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1. INTRODUCTION

In [1], we introduced a certain construction in the context of a given triangle
and demonstrated the existence of a generalization of the centroid. Here, we will
consider a more general version of the same construction and will demonstrate
another result regarding when the lines in question are concurrent. These results
both seem to echo similar results in [2] and [3].

2. RESuULTS

Theorem 2.1. Let ABC' be a triangle with incenter X.

Let A’B'C’ be a triangle homothetic to ABC' about a point P.

Let Ay be the reflection of A about the angle bisector of AB and the line through
B orthogonal to line BC'.

Define A., By, B, Cy, and Cy, cyclically.

Let A", B”, and C" be the circumcenters of AB,Cy,, BA,Cy, and CA.B,. respec-
tively.

Then any three of the four lines A’A”, B'B”, C'C", or PX; are concurrent if and
only if all four lines are concurrent.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).

P has coordinates (zp,yp).

A’ has coordinates

(zx, 21 * yp/2P).

B’ has coordinates

(—an/zp +ap + 1, (zk x yp)/zp).

C’ has coordinates

(((xp —xc) xxp) [wp + xc, (2 x (yp — yo)) /2P + Yo)-

Ay has coordinates

(o + (1/(a2 — 2+ 2+ 1)V 4 1, —(1/(a2 — 24+ g2+ 1)) V2 5 (20— 1))
A, has coordinates

(we +ye = (a8 +y2) /(28 — 2xve +y& + 1)) ye + (28 + y2) /(28 — 2% 20 +
G D)2 = ook (124 2) (a2 — 2w+ g+ 1)12).

B, has coordinates

(o (1/ (2 + ye)"? wo x (1/ (23 + y&)'/?).

B, has coordinates

((x& = yo * (yo + vo * (28 = 2% 20 +y& +1) /(28 +y&)' ) + v2) /e, yo + we *
(22 = 2% we +yg + 1)/ (a2 +y2)'?).

C, has coordinates (0, —(x2 + y2)'/?).

Cy has coordinates (1, —((zc — 1)% + y2)'/?).

A" has coordinates

(—((x2+ 42) /2 = (w0 + 1))/ ye), — (22 + 1)1 /2/2)

B” has coordinates

(1= (0 — D2+ g2)"2 = (20 — 2)/(2 5 yo), — (w0 — 1P + 2)12/2)

C"” has coordinates

(o + (22 +yg) >+ (25 xc = 1) * ((xo —1)° +y2)"?) /2 *yo), yo + (a3 +y&) '/ *
((xo = 1)* +y3)'7?).

~—

Let,

D = ((zexyp/zp) = (— (23 +y3)"?/2)) [ (xp— (= (3 +y2) " *x (xc+1)) /(2% yc))),
E = (l’k*yp/l’p) —Ik*D,

F = (((zexyp)/zp) = (—((xc =12 +9y2)2/2)) ) (—2p/zp+ar+1) — (1= (((zc —
12 4+ y3)? * (z0 — 2)) /(2% yo))),

G = ((zr*yp)/zp) — F* ((—2/7p + 78 + 1)),

H = (((ze* (yp—yc)) /zp+yc) — o+ (@ +ye) 7+ (xe — 1) +y2) ) [ (xp -
zo)rag)/rp+re) = (wo+((xE+yd) 2+ (2rze—1)x (xc—1)2+y2) ")/ (2%y0))),
I'=((zx x (yp —yo))/zp +yc) — H* ((((xp — xc) *x 21) /2P + 20)),

J = (yp — (ye/((x + y2)? + ((wc — 1)? + 42)* + 1)) /(xp — ((xc + (2% +
y%ém)/((x% +ye)' "+ ((xe — 1) +yg)'/? + 1)),

K=yp—xpxJ.

Line A’A” is given by the equation
Dxzx—y+E=0.

Line B'B” is given by the equation
Fxz—y+G=0.

Line C'C" is given by the equation
Hxz—-—y+1=0.
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Line PX, is given by the equation
Jxxr—y+ K =0.
Lines A’A”, B'B", and C'C" are concurrent if and only if

D -1 F
det | F -1 G| =0
H -1 1

<~

0 = (—2xapxyH(wp—ap)*(1/2p)*(1/(zo* (w2 +y2) V24252 xyo+ (22 +y2 ) V?)) *
(—1/ 2%z p* (2% —2xx0+y2+ 1)V 24252 vy —wo*xp* (22 — 2% 00 +y2+1) 12— 2%
wprpxyc))* (= 1/ (xp* (22 4+y2) 2k (22 — 2% 20 +y2+ 1)V 2 =25 00 % kYo + 25T p*
Tpxyo—2xroxxpx (T2 4y2) 2% (22— 2% w0 +y2+ 1)V 25wk ybx (22 +y2) 2 —
hxyo* (22 +y2 ) * (22 —2xx0+y2+1) Y 2 =2 xyox (2L +yd) V2 x (2% — 2%z o +yi 1) —
wpryo* (2 4+y2) 2% (22 — 25 w0 +yd+ 1)V 24w pryp* (12 4+y2) Y 2% (22— 2% w0 Hyd +
DY2 = 2xaxyoxyp* (02492 ) 24250 xyox (22 +y2 ) V2% (22 — 25w oy +1) 2 — 2%
Ty b* (02 +y2) V2% (02— 2% 0 +y2+ 1)V —dswoxmprybr (05— 2500 +y2+1) 12—
251 prI Y2k (02— 2520+ Y2+ 1)V 24251 prapxydox (22 +y2) V24 pryox (22 +y2) *
(22 —2xx0+y2+ 1) 2 =25 pryp* (02 +y2 ) * (22— 2% 0 +y2 + 1)V 2t prypx (22 +
Y2 ) 2k (02 —2x w0+ Y2+ 1) F2x 02w ap xSk (02— 2% w0+ Y2+ 1)V 2425 % x ay kY2 *
(22 —2xx0+y2+ 1)V 2= 2xa sk apxybx (02 4y ) V2 =25 0% swpxydx (22492 V24w ox
wpryp*(v5+y2)* (22 —2x 20+ Y2+ 1)V 2 b woxxprypx (v +y2) V2 * (02— 2510+
Y2 41) = 2xxc*wprypx (02 +y2) 2 x (22 — 2% w0+ Y+ 1)V 24 25k yo xyp x (02 +
Y2 ) 2k (22— 2520 +yi 1) V2425w oxmpkyckyp* (1 — 2% 2o+ Y2+ 1) Y 24 dxa prag
yoxypx (15 —2xxc+yd+1) V2 —2xxcxapkycrypr (vZ+y2) 2+ dxr ok xybx (1L +
Y2 ) 2% (22— 2510+ y2 1)V 2 —dxoxx pragrycxypr(rd — 2% v o Hyd + 1) 24 dxw ok
Tp*Tpxyorypx (T +ye) 2 —dxx prayryoxypr (v +yd) P x(af — 2% xotyg+1) 2.
Lines A’A”, B'B”, and PX; are concurrent if and only if

D -1 F
det |F -1 G| =0
J -1 K

A

0= (yo* (xp —ax) * (1/xp) * (1) (wo * (23 + y2)? + 25 2k yo + (a8 + y&) /%)) *
(1/(2%zp* (22 —2xxc+yd+ 1)V 24252 vy —woxxp* (22 — 2% w0 +y2+1)12 — 2%
rpxapxyc))*(—1/(xp—zo+rp* (22 —2%00+y2+ 1) Y2 p* (22 +y2) /2 — (22 +
Ye) PN * 2xaixkyp ok (02 ye)' P —apxyo x (0E +yg) * (28 — 2% o +yg + 1)1 —
ahxyox (w2 +y2) V2 x (2L — 2%z +yi+1) —xp*ycr (22 4+y2 )V 2 x (22 — 2520+ Y2 +
DY 24 xpryp* (2 +y2) 2% (22 — 2520+ 92+ 1)V 2 =25 mp xyoxypx (22 +y2) V2 +
25 0% yo* (02 +y2) 2% (02 — 2% w0+ Y2+ 1)Y2 = 25 ap xybx (02 +y2) 2 % (02— 2%
ro+y2+1)V2 —dxxorrprybr (22— 2% x0+yd 1)V 2% wprapxyd o (02— 2% 10+
Yo+ D)V 425z pragxylor (v +ye) P epryor (wdHye )+ (af —2x ro+yg+ 1)1 —
2xxp*yp* (02 +yd) * (22 — 2% w0 +y2+ 1)V 2 baprypr (v +y2) 2 5 (02— 2% 20+
Y2 A1)+ 2% 2 sk wpkybx (02— 2% w0+ y2 + 1)V 24 2% 0k k wp kyd ok (02 — 2% w0+ Y2+
DY2 2522 xapxybx (22 +y2) 2 =252k mpxyd (22 +y2) 2 froxapryp* (22 +
Y2 )k (22 —2xx0+y2+ 1)V 2 taoxwpryp* (02 +y2) Y2 (22 — 2% w0 +y2+1) — 2% 2 0*
wpryp* (02 +y2) 25 (22 — 2% xo+yd + DV 2R 25 mpkyo s yp* (022 ) 2 x (22 — 2%
$C+y%+1)1/2+2*xc*$k*yc*yp*(x%r_2*$C+y%+1)1/2+4*xp*$k*yo*yp*(x%_
2x w0+ Y2+ 1)V =25 woxapxyoxyp* (22 +y2) 2 dxwox oy xys (02 +y2) 2
(22 —2%xc+y2+ 1)V 2 —dxxoxrpraprycrypx (v — 2520 +y2 +1) V2 +dxwokrp*
TRy *yp (12 +y2) V2 —dxxpraprycryp* (02 +y2) Y2 % (22 — 25 v +y2 +1)2).
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Lines A’A”, C'C", and PX; are concurrent if and only if

D -1 FE
det | H =1 1| =0
J -1 K

<

0 = (yox(vx —wp)* (w3 +ye)*)x (1/xp) + (1) (wo* (23 +ye) 2 + 2%y + (23 +
Ye) )k (1) (mp s (ad+yg) P (0 — 2% xo+yg+1)2 =25 mo* wpxyo+ 2% 2 p* Ty
Yo —2*xxoxrpr (22 4+y2 ) 2k (22 — 2520+ + DY) x (1) (vp—vo+ap* (15— 2%
ro+ye+ )P rapr (2 4+ye) P — (1) ?)) ¥ 25 rypx (e Hye) VP —ahryox
(22492 * (22 —2xw0+y2+ 1) 2 —abxyox (22 +y2) V2% (22 — 2% w0 +y2+1) — 2 pryc*
(22492 2% (22— 2520 +y2+ )Y 24w prypr (22 +y2) V2% (22— 250y +1)V2 —
2Ty xyp* (05 +y2 )2 2xabxyox (02 +y2) 2k (22 — 2% 20y 4+ 1)1 2 — 2% 1y %
Yok (02 +y2) V2% (22 — 2% w0 +y2+ 1)V 2 —dxwoxaprytx (02— 2% o +Hyd 4+ 1)1 -2+
Tprrp*ySx (12— 2% x0+y2+ 1)V 2425w prapxydx (22 +yd) V24w pryox (vE+y2) *
(22 —2xx0+y2+ 1) 2 =25z pryp* (02 +y2 ) * (25— 2% 10 +y2 + 1)V 2t prypx (22 +
Y22k (02— 2% w0+ Y2+ 1) F 2502w ap xSk (02— 2% w0+ Y2+ 1)V 2425 0% ay kY2 *
(22 —2xx0+y2+ 1)V 2= 2xa sk apxybx (02 4y ) V2 =25 0% syl x (22 4+92) V24 ox
wpryp*(v5+y2)* (22 —2x 20+ Y2+ 1)V 2ok xprypx (v +yd) V2 * (02— 2510+
Y2 41) —2xxc*wprypx (02 +y2) 2 x (22 — 2% w0+ Y+ 1)V 24 25k yo xyp x (02 +
Y2 ) 2k (22— 25 w0 +yi 1) 2425w oxmpkyckyp* (1 — 2% 2o+ Y2+ 1) Y 24 dxa prag
yoxypx (12 —2xxc+yd+1)V2 2% xcxpkycrypr (vh+y2) 2+ dxz ok xybr (v +
Y2 ) 2% (22— 2510+ Y2+ 1) Y2 —dx ok x pragrycxypr(rh — 2% v o Hyd +1) Y 24 dxw ok
xprxryorypr(r2+yd) Y2 —dxx praprycrypx (492 ) 2k (02 — 25w 0y +1)12).
Lines B'B”,C'C", and PX are concurrent if and only if

F -1 G
det |H -1 I =0
J -1 K

<

0= (yor(zp—zp)*((2g —2%xc+yg+1)"2) % (=1/(2xxpx (23 —2xzc+y+1)*+
25T xyc—To*Tp* (15 —2%x0+yE+1)Y2 =25 praryc) ) ¥ (— 1/ (wpr (22 4+y2 )/ 2
(22 —2xx0+yd+1)Y2 = 2xmox a3 yc+2% T pr kYo — 25T o x T pr (1L +y2 ) 2 (2h —
2xac+ye+ 1)) (=1/(xp—ac+apx(ag —2xc+ye +1) 2t upx (g +y2) '/ ~
(2E+y2) ) * 25wy px (12 +yE) P —apryox (1 +yg) # (1E — 2% xo+yg+1) 12—
ahxyox (wL+y2) V2 x (2h —2xxc+yi+1) —xp*rycr (22 4+y2 ) 2 x (22 — 2520+ Y2 +
DY 24 apryp* (22 +y2) Y 2% (22 —2x 20 +y2 +1)Y2 =25z v yoxyp* (v +y2) 2+
2xapxyox (2d+ye) 2w (1f — 25 w0 +ye+1)2 =25 mporypx (18 +y2) P H (2 — 2%
To+y2+1)V2 —dxxorrprybr (22— 2520+ yd 1)V 2 2% wprapryd o (02— 2% 10+
Y2+ 1) Y24 25 pragxyd k(22 4+ y2) 2+ apryox (vE+y2 ) * (22 — 2% xo+yd+1) 2 —
2xxp*yp* (12 +yd) ¥ (22 — 2% w0+ Y2+ 1)V 2 faprypx (02 +y2) 2% (02— 2510+
Y2 A1)+ 252k mpkybx (02 — 2% w0+ Y2+ D)V 24 2% 0h k wp kyd k(02 — 2% w0+ Y2+
DY2—2xa2 xapxybx (22 +y2) 2= 2% 2%k mp vyl x (22 +y2) 2t aoxapryp* (22 +
Y2 )k (22 =250 +y2+ 1)V 2 +aoxwpryp* (vd+y2) Y2 (22 —2x w0 +y2+1) — 2% 0%
wpryp* (2L +y2) 25 (22 — 2% xo+yd + DV 4 25 mp kyoxyp* (22 +y2 ) 2 x (22 — 2%
x0+y%+1)1/2+2*xc*xk*yc*yp*(:v%—2*x0+y%+1)1/2+4*xp*xk*yc*yp*(1720—
2xxc+yg+1)"? = 2xacxapxyoxypr (2 +ye) P+ dxaorayxypx (28 +y8) 2
(22— 2% 20 +y2+ 1)V 2 —dxwoxrpraprycryp* (22— 2520 +y2 +1) V2 +dxworrp*
kyokyp* (od+ye)' P —dxeprapryorypx (o +ye) P (0f = 2xc +yg+1)17]
Assuming that z, = xp indicates that all four scenarios have the same constraint
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which is that

0 = 2xxp*xy%* (22 +y2) V2 —abxyc* (22 +yd ) * (22 — 2% w0+ y2 +1)V2 — 22 xyo
(22 +y2) 2% (22 —2x 20+ y2+1) —zpryox (w5 +y2) V2 x (22 — 2% 20 +y2 + 1)1 2 +
wpxyp* (22 +y2) V2% (22 — 2% w0 +y2+1)Y2 = 2xwpkycxyp* (02 +yE )2+ 25 2% %
yor (2 +y2) V2 (02 —2x 20 +yE + D)Y2 =25 ap x y% x (02 +y2) V2 % (08 — 2% 30+
Y2+ D)2 —dxzoraprytx (vh— 2% w0 +y2+1)Y2 = 25w prapkytox (02— 2% w0 +y2 +
D24 25z pxayxy2* (22 +y2) Y2+ apryox (w2 +yd )+ (2% —2x w0 +yd +1)Y2 —2x%
wpryp* (12 +y2)* (12 —2xx0+yd+ 1)V 2t aprypr (22 +y2) 25 (22 — 2% 20+ Y2 +
D 42xxdxapxybx (22— 2% w0 +y2+ 1)V 24 25 abkmp v y2 * (02 — 2520+ Y2 +1)V2 —
252 xxpkybk (02 +y2) Y2 — 25k ahkmpxyd o (22 +y2) 2 b zoxapxyp* (22 +Hy2) *
(22 —2x20+y2+ D)V 2 bacxxpryp* (22 +y2) 2 * (22 — 2%z +yd+1) —2%w0*Tp*
ypx (22 +y2) V2% (02— 2%z +yd + 1) 2 4 25 v yoxypr (22 +y2) Y 2k (22 — 2% w0+
Y2+ D)Y2 4 25 xoxapkyoxyp* (02 —2x w0 +yd + 1)V 2 4 dxwprap s yokyp x (02 —
2xxo+yi+ D)V —2xwoxapxyoxypx (22 +y2) 2+ dxwox oy xysx (vd +y2) Y2
(22— 2% 20 +y2+ 1)V 2 —dxwoxrprapryoryp* (22— 2520 +y2 +1) V2 +dxzorrp*
Tpxyoxyp* (22 +y2) V2 —dxaprapxycrypx (02 +y2) 2 x (22 —2x 10 +yd +1)Y?
which confirms the result. O
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FIGURE 1. Illustration.
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