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1. INTRODUCTION

We demonstrate the existence of a set of coaxal circles whose radical line passes
through the orthocenter.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle and P a point in the plane.

Let A'B'C" be the circumcevian triangle of P.

Let A”B"C" be a triangle which is homothetic with the orthic triangle about the
orthocenter.

Then circles AA'A”, BB'B”, and CC'C" are coazal and both P and the orthocenter
lie on their radical axis.

Proof. Without loss of generality, we will work in Cartesian coordinates

A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates (¢, yc).

P has coordinates (zp,yp).

The orthocenter has coordinates (z¢, ((1 — z¢) * x¢)/yc)-

A" has coordinates

((zp* (& + (xe — 1) * xc) *yp + xp xyc)) /(Yo * (vp + ), (yp * ((y¢ + (2 —
1) xzc) *yp +xp xyc))/ (Yo * (yp + 23))).

B’ has coordinates

((yp * (yo * (yp + (zp — 1) * yc) + (zc — 1) x 20 * (xp — 1))/ (ye * (yp + (zp —
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1), (g * (6 + (0 — 1) % 26) % 4p — (29 — 1) 5 yo) /(e * (4 + (2p — 1))
C' has coordinates

((me*yp —zp*yc) * (yo * (yp — yo) + (wc — 1) * (xp — 2¢))) /(yo * (yp — yo)* +
(zp —20)?)), (((xc = 1) xyp — (xp — 1) xyc) * (zc * yp — p xyc))/ (yo = ((yp —
yo)? + (xp — xc)?)))-

A" has coordinates

(—(ye * (Y& *yu + 22 *ym — 20 *yu — 2c * yo)) /(e * (Y2 + (vc — 1)?)), ((zc —
B" has coordinates

(o * (2 + (w0 — 1) # 50) # g — 3+ 22/ (50 — 1) % (4 + 2)), (w0 » (42 +
(v — 1)+ 2¢) * g + (ze — 1) 5 90)) (w0 — 1) * (% +22)).

C" has coordinates (z¢, ym)-

Circle AA’A” is given by the equation
(z—(—((yex(y2+(zo—1)*xc)xym —aixyd—rb+ 252t — 22 ) xyp— (vo—1)xxo 32 p*
yo)/(2xxcxycx (yoxyp+(xc—1)*2p))))*+(y— (Y2 +(xc—1)*z0) * (Tc*yp+zp*
yu))/ (2xzcx(yoxypt(zo—1)x2p)))* (= (= ((yo* (Y2 +(vc—1)*xc)*yn —a+y2 —
rh+2xxd—xk)xyp—(vo—1)*xxo*xxpryc) /(2% xoxyc* (yoxyp+(rc—1)*zp))))* —
(—((Y&+(xc—1)xz0)* (xoxyp+xpryn)) /(25 xex (yoxyp+ (xc—1)xxp)))* = 0.
Circle BB'B” is given by the equation

(0= (= (e (ro—1)sic) sy — (w0 =1V (s g —at + 25l —a2 ) syp—
crcx(zp—1)xy0)/ (2+(ec—1)syer(yeryp-+ac(ze— 1) P+ (g~ ((12-+

(zc—1)

(ze—1)xzc)*((xo—1)*yp+(rp—1)*yn))/ (2% (xc—1)* (yc*yPerc*(?UP 1)))))2
(I=(=((yo* (Y& +(xc—D)*xo) xym —(xo— 1) * (vo+1) *yg — xc+2*$c TE)*Yp—
(zo—1)*zox(xp—1)*yc) /(2% (xc —1)*yc* (yoxyp+aox(rp—1)))))* = (- (((y?fr
(zo—1)xxe)*((xe—1)*yp+(xp—1)*yn))/ 2+ (xc—1)*(yoryp+rc*(rp—1)))))* =

1rcle CC'C" is given by the equation

— (=((yo * yg — 2% + 2c) * yp — Y& * yu + (28 — wp) * yc)/(2 * (xp — w¢) *
ye ) + (Y= (ye +ym)/2)? — (vc — (= (Yo * yn — 2% +20) ¥ yp — Y& *yu + (2 —
xp) *yo)/(2* (xp — wc) *yo)))? — (yo — (yo +yu)/2)* =0

Consider the line whose equation is given by

(yo *yp + 25 —xc) * T — 20 *yo * yp + (vc — xp) * Yy * yo + (vc — %) x xp = 0.
We verify that this line is the radical line of circles AA’A”, BB'B"”, and CC'C"
since we calculate

((ze =) *ze*yox* (Yo xyp+ac* (vp— 1)) * (yoxyp +(xzc — 1) *xp))) /(= (Y& +
(ro—1)*20)* (yo*xym — (xo — 1) *xc)*yp))) * (2 — (= ((yo * (Y& + (vc — 1) x20) *
Yy —rixyi —wh+2x 1 — L) xyp — (vo — 1) *xc*xxp*yc)/(2xxo*yo * (Yo *yp +
(ro—1)*2p))))>+(y—((y&+ (zc—1) xxc) * (xe*xyp+apryn)) /(2% x0* (Yo yp +
(re—1)*2p)))? = (—(=((yo* (y& + (xo — 1) *x0) ¥y — TE* Yyt — 00+ 2408 —a3) *
yp—(ro—1)xxc*xxpryc)/(2xxoxyo* (Yo xyp+(ro—1)*xp))))* — (= ((y& +(vo —
Dxao)x(zoxyp+rpxyn))/(2xzc* (yoryp+(ve—1)xp)))? = ((z— (= ((yo* (Y& +
(xc—1)xxc)*xym — (vo— 1) * (xe+ 1) xyd — b + 2% 23, — 22) xyp — (vc — 1) x 0 *
(p—1)*yc) /(2% (xc = 1) xyo* (yoxyp+xo* (xp—1))))) >+ (y — (((y& + (v — 1) *
zo)* (v —1)*yp+(zp—1)*yn))/ (2% (vc — 1) * (yoxyp+acx(zp—1)))))* — (1 -
(—((wo* (Y& +(zo =) *x0) *ym — (o — 1) * (2o + 1)yt — 26+ 2% 28 — ) % yp —
(ro—1)xxe*(xp—1)xyc)/ (2% (e —1)*yo* (yoryp+aox(vp—1)))))* — (—(((y&+
(xc—1)*xo)* ((xc— D) *xyp+ (xp—1)xyy)) /(2% (xc — 1) x (yo *xyp + xc * (xp —
DIN?)—((yeryp+ai—zco)xx—zo*xycxyp+(zo—xp)*y*yc+(ro—a2)xxp) = 0
and
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(—((ze*(xp—z0)*yo* (yoxyp+ (vo—1)*xp))) /(Yo * yu — 28 +20) * (To* yp —
2p*yo)))* (2 — (= ((yox (o +(wo—1) xx0) *yn — 22 ¥yt — o6+ 2508 —23) *yp —
(re — D) xzoxxp*yc)/(2xxc*xyo* (yoxyp+ (xe— 1) xxp)))) >+ (y— (v2 + (xc —
Dxao)*(zoxyp+apxyn))/(2xxc* (Yo ryp+(xe—1)*2p)))* — (—(—((yo* (v +
(xo—1)*xc)*yg —xi*yd —rh+2xxd — 22 ) xyp— (xo— 1) *xxo*xp*yc) /(2% 0 *
yo* (Yo xyp+(xc—1)xxp))))* = (= (2 + (vc — 1) *x0) * (xo*yp+p*yn))/ (2%
zo* (yoxyp+(xo—1)x2p)))* = ((z — (= ((yoxyn — 23 +x0) *Yyp — Y& * ym + (23 —
zp)*yo) /(2% (xp —xc) *yc)))* + (v — (yo +yu)/2)* — (vc — (—((yo * yn — 2% +
xe)*yp — Yo xyn + (18 —xp)xyc) /(2% (xp —xc) *ye)))? = (Yo — (yo +yn) /2)?)) -
(yexyp + 14 —x0) % — T * Yo *yp + (e — xp) * Yy * yo + (xc — %) * xp) = 0.
We then verify that P and the orthocenter lie on this line since we calculate

(yo *yp + 2% —x0) ¥ Tp — To * Yo * Yp + (o — xp) ¥ yp ¥ Yo + (2o — 23) ¥ xp = 0
and

(ye xyp + 2% —x0) *xc — 20 *yo * yp + (v — zp) * (1 — zc) * x0) Jyc) * yo +
(xc — 2%) x zp = 0 as desired. O

FIGURE 1. Illustration.
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