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1. RESULTS

Theorem 1.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC', with ZCAB = ZDAB, such that AD = AB.
Let E be the point on line AB, with ZCAB = ZCAFE, such that AE = AC.
Let F' be the point on line BC, with /CBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with ZCBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that CI = BC.
Let J be the midpoint of E and G.

Let K be the mudpoint of D and I.

Let L be the midpoint of F' and H.

Let M be the circumcenter of A, G, and I.

Let N be the circumcenter of C, D, and F'.

Let O be the circumcenter of B, E, and H.

Let P be a point on line AM.

Let ) be the point on line BO such that BQ : OQ = AP : M P.

Let R be the point on line CN such that CR: NR = AP : MP.

Let S be a point on line AL.

Let T be the point on line BK such that BT : KT = AS : LS.

Let U be the point on line C'J such that CU : JU = AS : LS.

Then lines PS,QT, and RU are concurrent.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

11


http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953

12 GENERALIZATION OF THE INCENTER, GERCONNE POINT, AND X(104)

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates xc,yc)

D has coordinates

(1,

( Yc

(s \/wc+yc)'
E has coordinates (/2% + y2,0).

(7

(1-

F has coordinates zel 1, 4o
V(@e—1)2+y2 + \/(Ic—l)zﬂlé)

~ w12+ 7,0)
—T * IQ 2 332 2
I o s (1 - el ),
(10—1)2+yc (mC_1)2+yc
(xc—1)2+y%> Yo * (1 Y ($C—1)2+y%)>
/—xéeré »y Yo —/—I%eré .
J has coordinates ((1 — \/(zc — 1)2 + 92 + /2% + y2)/2,0).
zo(14+y/22 42—/ (2c—1)2+y2) yo(+y/z2+y2—y/(zc—1) +yc))
2*\/51320—&-3/% ! 2*\/xc+yc
To— —zo)*r/ T2 2 vV z? ¢
L has coordinates ((1+z¢+-— o) C+yc)/2,(\/ s +yo(1—¢))/2)-
C

V(@o—1)2+y2, (xc—1)2+y2 (xc—1)%4yd

2 a2 4 2 402 )% — 2
M has coordinates ((1—+/(zc — 1)2 + y3)/2, — =€ vt (ot ag g /e 1)Qﬂ'c)).

G has coordinates

H has coordinates (z¢

I has coordinates (z¢ * (1 —

K has coordinates (

2yc
N has coordinates <1+\/z20+y%—2\/(zc—1)2+y2c7 o (930—1)*\/$2C+y%—mc*(;ycc—1+\/ (wc—1)2+y%)—y%)'
ro—x%—y2 22, +y2)*(zo— Te—1)2412
O has coordinates ((1 + \/x%, +y%)/27 _ zomtg—yot(y/ c+902)yé c—1++/(zc—1) +yc)>‘

P has coordinates
ro—ad—y2+(—x 22, +y2)* ro—1)24y2
(op,op » (— Bt et BN e VP08, /(1 — \fTae = 1D+ 42)/2))
@ has coordinates
(1+zp*(( 1+\/$c+yc/2 ) = 1)/((1 = +/(zc — 1)2 4+ y2)/2),
x 2 2 *(x 1 x 1
o (- LN e o +yc>>/<< Ve = 1E T 52)/2).
R has coordinates
1+ JC2+ 2 _ ro—1 2+ 2
(we+ wp # (LRI 0l ) /(1 — /flwe — D7 + 43)/2),
zo—1)x\/224y2 —xcx(xc—1++/(xc—1)2+y2 ) —y2
(e (— eV Revere e B m D VITE Yy ) /((1- /(e — 1) + 42)/2)+

2yc
Z/c) .

S has coordinates (zg,xg * ((ﬁ + Yo
To— Fo,
zo—1+(1—zc)* \/chryc)/z))

V(e—1)2+y2
T has coordmates
T 2 2 — zo—1)2+4y2 T o)k /T
(1+$S*(( o(+y/22+y2—/(zc—1) +y0))_1)/((1+x0+ c—14+(1—zc)*y/ c+y0)/2) Tg*

(1= L) /2) /(L e +

2*\/30%4-3/% \/(IC 1)2+y2,
(1+/ 2% 4+y2 —+/ (zc—1)2+y2) ro—1+(1—zc)* /T2 +
(yc \/ cg*i/;x%\_{y; yo )/((1+$C+ c— \/( c) C yC)/2))

U has coordinates

(ae-tasr((1-y/lac = D7+ 0 4v/aF + 42)/2) =) [(Lhae+ N8 1),
To— c

(s + (0) = y)) /(1 + 20 + =R /2) 4 yc)

Line PS is given by the equation

y=—(((zs* (ye/((xc = 1)° + &)/ —yo = (22 +y&)"?/((wc — 1)* +y2)"* -
D)/ (@e = (28 +y&)'? = (we = 1) —zc + 1)/((zc — 1)* + 92)"* + 1) + (zp =



BENJAMIN LEE WARREN 13

(w0 — 12 + 42)Y2 # (w0 — (5 + y2)2) — o + o + )/ (ye * (((we — 1) +
ye)'? = 1)) * (x — p))/(xp — ws) — (zp * (((zc — 1)° + y2)"? = (¢ — (2 +
ye)'?) — we + 2t +y2))/ (e * ((ze — 1)? +y2) /2 = 1)).

Line QT is given by the equation

y = (wpx [ro + (x6 + ye)'? x (ze + ((we = 1)* +92)'? = 1) — a8 — 12))/ (yo *

(we =1 +92)"2 = 1)) = ((zp * (wc + (22 +y2) ' * (v + (w0 — o +ye) 2 -
1) — ¢, — yc))/(y #(((wo =12 +92)"° = 1) = (s *yo * (28 +2)'"? = (20 —
D2 +92)' 2+ 1)) /(2 +y2) 2 * (we — (8 +y2)'? * (xc — 1) — 20 +1)/((zc —
D2 +y2)' 2 +1)) # (x4 (2% 2p = (2 +y2)'2/2 = 1/2))/(we — 1)* + y2) "2 —
D) = 1)/((2xap = (22 +2)"2/2 = 1/2))[((zc = 1)* +y2)"/* — 1) + (2% 25 *
(wo * (28 +y2)"? = ((ze = 1)* + y2)"? + 1))/ (2 * (a2 + y2)'?) = 1))/ (zc —
(22 +y2)'"? * (rc = 1) —2c + 1)/((zc = 1)? +92)" + 1)).

Line RU is given by the equation
y = yo+(2%zp* (yo — (rox (we+ (2o =12 +y2)* = 1) — (2g +y2) ' P+ (xo —1) +
&)/ (2xye))/(((xe —1)* +yg) > = 1) = (2% x5 % ye) / (zc ((ﬂfo+yc)1/2 *(z0 —
D—2c+1)/((xc—1)2+y2) 2+ 1)+ 2*xp* (yo — (e * (wo+ (2o —1)2 +y2) /2 —
1) = (a2 +y2)"? x (x0 = 1) +52) /(2% ye))) /(((ze = 1) +y2)* = 1)) * (z¢ — 2z +
(2*ap*(ve— (22 +y2) 2+ (1e = 1) +42)"? /2= 1/2)) [ (((zc — 1) +y&) "> —
DN/((2xxp* (v0 — (@8 +y2) 7?2+ ((we = 1)* +92)'? /2= 1/2)) /(((ze — 1)* +
ye)'? = 1) + (2xas* (o — (2g +yg) 7?2+ ((ve — D +y2)'? /2= 1/2)) /(zc —
(22 +y&)"? * (z0 — 1) —xe + 1) /((we — 1)* + y2)"/? + 1)).

Let A= —(((zs* (ye/((xc = 1)*+y2)"* —yox (28 +y&) ' [((xe —1)* +y2) "/ ~

)/ (we— (249 ) ¥ (zo=1)—zc+1) /(e —1)*+yg ) 2+ 1)+(zp*(((ze—1)*+

ye) ' Px(wo—(1g+ye)' ) —retat+yg)) /(yox (e —1)°+yg) > —1)))) /(zp—zs).

Let B=—1Let D= —Axap— (xp* (((xzc —1)2 +92)? % (vo — (22 +92)/?) -

zo + 78+ )/ (yo * (ze —1)° +y2)"* = 1)).

Let £ = —(((xp * (we + (22 + y2)Y? * (¢ + (w0 — 1)2 +92)Y? — 1) — 2% —
ve))/ (e * ((we = 1) + y2)"* = 1)) = (w5 * yo * (22 + y2)"* — ((re — 1)* +
o)+ 1))/ (28 +y2) P * (xo — (28 +y2)? * (zo — 1) — o + 1)/((930 —1)2+
ye) PN/ (2 ap* (03 +y2)?/2 = 1/2)) /(((we — 1)° +y2)"? = 1) + (2%

fﬁs # (v * (28 +y2)? = ((ve = 1) +y2)? + 1)) /(2% (a2 +y2)'?) = 1))/ (we —

(L($CF+ yC)11/2 *(z0 — 1) —zc +1)/((ro —1)° +y2)'/* +1))).

et = —1.

Let G = Bx((2kzps((ad+42)"2/2—1/2))/(0—1)+92) V2= 1) =)+ (aps (o +

(28 +ye) ' x(xo+((we =1 +y2) 2 =1) =2z —y2)) /(v ((re—1)*+y2)' /> =1)).

Let H = (((2xzs*yo)/(zo— (a2 +y2) "+ (r0—1) —zc+1) /((xe = 1)* +y2)' >+

D+ 2xzp*(yo—(vox(zo+(e—1)2+42) 2 =1) = (22 +92) 25 (zo— 1) +y2) /(2%

o))/ ((we = 1)* +y2)' = 1)) /(2% xp * (xo — (28 + y&)* /2 + ((wc — 1)* +

ye)?/2=1/2))/(((wc=1)*+y2) > = 1)+ 2xzs* (v0— (25+yg) 2 2+ (20 —1)*+

%%21;2/2 _11/2))/(1’0— (@& +y2)"?x(xe —1) =z +1)/((xc = 1)* +y2)' /> +1))).

Let J = —H * (v¢ + (2% 2p * (¢ — (22 + y2)%/2 + ((vc — 1)® + y2)V?/2 -

1/2))/(((ze = 1)* +y2)"* = 1)) +yo + 2 * 2p * (yo — (z¢ * (zc + ((zo —1)* +

ye)'? = 1) = (@g +y2)"? ¢ (we = 1) +y2) /(2 ye))) /(((ze — 1)* +y2)' /> = 1).

We verify that lines PS, QT', and RU are concurrent since we substitute the above

values into the following matrix and calculate that
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A B D
det |E F G| =0
H I J

as desired.
O

This point of concurrency becomes the incenter when we take P = M and S = L,
the Gergonne point when we take P = A and S = L, and X (104) when we take
P =M and S = A.

FIiGUurg 1. Illustration.
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