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1. INTRODUCTION

We construct the parabolae whose foci are the vertices of a triangle and whose
directrices are the corresponding sides and we demonstrate the existence of three
nontrivial coaxal circles that arise in this context.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let w4 be the parabola whose focus is A and whose directriz is line BC'.

Define wg and we cyclically.

Let wa intersect lines AB and AC at Ag and Ac (which are each in between AB
and AC' respectively).

Define Ba, Bo, Cya, Cp cyclically.

Let A" and A" respectively be the orthogonal projections of A on lines AgAc and
BC.

Define B', B", C", C" cyclically.

Then circles AA’A”, BB'B”, and CC'C" are coazxal and their radical axis is the
line X4X9.
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Proof. Without loss of generality, we will work in Cartesian coordinates.

A has coordinates (0,0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).

w4 is given by the equation

((ye = (yo+y*(zc— 1)) +a* (zc —1)*)/(ye + (xc —1)%) = 2)” + ((ye * (y x yo +
(z =1 xzc—2+1)/(ye + (zc — 1)?) —y)* —a? —y* = 0.

wpg is given by the equation

((ze * (@2 +y*yc))/(at +y&) —x)* + ((yo = (x * zc + y * yo)) /(22 + y&) —
y)?P—(z—-17—-y*=0.

we is given by the equation (z — x¢)? + (y — yco)? — y* = 0.

Ap has coordinates

(o + (2 — 2 4.0 + 2+ )V2 = 42) /(% — 2w+ 1),0).

A has coordinates

(—(ze*yox (yo — (a3 +y2) * (v — 2% a0 +yi + D)) /(02 —we +y2)%, — (v *
(Yo — (@ +y2) * (28 — 2 x0 +yg +1)V2) /(28 — xo + y2)?)-

B4 has coordinates

(2% — yo * (3% + 92)2 + 42) /2%, 0)

B¢ has coordinates

(1 — (e * (50 — 1) % (yo — (a3 + &) * (2 — 2520 + g+ 1)V2)) /(0 — w0 +
PR (02 (o — (a2 g2) % (2 — 2400 + g2+ 1)V2) /(a2 — i + 12)°).
C'4 has coordinates

(02,5 yo — g2+ (a2 +52) 2+ 98) e o), (28 o — g+ (a2 +52) V2 + 9 f2).
C'g has coordinates

(— (e + o + (a2 — 25 w0+ 2+ 1)V2 — 22— ) (e — 1), (yo = (5 — o+ (a2 —
25 w0ty + V2 — 25 30+ g + 1))/ (ae — 17).

A’ has coordinates

(=& (yo— (12 —2*xc+y+ 1)) (w0 — 1) % (yo — (2g + )+ (2f —2x 0 +
ye+ 122 [((yox (yo — (03 — 2% 20 +yg+1)2) + (96 —zo+yg)? —xcxyex (vo—
1% (yo— (28 +y2) 2 (23— 2% 20+ Y2+ 1)) +ybx (o —1) * (yo — (a2+y)*+
(28 =25 xe+ye+1)2)%), —(y&* (yo * (yo — (18 — 2% o +ye+ 1)) * (23 —z0 +
y2)? —woxyo* (xo—1)%* (yo — (22 +y2) V2% (22 — 25 w0 +yd +1)Y2)) % (yo — (22 —
2xx0+yt+1)"2) % (yo — (18 +y2) ' P+ (0t — 25 e +y + 1)) /(e * (yo — (23—
2510+ Y2+ 1)Y2) k(22 — w0 +y2)? —woxyo* (xo—1)%* (yo — (22 +y2) V2 x (22 —
2xx0+yt+1)V2)? ybx (vo— 1) (yo — (ag +y2) ' P (28— 2xxc +y2+1)1/2)?)).
B’ has coordinates

(((ye * (yo — (28 +y2)'"*) * (28 — xc +y2)* + a2 * yo * (ro — 1) * (yo — (23 +
VI (12, — 2k 24+ 1)))2 + 0y x (o — () P2 (2 — 25 2+
yo + 1)V (0 —yo x (a8 +y2)' 2+ y2)) [ (yo * (ye — (a8 +y2)' %) * (22 — we +
ve)? +agxyex(we—1)* (yo — (03 +y2) 2 x (03 — 2% xe +y8 +1)1V%))? + ot xyd +
(yo — (@2 +yg) ' * (0d = 20 xe + Y2+ 1)'2)?), = (e * (e * (yo — (a2 +y&) %) =
(28 — xc + y2)? +$c*y0*(l’c—1)*(yc— (28 +y&)"? * (28 — 2 % we + Yo +
DY2))  (yo — (28 +y2) ") * (ye — (a2 +y2)'? * (a8 — 2% we +yg + 1)) /((ye *
(o — (B + 42) ) x (a2, — T+ ye)* Fagryex (to 1) * (yo — (ag +yg)' " x (2 —
2xxc+y + 1)) +ag xyl x (yo — (28 +y2)' P * (0 — 2xae + Y2 +1)1/?)?).
C" has coordinates

(v * (16520 —8) — (22 — 2520 +y2+ 1)V 2% (yL* (16520 —8) +y2 * (48x 2, —80% 22, +
58*xc—15)+ 2w 2 xydx(24x 23, — 60522 +49x 00— 13) +16xa}*yc* (1o —1)3 — 2% y2
(22 4y2) Y 2% (2520 — 1) % (dxzt — 8% a3+ 8522wy 2 + Ak 2, —Sxx ¥y + 4yt +-5xyd ) ) —
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(22 4+y2) Y 2% (yL* (16530 —8) +ygx (48% x, — 645 x2 + 4241 — 11)+16*:1:C*yc*(xc—
D25 zoxydx (zo—1)%* (24*:60—12*:00—1—1))—1—64*:1:0 256% 28,4384 xx L, — 256 %
28 +64x3d +ySx (112528, —136x2% +68x10—14) +xo*ys* (240% 0 — 50423, +428%
x?—162*xc+23)+8*xé*yé*(xc—1)2*(26*IQC—27*xc+9))/(yé*(192*x4(}—384*
13 4336% 22 —144% 20 +25) +16%yS* (2% 0 —1)2 +64x 0}, — 256 % 0%, + 384 %18, — 256%
Tl +64xx8,+-64x 2 xyt (o —1)2% (3xxE —3*xx0+1)), (yor (yox (144xwl — 288+, +
248572 — 104520 +20) — (20 —1)2 442 )V 26 ( 26 (22 +y2 ) V25 (8528, — 24523 + 165 *
Y& 424%xl — 3253 ks — 8k + 8% 1L xy b+ 23% w2 xyl —8xw oKyt — ThroxyE+ys)+
2xydtroxytx (16xx2 —22%xc+11)+ 1652 xyox (o —1)%) +yS* (48% 22 —48xx o+
14) +48xx8, —192x 22, +288% 28, —192% 2T +48+ 28, +yo* (22 +y2) V2% (16522 x (20—
134y (—25y2+ (2o —1)*(16x32 —10%x20+5)) )+ 252, y2x (o —1) 2% (T2% 0%, — T2%
x4c+29)))/(yé*(192*xé—384*x%+336*x%—144*xc+25)+16*y6c*(2*x0—1)2+64*
Td—256%x2+384%x8, — 256 %2l + 064528+ 0645l xyl ok (xo—1) % (3x2% —3xx0+1))).
A7 as coordinates (42,/(42, + (zc — 1), — (20 — 1) % yo)/ (4 + (zc — 1)),
B" has coordinates (22 /(y% + 22), (xc * ye)/ (v + z2)).

C" has coordinates (z¢, 0).

Circle AA’A” is given by the equation

(2= (W2 + (xc — (& +y&)"?) * (vc = 1) /(2 (22 + vz — 1))* + (y — (=

(@2 +y2)" + 1))/(2* (22 +y& — 1)) = (W2 + (wc — (a8 +y2)"?) * (zc —
1)/ (2* (22 + 2 —1))))* = (= (ye * (28 +y2) 2 +1)) /(2% (22 +y& — 1))))* = 0.
Circle BB'B” is given by the equation

(@ = (W& — @ * ((wc = 1> +y2)"? — 20+ 3)) /(2 y¢ + 2% 20 * (v — D))+

(v = (=(ye* ((we = 1> +92)"? +1))/ (2% g2 + 25w+ (10— 2))))* — (1 - (42

v x ((we —1)° +12)"? — wc +3)) /(2% y& + 2% 20 * (3¢ — 2))))* — ((—(yc *
((we = 1)* +92) 2 + 1))/ (2% y¢ + 2 * 70 * (zc — 2))))* = 0.

Circle CC'C" is given by the equation

(= (22 +y2)" 2 * (2 — 2% w0 + Y&+ 1)'V2 —we + 3% a2 +y2) /(dxwc - 2)))° +
(y = yo/2)* = (we — (22 + y2)"* * (a3 — 2% 20 + g + 1)V — a0 + 3+ ag +
v2) /(45 20 — 2)) — (yoi2)" =

We subtract the second from the first to obtain (x — ((y2 + (e — (22 +y2)Y?) *
(0 — 1)/ (2 (2 42— D))+ (5 — (e (% + y3) 2 + 1))/ (25 (% 4 92—
D)? = (w2 + (we — (28 +y2)?) * (wc — 1))/ (2 (28 + v — 1)))* = (= (ye *
(& +92)"* + 1))/ (2% (3 +y2 = 1))))?

(@ = (W& —wc* ((wc —1)° +y2)'* — 20 +3)) /(2% Y + 2% 2¢ * (20 — ))))
y=(=(ye* ((zc = 1> +y2)" 2 +1)) /(2 y¢. + 2% 20 * (xc = 2)))) — (1= (4

o * ((we =1 + y2)'* — 20 +3)) /(2% Y2 + 2 v * (2c — 2))))* - ((—(yc *
((wc =1 +y2)'"? +1)/2*yg + 2 20 * (30 — 2))))?) =0

I

3+ ((1e—1)2+92) 2 —zo+3xxxwo+y*ryo—vox (10 —1)2+y2) /2 = 3xxx a2 — 1%

2 +reryitaytrrrox((wo—1)24+y3)Y2 —3xxxad x (02 +y2) 2+ oxad « (22 +
ye)' 2=yl (1 +ye) P yryox ((we— 1) +y2) P ryryéor (ad+y2) /2 —xad
(ze=1)+y2) P +aoryex (v =12 +y2) 2 —yxyd (zo—1)"+y) 2+ 2xaxao*
(22 4+y2) V2 25w oxyryc — 2%z o*y*yox (22 +y2 ) 2t axwoxyd (a2 +yd) 2+ ok
yryox (23 4ye) P —axroryex((ro—1)"+ye) P —agxyryox((re—1)*+y2)/* = 0
—

y=—(2d*((wc—1)2+9y2) 2 —2c+3xx*x10—20*% (10 —1)2+92) /2 = 3% % 2% —
oxy2+roryd+ay+trrrex((wo—1)2+y2) 2 = 3xrx i« (22 +y2) 2+ oxad *

(02 +ye) 2 — vyt (ad+y2)  —wrad s ((ze — 1) +y2) P +aosyt o+ ((vo— 1)+

1/2
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Ye) P 2wk wox (ah+ya) Pt ax o xydox (ah+yd) P —rxaoxyd s (v — 1)+
Y22 [ (yo—ydx ((xe—1)+y2) 2 —2xzcxyo+yox(vo—1)2+y2) 2+ yd* (a2 +
Yo )2t atrycx (at+ya) 2 —alxyox (wo—1)2+y2) 2 —2xxorycx (zg+yg ) ?).

Next, we subtract the third from the first two obtain

(= (Y& + (xe — (28 +y2)' ) * (xc = 1)) /(2% (a2 +y2 — 1))))* +

(22 +y2)'? + 1) /(2 * (22 +y& — 1)) = (48 + (xc — (22 +y2)"?) * (zc —
1))/(2% (2% +y2 = 1))))* = ((—=(ye * ((2E +y2)"* +1)) /(2% (25 + )

(r — (2% + y2) V2 % (2% — 2% 20 +y2 + DY? — 20+ 3% 22 + y2) /(4 * 50 —
2))? + (y —yo/2)* — (vo — (2 + y2)"? * (4f — 2% xc +yp + D)V — 20 + 3%
1t +y2)/(4x e —2)))* = (ye/2)?) = 0.
—
x*(x%—i—y%) —2*x%*y%—3*x*x%+3*x*x‘é+x*y§;+xc*y%—xc*yé—y*yé—l—x%—
a2+ 25wk 2 x (12 +y2 ) Y2 =3k mxw okyd — wERYR Y 25T oRYRYG 2R TR YRYo+AKTH
w2 k2 —rx (22 4y2) 25 (22— 2% w0+ yd 1)V 24wk (22 4+y2) V2 (22 — 25w o+ yE +
DY2=3xzxwo* (22 4+y2) 2 —yryor(aZ+yd )2 —adx (22492 2* (02— 2% 20 +y2+
DY 24 25z oxysyox (w2 +y2 )V 2t osaZ s (02 4+y2) YV 2 (22 — 2500 +yd+1) YV 2+ aryox
(22 4+y2) V2 (02— 2% w0 +y2 1)V 2w oxy2ox (02 4+y2) V25 (22— 250 +y2+1)V2 = 0
—
y = (zx (2 +yd)Y2 —2xad vy —3xxxad +3xrxxh + ¥ yd+ro*yd —roRyE Tl —
2225wk xZx (22 +y2 )2 —3xrrr oyt Haxrxriayd —ox (2L Hyd) Ve (0d -2k 0+
Y2+ DV d ok (22 +y2) 2 * (22 — 2% 20+ Y2+ 1)V = 3xwxwo* (22 +y2) 2 — 2+
(22 +y2) P (@t =250+ yg+1)" 2 faxad o (2 +y) P+ (2f — 2520 +yg+1)2+
wxyd* (02 +y2) 25 (22 2% w0y D)V 2 —zoxyd k(02 Hy2) Vs (22 — 2%z o+ yd +
DY2) [ (yor (s +ye) P +agrye —2xaoryd— 25t ryc+ys—2xsoxycx (cg+ye ) ?).
We then have that these are the same line since we calculate
— (@3 % ((we =12 +y2) Y2~z +3xwx 20 —x0* (20 — 1)2+y2)V/2 = 3% w22 —
rxy2+woryd+aytrrrex ((vo—1)2+y2) 2 =3xwxad x (02 +y2) 2+ oxad *
(22— a2 )V — o (20— 17 +2) P2 4z (o —1) +
) 225w xzox (22 +yd) Pt axaoxyd (2L +y2) V2 —wxzoxydx ((zo—1)%+
yg)' )/ (o —yex ((we—1)* g2 )2 =2xacwyotyox (w0 —1)° +92) 24 yex (1t +
4 0wy (bR — ey (01 + RV —2ezceon (e R) )

1/2

| <=

(% (22 +y2)V? = 2% ad v y2 —3xwxad + 3xxxal +rxyd + zo*yd — 0 *

yh +ad — a2 wxad x (2% +y2) V2 —3xxx a0 * Yl FAx v 2L kYD — T *
(22 +y2)' = (08 — 2% a0 + Y2 + D)V + v * (2 +y8)' P * (03 — 2% 20 + Y2 +
DY2 =3 xx*wc* (22 +y2)V? — ol * (22 +y2) V2% (22 — 2% 20 + 92 + 1)V +

xx a2k (22 +y2) V2 x (0F — 2% 20+ 2+ DYV 24z g2 k(2 +y2) VP x (2 — 2%

o+ g+ D2 = zos g (0f +yg)" " x (23 — 2% wo +yg + DY)/ (yo x (3 +
2\1/2 4 .2 Qwme kb — 2% b wyo +yb — 2k me kYo * (23 +y2)Y2) = 0

Ye )P+ wd x yo Tc*Yo Lo *Yc Yo Te*Yo * \To T Yo

which confirms that these three circles are coaxal.

Now, the orthocenter has coordinates (x¢c, zc * (1 — z¢)/yc).

The Spieker center has coordinates

(((1/2) * (1/2) + (xc/2) * ((((zc + 1)/2 = 1/2)* + (yc /2)*)'/?) + ((zc + 1)/2) »
((wc/2 = 1/2)° + (ye/2)*))/((vc/2 = 1/2)* + (yc/2)*)* + ((zc +1)/2 —
1/2)*+(ye/2)°) 2 +1/2), (e /2) * (((ze+1)/2=1/2)* 4+ (yo /2)*) /) +((yc) /2) *
((we/2 = 1/2)° + (ye/2*))/((vc/2 = 1/2)* + (ye /)2 + ((wc + 1)/2 -

1/2)* + (yc/2)*)'* + 1/2)).
We verify that both of these points lie on the radical line of the three circles since
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we calculate

(o * (22 +y2) V2 =25 28 % Y2 — 3*wo* T2+ 3% 20 * T+ To K YL+ To K YE — T *
yh+ad — o+ 2% wo ik (0L +y2) V2 = 3xwoxxoxyE +Axzoxah vyl — 10 *
(@8 +ye) " ?x (28 = 2% 20+ Y2+ 1) o (2 +y2) P+ (18— 2 x0 +ye +1)° -
3xwoxxe* (2% + Y2V —ad x (22 +y2) 2% (0F — 2% 20 +yE + DV faoxad
(@& +y2) " (1f —2% w0+ Y2+ D2 F oo ytx (v +y2) 2+ (23 — 2% 20 +yg +
D172 vy s (224 58) V20 (5 — 2+ 4+ 1)) (g (5 + 22 +
ycd—2>kwc>kyg—Q*w%*yc—i-y%—Q*wo*yC*(x%—l—yé)ln)—xc*(l—xc)/yc =0
((((1/2) % (1/2) + (zc/2) * (((xc +1)/2 = 1/2)* + (yo/2)*)'?) + ((wc +1)/2) *
(((zc/2=1/2)+(yc/2)*)2) /(2 /2-1/2)*+(yo /2)*) 2+ (((xo+1) /2—1/2)*+
(Yo /2P +1/2)) (w8 +y&)'? = 2% g yd — 3% (((1/2) % (1/2) + (z¢/2) * ((((zc +
1)/2=1/2)*+(ye/2)*)*)+ ((xc+1)/2)*(((xe/2—1/2)*+(ye /2)*)?) / (x0/2 -
1/2)? + (yo /2))"? + ((we + 1)/2 = 1/2)* + (yo /2))'? +1/2))xd, + 3% (((1/2) *
(1/2)+(zc/2)+(((xc+1)/2=1/2)%+(ye /2)*) )+ ((2c+1)/2)*(((xc/2—1/2)*+
(ye/2°)* )/ (((xe/2 = 1/2)* + (ye /2)*) 7 + (((xe +1) /2 = 1/2)* + (yo /2)°)* +
1/2))ad 4+ (((1/2) % (1/2) + (20/2) * (e +1)/2 = 1/2)* + (ye/2)*)?) + ((zc +
1)/2) * ((x0/2 = 1/2)% + (ye/2)°)?) /((xc/2 = 1/2)* + (yo/2)*)'* + (((zc +
1)/2—1/2)2+(y0/2)2)1/2+1/2))yé+370*y%—xc*yévLﬂ??é—xf’ch?*(((l/?)*(1/2)+
(xc/2) * (o +1)/2 = 1/2)° + (ye/2))'/?) + ((zc +1)/2) * (((zc/2 = 1/2)* +
(2/0/2)2)1/2))/(((370/2—1/2)2 + (e /2)? + ((we +1)/2=1/2)" + (ye /2)*) > +
1/2))x, 2(% +y2) =3 (((1/2) % (1/2) + (2¢/2) * (((zc + 1)/2 — 1/2)* +

(yc/2)” ) V) + (v + 1)/2) = ((v/2 = 1/2)° + (yo/2)*)'2)) [(((zc/2 — 1/2)* +
(yc/2)%)'? (((:Cc+1)/2—1/2)2+(yc/2)2)1/2+1/2))xc*y?;+4*(((1/2)*(1/2)+
(wc/2) * ((((zc +1)/2 = 1/2)* + (yc/2)*)'7*) + ((zc + 1)/2) * (((zc/2 — 1/2)* +
(yc/2) ')/ (((xc/2=1/2)* + (yc/2)) 2 + (((wc +1)/2=1/2)° + (yc /2)*)V* +
vo+1)/2-1/2)*+(yc/2)*) )+ ((zc+

/

1/2))axy — (((1/2)%(1/2) +(we /2) * ((((
1)/2) * (((zc/2 = 1/2)* + (ye/2))*) /(xc/2 — 1/2)* + (yc/2)2)1/2 + (((zc +
)/2 1/2)2+ (ye /2)2) V2 +1/2)) (22 + y2) V2% (22 — 2% 20 +y2 + 1)V 2+ zox (22 +
o) (e —2xro+yd+1)? =3x(((1/2)% (1/2) + (zc/2)* ((((zc+1) /2= 1/2)* +
(e /2))?) + (e +1)/2) * (((ze/2 = 1/2)* + (y/2)*)?) /((we/2 — 1/2)* +
(?/0/2)2)1/2 +(((xo+1)/2=1/2)+(yo /2)*) 2 +1/2))zc* (a3 +yg) /> —ad* (22 +
Yo' P (g = 2k xo+ g+ 1)+ (((1/2) % (1/2) + (20/2) * (ze +1)/2-1/2)* +
(yc/2)2)1/2) + (e + 1)/2) * (((xe/2 = 1/2)* + (yo/2)*)V2) /((xc/2 — 1/2)* +
(Yo /2))' P+ (((xe +1)/2=1/2)* + (yo /2)*)/* +1/2))ag * (3 +y& ) /? + (23, — 2
zo+ye+ DY+ (((1/2) % (1/2) + (20/2) * ((xo +1)/2 = 1/2)* + (yo /2)*)'?) +
((ze +1)/2) * (((z0/2 = 1/2)* + (ye/2)*)?)/((xc/2 = 1/2)* + (yo/2)*)'/* +
(((me +1)/2=1/2)> + (yo /2)P)? + 1/2))y * (23 + &) /* % (22 — 2 x 20 + Y& +
D)Y2 —zoxyd o (2 +ye) P x (0f — 2% wo +y& + DY)/ (yo * (2 + y&) ' + 2 *
Yo — 2% To* Y — 2% xd xyo +yd — 2x wo xyo * (22 +y2)Y?) — ((ye /2) * (v +
1)/2=1/2)*+ (yo/2)*)') + ((ye) /2) * ((x0/2 = 1/2)* + (yo /2)*) ) [ ((xe /2 -
1/2(;2 + (50/2)2)1/2 + (((ze +1)/2 = 1/2)* + (yo/2)*)/* +1/2)) = 0 -
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FiGUurg 1. Illustration.
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