xcxxp)+aL*Tp—TokTpxrp)+ro* (Tp*(rh+xc)+apx(xo—rp* (2% x0+
1)) —zi*xp+zcxzp*xzr)))/(—(zp*(zo*xp+ro* (e —xp*(xo+1)))* (2H —
1))/(%}]*(1}@*(ZL’E*(S*J}D—l)—Q*.Z‘D—Fl)—Ic*lL’D*I‘E)+xg*(IE*(l’C—ZL'D*(ZL’0—|—
2))—xc+xp*x(xc+]l))+roxxrpxrp))— (zax(xoxrptrpx(roc—xp*(rc+1)))*
(rc—zg))/(za*(ra*(zp*(3xxp—1)—2%x0*xp)+ T2 *Tp —To*Tp*Tp)+ T *
(xp*(xi+xc)tap*x(vc—wpx(2xxc+1)))—2i*xp+rcxxp*ar))) —(—(Tpxzo*
yox(ro—zg)x(xp—1))/(zg*(zo*(xp*(3xxp—1)—2%x0*Tp) +TE*Tp —TO*Tp*
rp)+rgk(zp*x(vi+xc)+arpx(vo—xp*(2%xc+1)))—2i*xpt+rcxarp*rr)) =0,
and

((xpxxexycx(zp—1)*(xg—1))/(zp*(ze*(xp*x(3xzp—1)—2%xp+1)—zc*Tp*
rp)t+re*x(xpx(rc—xp*(xe+2))—zc+rp*x(vo+1))+re*xrp*ap))+(—(vy*
(wg*(zp*(zptrex(rp—1))+xo*rp*(xc—1)—Ti*Tp*TE) + T4 *Tp* TR — T *
rp*rpxrp)—rok(Tpx(rpx(2d—xp*(vc—1)x(xc+1))+adxxp—1i)—zo*Tp*
Tp)—xi*rp*rp+ro*xrp*rp*rr)/(za* (Tp*rrx(zo—rpx(vo—1)) —xd +xo*
rp*(rc—xp))+ai*xxp+ag*(re*(vc—xp*xrr+rcxrp*(rp—1))—zi*rp+
To*xTp*xp)—xo*xp*xp) — (—(xpx(xo*xrp+ag*(xe—xp*x(xo+1)))*(zy —
)/ (xg*(ze*(zpx(3xxp—1)—2%xp+1)—xc*xpxrp)trc*(zp*(zc—rp*(xc+
2))—xc+ap*(xc+1))+xexxpxxp)))*((zpxrgxycx(rp—1)*(xy—1))/(xg*
(xg*(xp*x(3xxp—1)—2xxp+1)—xc*rp*xp)tre*(rpx(rc—rp*(xc+2))—
ro+apx(xe+1))+xo*xrpxap)) — (—(xpxxaxyc* (xoc—xg)* (xp—1))/(xg *
(wg*(xpx(3xxp—1)—2%x0*xp)+2i*xp —Tc*Tp*Tp)+T0* (xp* (Th+20)+
rpx(xo—xp*(2xxc+1)))—xixxp+acxrp*rr)))/(—(zp*(zo*xp+ro*(vo—
xpx(xo+1))x(xg—1))/(xgx(zex(xp*x(3xxp—1)—2%xxp+1)—zo*rp*xp)+
rox(xpx(roc—rpx(re+2))—xc+rp*(xc+1))+xc*xp*rp))— (xg*(xoxrp+
rrx(ro—xp*(xc+1)))*(vo—2g))/(wp*(vox(xpx(3xxp—1)—2%xc*Tp)+ T2 *
rp—xoxxp*rp)+rox(Tpx (2t +re)+apk(ro—xpx(2xxc+1)))—ai*rp+rc*
xp*xxp)))—(—(xgxycx(xp—1)x(zecxxp—rpx(xc—xp*(xc—1))+axg*(rr—xc*
zp)))/(xgx(xpxrp*(vo—rp*(vo—1))—ri+rc*rp*x(vrc—xp))+ri*xp+X8H*
(zg*(xc—xp*rp+ro*rp*(rp—1))—zi*xp+rc*Tp*rp) —To*Tp*TF)) = 0

as desired. O
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FIGURE 4. Illustration.
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