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1. Introduction

In [1], we introduced a certain construction in the context of a given triangle
and demonstrated the existence of a generalization of the centroid. Here, we will
consider a more general version of the same construction and will demonstrate
another result regarding when the lines in question are concurrent. These results
both seem to echo similar results in [2] and [3].

2. Results

Theorem 2.1. Let ABC be a triangle with incenter X1.
Let A′B′C ′ be a triangle homothetic to ABC about a point P .
Let Ab be the reflection of A about the angle bisector of AB and the line through
B orthogonal to line BC.
Define Ac, Ba, Bc, Ca, and Cb cyclically.
Let A′′, B′′, and C ′′ be the circumcenters of ABaCa, BAbCb, and CAcBc respec-
tively.
Then any three of the four lines A′A′′, B′B′′, C ′C ′′, or PX1 are concurrent if and
only if all four lines are concurrent.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
P has coordinates (xP , yP ).
A′ has coordinates
(xk, xk ∗ yP/xP ).
B′ has coordinates
(−xk/xP + xk + 1, (xk ∗ yP )/xP ).
C ′ has coordinates
(((xP − xC) ∗ xk)/xP + xC , (xk ∗ (yP − yC))/xP + yC).
Ab has coordinates
(yC ∗ (1/(x2

C − 2 ∗ xC + y2C +1))1/2 +1,−(1/(x2
C − 2 ∗ xC + y2C +1))1/2 ∗ (xC − 1)).

Ac has coordinates
(xC + yC ∗ ((x2

C + y2C)/(x
2
C − 2 ∗ xC + y2C + 1))1/2, yC + ((x2

C + y2C)/(x
2
C − 2 ∗ xC +

y2C + 1))1/2 − xC ∗ ((x2
C + y2C)/(x

2
C − 2 ∗ xC + y2C + 1))1/2).

Ba has coordinates
(−yC ∗ (1/(x2

C + y2C))
1/2, xC ∗ (1/(x2

C + y2C))
1/2).

Bc has coordinates
((x2

C − yC ∗ (yC + xC ∗ ((x2
C − 2 ∗ xC + y2C + 1)/(x2

C + y2C))
1/2) + y2C)/xC , yC + xC ∗

((x2
C − 2 ∗ xC + y2C + 1)/(x2

C + y2C))
1/2).

Ca has coordinates (0,−(x2
C + y2C)

1/2).
Cb has coordinates (1,−((xC − 1)2 + y2C)

1/2).
A′′ has coordinates
(−((x2

C + y2C)
1/2 ∗ (xC + 1))/(2 ∗ yC),−(x2

C + y2C)
1/2/2).

B′′ has coordinates
(1− (((xC − 1)2 + y2C)

1/2 ∗ (xC − 2))/(2 ∗ yC),−((xC − 1)2 + y2C)
1/2/2).

C ′′ has coordinates
(xC +((x2

C + y2C)
1/2 ∗ (2∗xC −1)∗ ((xC −1)2+ y2C)

1/2)/(2∗ yC), yC +(x2
C + y2C)

1/2 ∗
((xC − 1)2 + y2C)

1/2).
Let,
D = ((xk∗yP/xP )−(−(x2

C+y2C)
1/2/2))/(xk−(−((x2

C+y2C)
1/2∗(xC+1))/(2∗yC))),

E = (xk ∗ yP/xP )− xk ∗D,
F = (((xk ∗yP )/xP )− (−((xC−1)2+y2C)

1/2/2))/((−xk/xP +xk+1)− (1− (((xC−
1)2 + y2C)

1/2 ∗ (xC − 2))/(2 ∗ yC))),
G = ((xk ∗ yP )/xP )− F ∗ ((−xk/xP + xk + 1)),
H = (((xk∗(yP −yC))/xP +yC)−(yC+(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2))/((((xP −
xC)∗xk)/xP +xC)−(xC+((x2

C+y2C)
1/2∗(2∗xC−1)∗((xC−1)2+y2C)

1/2)/(2∗yC))),
I = ((xk ∗ (yP − yC))/xP + yC)−H ∗ ((((xP − xC) ∗ xk)/xP + xC)),
J = (yP − (yC/((x

2
C + y2C)

1/2 + ((xC − 1)2 + y2C)
1/2 + 1)))/(xP − ((xC + (x2

C +
y2C)

1/2)/((x2
C + y2C)

1/2 + ((xC − 1)2 + y2C)
1/2 + 1))),

and
K = yP − xP ∗ J .
Line A′A′′ is given by the equation
D ∗ x− y + E = 0.
Line B′B′′ is given by the equation
F ∗ x− y +G = 0.
Line C ′C ′′ is given by the equation
H ∗ x− y + I = 0.
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Line PX1 is given by the equation
J ∗ x− y +K = 0.
Lines A′A′′, B′B′′, and C ′C ′′ are concurrent if and only if

det

D −1 E
F −1 G
H −1 I

 = 0

⇐⇒
0 = (−2∗xk∗y2C∗(xP−xk)∗(1/xP )∗(1/(xC∗(x2

C+y2C)
1/2+2∗xk∗yC+(x2

C+y2C)
1/2))∗

(−1/(2∗xP ∗(x2
C−2∗xC+y2C+1)1/2+2∗xk∗yC−xC∗xP ∗(x2

C−2∗xC+y2C+1)1/2−2∗
xP ∗xk∗yC))∗(−1/(xP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2−2∗xC∗xk∗yC+2∗xP ∗
xk∗yC−2∗xC∗xP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2)))∗[2∗xk∗y2P ∗(x2
C+y2C)

1/2−
x2
P∗yC∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2−x2

P∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)−

xP ∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+
1)1/2−2∗xk∗yC∗yP∗(x2

C+y2C)
1/2+2∗x2

P∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−2∗

xk∗y2P ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−4∗xC∗xk∗y2P ∗(x2

C−2∗xC+y2C+1)1/2−
2∗xP ∗xk∗y2C∗(x2

C−2∗xC+y2C+1)1/2+2∗xP ∗xk∗y2C∗(x2
C+y2C)

1/2+xP ∗yC∗(x2
C+y2C)∗

(x2
C−2∗xC+y2C+1)1/2−2∗xP ∗yP ∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2

C+
y2C)

1/2∗(x2
C−2∗xC+y2C+1)+2∗x2

C∗xk∗y2P ∗(x2
C−2∗xC+y2C+1)1/2+2∗x2

P ∗xk∗y2C∗
(x2

C−2∗xC+y2C+1)1/2−2∗x2
C∗xk∗y2P ∗(x2

C+y2C)
1/2−2∗x2

P ∗xk∗y2C∗(x2
C+y2C)

1/2+xC∗
xP ∗yP ∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2+xC∗xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+
y2C+1)−2∗xC ∗xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2+2∗xk∗yC ∗yP ∗(x2
C+

y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2+2∗xC∗xk∗yC∗yP ∗(x2
C−2∗xC+y2C+1)1/2+4∗xP ∗xk∗

yC∗yP ∗(x2
C−2∗xC+y2C+1)1/2−2∗xC∗xk∗yC∗yP ∗(x2

C+y2C)
1/2+4∗xC∗xk∗y2P ∗(x2

C+
y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−4∗xC∗xP ∗xk∗yC∗yP ∗(x2

C−2∗xC+y2C+1)1/2+4∗xC∗
xP ∗xk∗yC∗yP ∗(x2

C+y2C)
1/2−4∗xP ∗xk∗yC∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2].
Lines A′A′′, B′B′′, and PX1 are concurrent if and only if

det

D −1 E
F −1 G
J −1 K

 = 0

⇐⇒
0 = (yC ∗ (xP − xk) ∗ (1/xP ) ∗ (1/(xC ∗ (x2

C + y2C)
1/2 +2 ∗ xk ∗ yC +(x2

C + y2C)
1/2)) ∗

(1/(2∗xP ∗(x2
C−2∗xC+y2C+1)1/2+2∗xk∗yC−xC∗xP ∗(x2

C−2∗xC+y2C+1)1/2−2∗
xP ∗xk∗yC))∗(−1/(xP−xC+xP ∗(x2

C−2∗xC+y2C+1)1/2+xP ∗(x2
C+y2C)

1/2−(x2
C+

y2C)
1/2)))∗ [2∗xk ∗y2P ∗(x2

C+y2C)
1/2−x2

P ∗yC ∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+1)1/2−
x2
P ∗yC∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)−xP ∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+

1)1/2+xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−2∗xk∗yC ∗yP ∗(x2

C+y2C)
1/2+

2∗x2
P ∗yC ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2−2∗xk∗y2P ∗(x2
C+y2C)

1/2∗(x2
C−2∗

xC+y2C+1)1/2−4∗xC∗xk∗y2P ∗(x2
C−2∗xC+y2C+1)1/2−2∗xP ∗xk∗y2C∗(x2

C−2∗xC+
y2C+1)1/2+2∗xP ∗xk∗y2C∗(x2

C+y2C)
1/2+xP ∗yC∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2−

2∗xP ∗yP ∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+

y2C+1)+2∗x2
C ∗xk∗y2P ∗(x2

C−2∗xC+y2C+1)1/2+2∗x2
P ∗xk∗y2C ∗(x2

C−2∗xC+y2C+
1)1/2−2∗x2

C ∗xk∗y2P ∗(x2
C+y2C)

1/2−2∗x2
P ∗xk∗y2C ∗(x2

C+y2C)
1/2+xC ∗xP ∗yP ∗(x2

C+
y2C)∗(x2

C−2∗xC+y2C+1)1/2+xC∗xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)−2∗xC∗

xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2+2∗xk∗yC∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗
xC+y2C+1)1/2+2∗xC∗xk∗yC∗yP ∗(x2

C−2∗xC+y2C+1)1/2+4∗xP ∗xk∗yC∗yP ∗(x2
C−

2∗xC+y2C+1)1/2−2∗xC ∗xk ∗yC ∗yP ∗(x2
C+y2C)

1/2+4∗xC ∗xk ∗y2P ∗(x2
C+y2C)

1/2∗
(x2

C−2∗xC+y2C+1)1/2−4∗xC∗xP ∗xk∗yC∗yP ∗(x2
C−2∗xC+y2C+1)1/2+4∗xC∗xP ∗

xk∗yC ∗yP ∗(x2
C+y2C)

1/2−4∗xP ∗xk∗yC ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2].
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Lines A′A′′, C ′C ′′, and PX1 are concurrent if and only if

det

D −1 E
H −1 I
J −1 K

 = 0

⇐⇒
0 = (yC∗(xK−xP )∗((x2

C+y2C)
1/2)∗(1/xP )∗(1/(xC∗(x2

C+y2C)
1/2+2∗xk∗yC+(x2

C+
y2C)

1/2))∗(1/(xP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−2∗xC ∗xk∗yC+2∗xP ∗xk∗

yC−2∗xC∗xP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2))∗(−1/(xP−xC+xP ∗(x2

C−2∗
xC+y2C+1)1/2+xP ∗(x2

C+y2C)
1/2−(x2

C+y2C)
1/2)))∗[2∗xk∗y2P ∗(x2

C+y2C)
1/2−x2

P ∗yC∗
(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2−x2

P∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)−xP∗yC∗

(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2−
2∗xk∗yC∗yP ∗(x2

C+y2C)
1/2+2∗x2

P ∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−2∗xk∗

y2P ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−4∗xC∗xk∗y2P ∗(x2

C−2∗xC+y2C+1)1/2−2∗
xP ∗xk∗y2C∗(x2

C−2∗xC+y2C+1)1/2+2∗xP ∗xk∗y2C∗(x2
C+y2C)

1/2+xP ∗yC∗(x2
C+y2C)∗

(x2
C−2∗xC+y2C+1)1/2−2∗xP ∗yP ∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2

C+
y2C)

1/2∗(x2
C−2∗xC+y2C+1)+2∗x2

C∗xk∗y2P ∗(x2
C−2∗xC+y2C+1)1/2+2∗x2

P ∗xk∗y2C∗
(x2

C−2∗xC+y2C+1)1/2−2∗x2
C∗xk∗y2P ∗(x2

C+y2C)
1/2−2∗x2

P ∗xk∗y2C∗(x2
C+y2C)

1/2+xC∗
xP ∗yP ∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2+xC∗xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+
y2C+1)−2∗xC ∗xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2+2∗xk∗yC ∗yP ∗(x2
C+

y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2+2∗xC∗xk∗yC∗yP ∗(x2
C−2∗xC+y2C+1)1/2+4∗xP ∗xk∗

yC∗yP ∗(x2
C−2∗xC+y2C+1)1/2−2∗xC∗xk∗yC∗yP ∗(x2

C+y2C)
1/2+4∗xC∗xk∗y2P ∗(x2

C+
y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−4∗xC∗xP ∗xk∗yC∗yP ∗(x2

C−2∗xC+y2C+1)1/2+4∗xC∗
xP ∗xk∗yC∗yP ∗(x2

C+y2C)
1/2−4∗xP ∗xk∗yC∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2].
Lines B′B′′, C ′C ′′, and PX1 are concurrent if and only if

det

F −1 G
H −1 I
J −1 K

 = 0

⇐⇒
0 = (yC∗(xk−xP )∗((x2

C−2∗xC+y2C+1)1/2)∗(−1/(2∗xP ∗(x2
C−2∗xC+y2C+1)1/2+

2∗xk∗yC−xC∗xP ∗(x2
C−2∗xC+y2C+1)1/2−2∗xP ∗xk∗yC))∗(−1/(xP ∗(x2

C+y2C)
1/2∗

(x2
C−2∗xC+y2C+1)1/2−2∗xC∗xk∗yC+2∗xP ∗xk∗yC−2∗xC∗xP ∗(x2

C+y2C)
1/2∗(x2

C−
2∗xC+y2C+1)1/2))∗(−1/(xP−xC+xP ∗(x2

C−2∗xC+y2C+1)1/2+xP ∗(x2
C+y2C)

1/2−
(x2

C+y2C)
1/2)))∗[2∗xk∗y2P ∗(x2

C+y2C)
1/2−x2

P ∗yC∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+1)1/2−
x2
P ∗yC∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)−xP ∗yC∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+

1)1/2+xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−2∗xk∗yC ∗yP ∗(x2

C+y2C)
1/2+

2∗x2
P ∗yC ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2−2∗xk∗y2P ∗(x2
C+y2C)

1/2∗(x2
C−2∗

xC+y2C+1)1/2−4∗xC∗xk∗y2P ∗(x2
C−2∗xC+y2C+1)1/2−2∗xP ∗xk∗y2C∗(x2

C−2∗xC+
y2C+1)1/2+2∗xP ∗xk∗y2C∗(x2

C+y2C)
1/2+xP ∗yC∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2−

2∗xP ∗yP ∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+

y2C+1)+2∗x2
C ∗xk∗y2P ∗(x2

C−2∗xC+y2C+1)1/2+2∗x2
P ∗xk∗y2C ∗(x2

C−2∗xC+y2C+
1)1/2−2∗x2

C ∗xk∗y2P ∗(x2
C+y2C)

1/2−2∗x2
P ∗xk∗y2C ∗(x2

C+y2C)
1/2+xC ∗xP ∗yP ∗(x2

C+
y2C)∗(x2

C−2∗xC+y2C+1)1/2+xC∗xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)−2∗xC∗

xP ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2+2∗xk∗yC∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗
xC+y2C+1)1/2+2∗xC∗xk∗yC∗yP ∗(x2

C−2∗xC+y2C+1)1/2+4∗xP ∗xk∗yC∗yP ∗(x2
C−

2∗xC+y2C+1)1/2−2∗xC ∗xk ∗yC ∗yP ∗(x2
C+y2C)

1/2+4∗xC ∗xk ∗y2P ∗(x2
C+y2C)

1/2∗
(x2

C−2∗xC+y2C+1)1/2−4∗xC∗xP ∗xk∗yC∗yP ∗(x2
C−2∗xC+y2C+1)1/2+4∗xC∗xP ∗

xk∗yC ∗yP ∗(x2
C+y2C)

1/2−4∗xP ∗xk∗yC ∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2]

Assuming that xk = xP indicates that all four scenarios have the same constraint
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which is that
0 = 2∗xk∗y2P ∗(x2

C+y2C)
1/2−x2

P ∗yC ∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+1)1/2−x2
P ∗yC ∗

(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)−xP ∗yC ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2+
xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2−2∗xk∗yC ∗yP ∗(x2
C+y2C)

1/2+2∗x2
P ∗

yC ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+y2C+1)1/2−2∗xk ∗y2P ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+
y2C+1)1/2−4∗xC∗xk∗y2P ∗(x2

C−2∗xC+y2C+1)1/2−2∗xP ∗xk∗y2C∗(x2
C−2∗xC+y2C+

1)1/2+2∗xP ∗xk∗y2C ∗(x2
C+y2C)

1/2+xP ∗yC ∗(x2
C+y2C)∗(x2

C−2∗xC+y2C+1)1/2−2∗
xP ∗yP ∗(x2

C+y2C)∗(x2
C−2∗xC+y2C+1)1/2+xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+
1)+2∗x2

C∗xk∗y2P ∗(x2
C−2∗xC+y2C+1)1/2+2∗x2

P ∗xk∗y2C∗(x2
C−2∗xC+y2C+1)1/2−

2∗x2
C ∗xk∗y2P ∗(x2

C+y2C)
1/2−2∗x2

P ∗xk∗y2C ∗(x2
C+y2C)

1/2+xC ∗xP ∗yP ∗(x2
C+y2C)∗

(x2
C−2∗xC+y2C+1)1/2+xC∗xP ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)−2∗xC∗xP ∗
yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2+2∗xk∗yC∗yP ∗(x2
C+y2C)

1/2∗(x2
C−2∗xC+

y2C+1)1/2+2∗xC ∗xk ∗yC ∗yP ∗(x2
C−2∗xC+y2C+1)1/2+4∗xP ∗xk ∗yC ∗yP ∗(x2

C−
2∗xC+y2C+1)1/2−2∗xC ∗xk ∗yC ∗yP ∗(x2

C+y2C)
1/2+4∗xC ∗xk ∗y2P ∗(x2

C+y2C)
1/2∗

(x2
C−2∗xC+y2C+1)1/2−4∗xC∗xP ∗xk∗yC∗yP ∗(x2

C−2∗xC+y2C+1)1/2+4∗xC∗xP ∗
xk∗yC ∗yP ∗(x2

C+y2C)
1/2−4∗xP ∗xk∗yC ∗yP ∗(x2

C+y2C)
1/2∗(x2

C−2∗xC+y2C+1)1/2

which confirms the result. □

Figure 1. Illustration.
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