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1. INTRODUCTION

If we take a triangle which is homothetic with the intouch triangle about the
incenter, then the circles that pass through the incenter and the corresponding
vertices of that triangle and the original are coaxal. We provide a proof of this
here.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the incenter of ABC.

Let B, F, and G be the vertices of the intouch triangle of ABC' on sides AB, AC,
and BC' respectively.

Let H,I, and J be the vertices of a triangle homothetic to the intouch triangle of
ABC about D on lines DE, DF, and DG respectively.

Then circles AD.J, BDI, and CDH are coaxal.

Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).

D has coordinates

((we + (2 +y2) ) (2 +y2)"? + ((we = 1)* + 92) > + 1), ye /(22 + y2) ' +
(e = 1)* +y2)"? +1)).

E has coordinates ((zc+ (22 +vy2)Y) /(2% +y2)? + ((vo — 1)2 +42)2+1),0).
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F' has coordinates

(e * (@8 +y&)* = ((xo = 1)? +4@)" > + 1)) /(2 % (22 + y&)'?), (yo * (23 +
ye)'? = ((xo = 1>+ y2)' 2 + 1) /(2% (2 + y&)'/?)).

G has coordinates

(xc/2 = (28 +y&)" ? * (xo = 1) —xo + 1) /(2% (xo = 1)* +y3)"?) +1/2,yc /(2 +
((ze =1 +42)"?) = (yo * (23 + y&)?/((ze = 1)* +y&) > = 1)) /2).

H has coordinates ((z¢+ (22 +y2)Y?) ) ((x2+y2) 2+ ((vo—1)2+y2) V2 4+1), yn).
I has coordinates

(2xyexym +xo*((ag+y2)"? = (10 = 1) +y2) 2 +1)) /(2 (23 +y&)'/?), (2 *
yo + y& + (28 + y2)' 2 * (yo — 2% xe * yu) — yo * (28 + y2)'? * ((ze — 1) +
P (2 a4 25 12)).

J has coordinates

(=2 xyexyn — ((xe = 1)* +y¢)* * (wo + 1) — 2o + (28 + y&)'/* * (vc — 1) +
1)/(2x ((xc = 1) +42)"?), ((yo + ym * (2% 20 — 2) — yo * (a8 + y3) %) * (a8 —
2% w0+ Y2+ DV2+yd tyex (2% — 2520+ 1)) /(2% 0L —dx 30+ 2% 9y% + 2)).
Circle ADJ is given by the equation

(2= ((Bxyg —((we—1)"+y2) **(yu+(2xy¢ +2xx 0% (v — 1)) +yd—yu+(v3+y3)
(2xxc—2)+yox(zo—1)x(zo+1))+yc* (w2 +y2) % (10 —1)2+y2) +yc* (3xxc+
D (zc—1))/(Axyex (@ +ye—1))))*+(y—((xe+((xe—1)>+y2) 2+ (2% yo*xyn —
ro— (8 AYye) P x (2 Ayor (Yo —2xym) 1) Froxydtad ) —ad —ag eyl — (18t
ye) 2 (10 =124y ) *(ve+1)+ye* (2xrc —3)* (20+1)) [ (dxyox (ag+ye—1))))* —
(—(Bryd—((xe=1)"+y2) 2 (yu+(2xy2+ 25z 0% (20 —1)) +ye —yn* (5 +ye )+
(2%2c—2)+yox(zo—1)*(vo+1))+yox (22 +y2) Y2 (xo—1)2+y2) +yo* (3xxc+
) (z0—1))/(4xyo* (23 +y&—1))))* = (—((zc + ((xc = 1)* +y2) % (2xyo xyu —
ro— (8 +ye) P x (2 tyo (Yo —2xym) — 1) Froxydtad) —ad—ag iyl —(1g+
&) Px((wo=1)+yd ) (wo+1)+yex(2xc=3)x(vo+1)) [ (dryox (1g+ye—1))))* =
0.

Circle BDI is given by the equation

(2= (2 +y2) 2 * (y 2%yt + 25 a0 (e — 1)) + Y@ +aoxyex (e —2)) — ((ve—
12 +y2)" % (a2 xyo +yé — 2% o xyn* (18 +y2) )+ yé +aoxye x (re —4)) /(4
yo x (Y& +xo x (x0 — 2)))))* + (v — (((xe — 1) + 92) 2 * (Y& * (x¢ — 2) — (25 +
Y22 % (yo x (yo — 2% yp) + w0 * (w0 —2)) — 2% 2% +28) — (22 +y2) V2 * (2% 20 +
yEx(vo—1)=2%yo*xyg — 3% x5 +15) + 2% 1% — 3xxd + b +yd +yi*x (2xxc+1)*
(xc=2))/(4xyc* (g +rex(vc—2))))) = (1= (28 +y&) ** (yu * (2xyg + 2% o *
(xe—1)+yd+rcxyo*(xc—2))— ((xo—1)2 +y2) V2% (22 xyo +y2 — 2% w0 * yp *
(@8 +ye) ) Fyd+aexyox (te —4)) [ (Axyex (yi +rox (vc—2))))* = (= ((((zc -
12+ 42) 2 (v * (w0 — 2) — (2 4+ 9&) " * (yo * (yo — 2% yu) + 30 * (0 — 2)) — 2%
24+ a2d) — (0L +y2) 2% 25 xc +ydx (xo— 1) = 2% yo*xyy — 3x 2% +ad) + 2% 1% —
Bxxg + a6 +yo +yt* 2xxo+1)* (20 —2))/(4*ye * (Y2 +xc * (20— 2)))))? = 0.
Circle CDH is given by the equation

(z—((yur*(=2%y2+2%z0* (20 —1)) — (2 —1)2+y2) 2% (yo* (2520 —1) — 2% (22 +
V) 2k (yo—yn) ) Fyc* (2502 + 2510 — 1)+ 2%y +yox (22 +y2) V2% (2520 —1)) / (yo*
(3530 —4))))2+ (g — (/2o (25 (a2 + 4 25 (20 1P+ )2+ 2))) —
(:BC (yrrx(—2%y2+25 0% (2 —1)) = (10 —1)2+y2) V2% (yor (2xx0—1) — 2% (22 +
&) P (Yo —ym))Fyox (2xag+2xxo— 1)+ 25yt Hycx (ag+yg) (250 1)) /(yox
(8xxo—4))))* = (yo—(yr/2+ye /(2% (22 +y2) P+ 25 (20 —1)+y2) /?+2)))* = 0.
The radical line between circles ADJ and BDI is given by the equation

(2= (B*ye— ((re =1 +y2) " ?  (yn * (2% Y& +2x w0 * (we — 1) +yd —ym * (23 +
ye) ' Px(2x w0 =2) tyox (vo—1)*(we+1) +yex (ag+ye) 2+ (1o — 1) +y¢) +ye*
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(Bxzo+1)*(vc—1))/(4*ryo* (z+ye —1))))*+(y— (o + (w0 —1)*+yg )/ * % (2
yoxyu —ro— (5 +ye) 2 (0f +yox (yo—2xyn) — 1)+ o *yg +ad) — ot — i+
Th bk — (25 +y2) 2k (v —1)2+yd ) (vo+1) +yd* 2%z —3) * (10 +1)) / (4d*yc*
(28 +ye—1))))* = (=(B*yd — (xo = 1) +y&) "% (Y * (2% Y3 +2xx0 % (0 — 1)) +
Yo~y *(xg+ye) P x(2x w0 —2) Fyox (o —1)* (xo+1) +yo* (xg+y2) ?* ((ro -
1)?+y2)+yox(3xro+1)*(xo—1)) /(dxyo* (23 +y8—1))))* = (= (o +((xo—1)*+
Ye) P H (2xyoryn —xo— (2g +y2) P x (1t 4 yo x (yo — 2% ym) — 1) Faoryt +ad) —
vt — ot +yd — (@t +y8) 2 (1o = 1)+ y2) * (1o +1) +yex (2520 —3) * (we +
1)/ (4xyox (2 +ye—1))))* = (2= (23 +y3) 7 * (yu + (2% yg + 25 xe* (10— 1)) +
v t+roxycr(e—2))— (2o —1)2+y2) 2% (02 xyc+yd — 2%z oy + (22 +y2)Y?) +
Y& +roxyor (o —4))/(Axyo (Y& +ro* (xe—2))))" + (y— (e —1)> +y)/*
(V2% (e —2) — (22 +y2) 2% (yo x (yo — 2%y ) +x0* (10 —2)) — 2% 25+ 2 ) — (w2 +
Y22k (2% 20yt * (w0 —1) = 2% yoxyy —3xxd+ad) + 2% 2% — 3xad + ot Hyd Hyd*
(2xzc+1)x(xc—2))/(4xyo* (Yo +ro* (re—2)))))* = (1= (((ag+y&) ">+ (Y + (2%
Yo +2xrox(ro—1))+yd+roxyox (o —2)) = ((xe = 1) + &) * (a8 +yo +y —
2xxoxym* (23 +yp)?) +yd + oy (vo—4)) (4*yc*(yc+$c*(~”€c 2)))))?—
(—((((wo =12 +y2) ?* (2 (we —2) = (28 + &)+ (Yo x (yo — 2% yn) + wo* (v0 —
2))—2xx% + ) — (22 4+y2) V2% (2xzo+ Y2+ (xo — 1) — 2% Yo * Yy — 3* x5+ ) +2%
—3xat+ro Yoy * (2xre+ 1) x (10 —2)) /(Axyo* (ye +ro* (20 —2)))))?) = 0
_—
(re—1)2+y2) V2% (rx (25 yg x 2l — 2% 28 % yo — 6 x yg * xd + sy a2 xy2 +dxypg
Th—2xxoxyd — 6k Yk ToRYE+2xTox Yo+ 2% Ym*ys) — 2xykys+ysx (2x2E —1)+
Yo —2xy* (22 +y2) 2% (3xax w0+ yryc —3xxx i —wHxYZ +roxyd ok (vo—1)*
(zo+1)—2xzo*xy*yc)+ai*ycx(xe—1)x(xe+1) = 2xyxycxym* (Y2 +zo*(xo—
2)) —yxydx(2xv0—2) % (o + 1))+ (22 +12) 2% (0 (25 y g+ Tl + 2% T Yo — 2%y *
Th A+ Axyg s xyZ — 6% 1L kYo — 2Kk Yk T+ 2% TR YS — 2k YR ToFRYE AR TR Yo+
2xyg*ro+ 2%y RYs — 2%y — 2xygxy2 ) Hyek (—2x 2%+ 2x w0+ 1)+ 2%y yd —yd +
Yy (25xyox(y—yc) —2*xxox (e —1))x (2% +yd — 1) +zo*xyxyd* (2xx0—4) — o *
yox(zo—1)*(zo+1)*(xc—2))+yd* (2% 22 — 1) +yg — 25 x5 yc* (v — 2% 23+ 2% 2%, %
Y& +2%1E —2xxoxyt —xo+ys) —yxyix(dxxc—2)+aixyox(ro—1)x(zc+1) =0
—
Y= (((xc—1)2+y2) V2 (vx (2 yy * 0l — 2%} % yo — 6y 28 + A%y * 02 %y +
dkyg*1h —2xTo*YS — 6k yg *Tox YL+ 2% xokyo+ 25y xyL) +ye x (2xxE — 1)+
Yo — 2%y * (22 +y2) V2% 3k xrc —3xwxad —xxydtroxyitrox(vro—1)x(vo+
D) +adxyox(vo—1)x (o +1)) — (22 +y2) V2% (Y2 —ye (—2% 22+ 2520+ 1) —
(2xyg*xTE+ 2512 xyo — 2%y *xd + Ak yg a2k yl — 65 1L %Yo — 2%y k1L + 2% T 0 *
VS — 2%y xTo kYL HARToR Yo+ 2K Y ¥ To + 2K Y R YG — 2k YD — 2x Y kY2 ) + Y *
(2592 +2xzo* (vo—1))* (22 +y2 — 1)+xc*yc*(xc D (zo+1)*(zc—2))+yd*
(2522 — 1) +yd —2xrxyc* (T4 — 2% 23+ 2x 22 %yl + 2% 2% — 2% 2o * Y2 —ro+YL) +
w2 xyo* (wo—1)* (e +1)) /(Y2 * (dxxo —2) — (22 4+9y2) 2% (2% yb + 2% yo x yu *
($20+y%—1)—|—xc*yg*(2*x0—4))+(($c—1)2—|—y%)1/2>k(2*yé+2*yo*yH*(y%+
vo* (o —2))+yd* (2520 —2) % (xo+1) + 2%y * (22 +32) 2 % (yo — 2% 10 *yC))).
The radical line between circles ADJ and C'DH is given by the equation
(2= ((3xye—((we =1 +y&) "+ (yr* 25yt +2xx0% (w0 —1))+yé—ym(xg+ye )/
(2xx0c—2)+yox (o —1)*(zo+1))+yc* (w2 +y2) %% (10 —1)2+y2) +yc* (3xxc+
) (ze—1))/(4xyex(x2+ye—1)))+y— (o + (e —1)>+y&) 7+ (2xycxyn —
vo— (13 +ye) P ¥ (ag+yox (Yo —2xyn) = 1) Froxyp +ad) —ag—ad byt —(tg+
&) 2 (10 =149 ) *(ve+1)+ye* (2xrc—3)* (x0+1)) [ (dxyox (ag+ye—1))))* —
(—(Bxyd—((xe=1)"+y2) 2 (yu* (2xy2+ 25 0% (0 —1)) +yd —yu* (5 +ye)
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(220 —2)+yox(zo—1)*(vo+1))+yox (22 +y2) 2 (xo—1)2+y2) +yo* (3xxc+
1) (zc—1))/(4*yc (2t +yé—1))))* = (= ((zc + ((xc —1)? +yc)1/2 (2*yc*yH—
vo— (28 +ye) P x (attyor(yo—20yn) — 1) Facwyp+ad) —ap —aitagtys— (e +
ye) P x((we—1)* 4y ) x (xo+1) +ytx(2xac—3)x(zc+1)) / (dxycx (et +ye—1))))*~
(2= ((ym*(=2+y2+25x0%(wc—1)) = (w0 —1)*+y2)** (yo* (2520 —1) = 2% (22 +
ye) P x(yo—ym)) Hyox (2xad+ 250 — 1)+ 25yt +yox (et +yd) (2*1’0 1)/ (ye
8xzc—4))))* +(y— (yn/2+ye/ (2 (2E +y2)" >+ 2+ ((zc — 1) + 42 )1/2+2)))
(xc (yprx(—2%y2+2520x (2 —1))— (10 —1)2+y2) V2% (yor (2xx0—1) — 2% (2 +
ve) (Yo —ym)) +yck (2xag+2xv0— 1)+ 2y tycx (2t +ye) 2 (2520-1)) /(Yo
(8xxc—4))))—(yo—(yu/2+ye/(2x (a2 +y2) P +2x (1o —1)*+yE) /?+2)))%) = 0
_—

(xe = 1) +y2)" 25 (28 +y2) " ** (x % (—2% 2t xyo + 6 x yy * g — 6xyr* 10 — 2%
Yo+ 2%y Y2 +2xyc) —ym* (2xycx (y— 2% xoxy+rokyc) +2xxox (vo—1)* (vo+
D)4y +ycx(xe—1)x(xc+1))+yxyc*ym* (dxxc—2) — vy (dxxc—2)* (Y2 +
rox(xe—1))) —x* (252t *yo+ 25y *xh — dxxd kyo — 2xyxxd +4dxxl xyd +4x
TLokyc — 2%y * L — AxxoRyS — 2% yg kTR YE — 2% Xo R Yo+ 2¥ Y ¥ T+ 2Kk YD — 2%
yu Yo+ 2xynye) Yl (2rag — 1)+ g+ yn o (202 x (wo —1) = 2ryox (v (2%
vo—1)—yo* (e —1)))* (22 +y2 —1) —yxy2* (dxxc—2) —yox (22 +y2) 2 % (2%
ro—1)*k(zx (2520 —2)— 22 +yc*(2xy—yo)+ 1)+t *xyc*(xc—1)*(zc+1) =0
—

g = (o 1P+ 205 (4 42 2 (o (—20 g+ oy 52— 6y 56—
25y + 2%y xyd +2%yc) —ym * (2xrox Yyt +2xxo* (vo— 1) x (xo+1)) + 42 +yc *
(wec—1)*(zc+1)) —zxymx (dxxc—2) % (Y2 +xo* (xe—1))) — % (2% T * Yo + 2 %
Yk TE — A% T Yo — 2x Yk Th + A LRy AR XL K Yo — 23 YR T — A* T oKk YS — 2%
YH*ToxYs — 2% To* Yo+ 2% yg xTo+2xyp — 2%y xyh + 25y xyd) +yd ok (2x 22 —
D4y +ym*(2xx2x (vo— 1)+ 25 y2 % (10— 1)) * (22 +y2 — 1) —yo * (22 +y2) /2 *
(2xzc—1)*(zx(2xxc—2) — a2 —yi+ 1)+t xycox(voc—1)* (xc+1))/(yE * (4%
10 —2)— ((ro—1)2+y2) 2% (yo s yp * (dxxc —2) + 2% yo * yu + (22 +y2) Y2 % (2%
o—1))+2xyd* (22 +y2) V2% (2% w0 — 1) + 2% yoxym * (2% xc — 1) * (2% + 92 — 1)).
We then see these represent the same line since we calculate

((wo—1)24y2) V25 2k (2ky g xwt — 2% 28 kYo — Oxy prxag, +HAxy a2 syt +dsyrars —
2k o*YS —bxygRToxYS+ 25T o Yo+ 2%y *ys ) Hyex (25t — 1) +yp — 25y (vE+
Y2 )V 2k (3xwkro— 3k rx L —wxyd+woxydtrox(vo—1)*(vo+1)) +aZxyox (o —
D#(o+1)) = (@2 +ye) 2 (Yo —ye (= 2002+ 2xx0+1) —o (2kyaad+ 2k a kyo —
2kY T+ Axy R TERYE — 65T kYo — 2xY R T+ 2% TORYS — 2K YR TORYE+ AR T O*
Yo+ 2xymxro+2xygxyd— 2%y — 25y xyZ) +ymx (2xyd + 2% xo* (xo—1))* (22 +
vE—1)+zoxyc*(zo—1)x(xo+1)*(xc—2))+yd* (2xx2 — 1) +yd — 2% w*yc* (8 —
2k a3 425 1L xR+ 2% 1L — 2% oxyE —ro+ys) Hadxyck (xo—1)* (zo+1)) /[ (yE* (4x
T0—2)— (2L +y2 )V 2 (2% yb+ 2xyoxyp* (2Z+y2 — 1) +xo*ydx (2% 20 —4) ) + (20—
24920 25 (25 Yy - 2xyoxym* (Y2 +xo* (w0 —2)) 92+ (2520 —2) * (wo+ 1)+ 25y +
(3452 (o Zocvye)) — (0 — 174 520 2 (04 )2 (e (2
Yo+0xyg*as —6xygxro—2%Y2+ 2%y kY +2%yc) —yu* (2xro*yi+2xx ok (ro—
D*(zo+1))+y2+yc*(zo—1)*(xzo+1)) —zrym*(dxxe—2)x (yi+xo*(vc—1))) —
Tk (2x xRy +2xy Rl — AR Td kYo — 2xy R+ AR T kY + AR TE kYo — 2Ry R TE —
s xokyd — 2%y kTox YL — 2% To*Yo+2x Y ¥ To+2x YL — 2xyg x YL+ 2xy xyZ ) +
Yok (2628 = 1)yl ym* (2% (10— 1)+ 20y x (ve — 1)) * (2 +ye — 1) —yo* (28+
Y225 (2% 0 — 1) * (2% (2500 —2) — 22 —y2 + 1) +aixyc* (xc— 1) x(zo+1)) /(yE *
(4x20—2) = (20 =12 +y&)" > (yorym* (4xwc —2) +2xyoxym+ (28 +yg) >+ (2%
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a:c—1))—1—2*3/%*(a%—i—y%)lﬂ*(2*x0—1)+2*y0*yH*(2*:cC—1)*(3:20—1-3/%—1))) =0
as desired. O

FIGURE 1. TIlustration.
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