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1. INTRODUCTION

Lambert’s theorem [1] is one of the cornerstone results of Parabolas. It states that
if three points are taken on a parabola, then the vertices at which their tangent
lines meet are concyclic with the focus. Here, we generalize this by splitting each
point into two and considering the centroids of the quadrilaterals formed by their
tangent lines.

2. RESULTS

Theorem 2.1. Let ay,as,by, by, ¢y, and co be siz points on a given parabola.

Then the focus of the parabola and the centroids of the three quadrilaterals formed

by the tangent lines of the sets of points {ay, as, b1, ba}, {ay, as, c1,c0}, and {by, by, c1, 2}
are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.

We will take the focus of the parabola w to be the point A with coordinates
(xa,ya) and we will take the directrix to be the line y = 0.

w is given by the equation y = ((x — )% + y4)/(2 x ya).

w has derivative % =(x—x4)/ya.

The line tangent to a; is given by the equation

y=((zp —2a) * 22— 2y — 74) +Y2)/(2 % ya).
The line tangent to as is given by the equation
y=((rg—aa)* 2% 2 — 2y —2a) +y3) /(2% ya).
The line tangent to b; is given by the equation
y=((x, —24)* (2% 2 — 2, —14) +5%)/(2 % ya).
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The line tangent to by is given by the equation

Y = (T — 5a) # (25 — 24 — 24) + 93)/ (2 % y4).

The line tangent to c¢; is given by the equation

y=((zs —za)*x 2%z — 1 —x4) +¥4)/(2% ya).

The line tangent to ¢y is given by the equation

y=((vy —xa) % (252 — 20 —2a) +y3) /(2% ya).

The lines tangent to a; and b; intersect at the point whose coordinates are given
by

(09 +2)/2, (P + (2 — 24) * (2 — 20)) /(2% 10))

The centroid of the quadrilateral formed by the tangent lines of the set of points
{ai, as, by, by} has coordinates

(zp+xg+ 2 +x5) /4, ya/2+ ((xg+xp — 2% x4) % (s + 2, — 2% 24)) /(8% ya)).
The centroid of the quadrilateral formed by the tangent lines of the set of points
{a1, as, c1, co} has coordinates

(5 + g 0+ ) /4,y /2 + (g + 5 — 2 5 24) # (20 + 20 — 25 22))/(8 % ).
The centroid of the quadrilateral formed by the tangent lines of the set of points
{b1,bs, c1, 2} has coordinates

(2 + x5+ x4+ 20) /4, ya/2+ (s + 2 —2xx2) % (T + 24 — 2% 24)) /(8% ya)).
Consider the circle whose equation is given by

(2= (dx(Tuta+xs+ @+ 2 +3,+2%34) %Yy% — (T4 +Tp — 2% 4) * (T + 2, — 2%
TA) Ty — (Tg+xp—2%22) % (Ts+ X, —2%x4) % T+ 2% T4 % (T + T, —2%T4) *T5+
25w % (Tyt+ Ty — 2% ) %2, — A5x4 kw,— Ak x 2, +8x2%) /(32%y%))? + (y— (12%
Vit (st a,+ 2+ x) —4%2a) k2 + (T + 20+ 2y +3p —dxxa) k3 + (T4 + T —
dxxp)xxs+ (Ty+ T, —4*%Ta) kT, —dxxaxx,—4*xraxx,+12%1%)/(16%y4))* —
(wa—(Ax @yt T+ as+ T+ T4+ T, + 252 4) % y3 — (X +2p— 2% 2) % (T + 2, — 2%
TA) %Ly — (Tg+Tp—2%x4) % (Ts+ T, —2%24) %0+ 2504 % (T +Tp —2%T4) % T5+ 2%
Tax(Tg+xy—2%x4) k2 —dxa? vy —Adxa xx, +8%27)/(32xy%))? — (ya— (12%
Vit (st o +ao,ta,—4dxxa)«x,+ (v + 2, + x4 3, —dxxa) %1+ (0 + 1, — 4%
TA)kTs+ (gt T, —dxxa)xx, —dsxaxz,—dxxaxz,+12x2%)/(16xya))?> = 0.
We verify that A and these three centroids lie on this circle since we calculate
(24— (4% (Tu+ T+ Ts+ T+ Ty +xp+2%T0) % y4 — (T +7p — 253 4) % (Tg+ T, — 2%
TA) %Ly — (T2 —2%x0) % (Ts+ T, — 2% 4) %Xy + 2% a% (Tg+Tp —2%T4) % T5+
2xxa* (Tg+Tp—2%xa) T, — ARk, —dxad xx, +8x2%)/(32xy4))? + (ya —
(12xy2 4 (vs+x,+ 2y + 1, — 4% ) % Ty + (Ts+ T + Ty +7p — 453 4) %34+ (T +Tp —
dxxp)xxs+ (Tg+ap—4%xa)*m, —dxxgxx,—4dxraxr,+12%17%)/(16%y4))* —
(wa— (A (Tu+ T+ Ts+ T, +T,+xp+2%00) % y3 — (T4 +xp — 252 4) % (X5 + T, — 2%
TA) ¥y — (Tg+2p—2%T4) % (T + 2, —2%24) % Ty +2% T g% (Tg+ 2y — 2% 4) % T3+ 2%
Tax(Ty+xy—2%x2) k2 — 45 a5y —Adxad xx, +8%27%)/(32xy%))? — (ya— (12%
Vit (Tstm+o+ta,—4%xa)xxy+ (T + T+ 2+ 3, —dxxa) k1 + (0 + 3, — 4%
Ta)kTs+ (Tg+xp—4%x0) %2, — 45T a*s,—dxTaxx,+12%2%)/(16%y4))* = 0,
(zp+xg+ o, +xs) /4— (45 Ty + 24+ T+ T+ Ty +Tp+ 253 4) xy4 — (T +Tp— 2% T 4) %
(TsHxp =252 4) %Ly — (TgFTp—2%T 4) % (Ts T, —2%T ) % T+ 2% T 4% (T +2p—2%T 4 ) %
T+ 25T 4% (2 + 2y —2%x0) %, —dxa? kg — Axx? v, +8%17) /(32xy3)) 2+ (ya/2+
(zgtap—2%x2) % (Ts+x,—2%2 1))/ (8%ya) — (12%y% + (Ts+ T+ Ty +Tp— 45T 4 ) %2+
(Tst+Tp a1, =452 4 ) %X+ (Tg+Tp — A5x4 ) % L5+ (T +Tp — 45T 4 ) 5T, — A% T g% T, —
4 gxxpy+12%2%) [(16%y4) )2 — (24— (4% (T @i+ @5+ 20+ Tp+ 2% 4) % y4 — (T4 +
Tp—2%T A )% (Ts+ T —2%T 4) %Ly — (TgF+Tp—2%T 4) * (Ts+ 2, — 2% X 4 ) % T+ 2% g% (2, +
Tp—2%T 4 ) KT+ 2k 4% (T g+ Ty — 2% 4 ) kT, —Ax a2 kg — Ak k,+8%27)) /(32xy%) )2 —
(ya—(12xy% + (xs+xp+xg+xp— 452 0) % Ty + (T + T+ T+ 1) — 452 a) * 24+ (T4 +



BENJAMIN LEE WARREN 206

Tp— A% )% T+ (Tg+Tp— 4T 2 ) kT, — A5 T Ak T—Axx A% 2, + 12527 ) [ (16%y4))? = 0,
(zptagtaita,)/4—(Ax(xy+a+ T4 T+ Ty T+ 253 4) xy3 — (T2, — 25T 4) %
(Tstx,—2%x2) %20y — (T Ty — 25T 4) % (Ts+ T, — 2% @ 2) % T+ 25T g% (T +2p— 252 4) %
Ty 2%xa% (Ty+xp— 2% 4) xx, —dxx xx,— Ak xx,+8x27) /(32%93) )2+ (ya/2+
(zg+ap—2%32) % (T +x,—2%2 1))/ (8%ya) — (12545 + (Ts+ T+ Ty +Tp— 45T 4 ) %2+
(Tst+Tr+xy+ Ty, —d%x )52+ (Tg+ T, —4%x ) %5+ (X g+ Ty — A% T 4 ) %X, —AKT g% T, —
4ok gy +12%3%) [ (16%y4) )2 — (v a— (A% (wy+ 2+ 25+ T2+ Tp+ 253 4) % y4 — (24+
Tp—2%T 4 ) % (Ts+ Ty — 2% T 4) % Ty — (Tg+Tp—2%T 4 )% (54T, —2%T 4) T+ 2% T 4% (T4 +
Tp—2%T 4 ) ¥ T s+ 2% g% (T g+ Ty — 2% 4 ) kT, — Ak kg — Ak ka,+8%2% ) /(32xy%) )2 —
(ya—(12xy5 4+ (xs+ @, +ag+xy—dxxa) xxy+ (25 T+ 2+, — 4%z a) * 2+ (244
Tp— 45T )% T+ (g +Tp— 4T 2 ) kT, — A5 T Ak T g —Ax T A% 2, + 12527 ) [(16%y4))? = 0,
and

(Tr+xstai+m0) /4= (4% () + 2+ T+ T+ Ty +Tp+ 253 4) kY4 — (g +Tp— 25T 4) %
(TsHx, =252 4) %Ly — (TgF+Tp—2%T 4) % (Ts T, —2%X 4 ) % T+ 2% T 4% (T +2p—2%T 4) %
T+ 2% a% (T +xp— 2% 4) kT, —dxx? w1, — Ak x 2, +8%23) /(32%1%) )2+ (ya /2+
(zs+xr—2%2 )% (T +1i—2%2 1))/ (8xya) — (12%Y% + (T + T +Ty+Tp— 45T 4 ) % T+
(Ts4xp+ay+T,—4%xa) %01+ (Tg+xp— 452 0) % T+ (Tg+xp— 45T 4) % Ty — A% T g% 25—
Az axzy+12%2% ) /(16%ya))* — (24— (45 (T + 2+ 25+ T+ T+ Tp+252 ) 4y 5 — (24 +
Tp—2%T A )k (Tg+ T —2%T 4) %Ly — (TgF+Tp— 2% 4) * (Ts 2, — 2% T 4 ) %X+ 2% g% (2, +
Tp—2kT 4 ) ¥ T+ 2k g% (T g+ Ty — 2% 4 ) kT, — A2 kg — Ak ka,+8%2%)) /(32xy7%) )2 —
(ya—(12xy%+ (xs+ @+ xg+xp— 452 0) %00+ (Ts+ T+ 2+ 2 — 452 a) * 2+ (2,4
Tp—4kx2) T+ (Tg+Tp— A% 4) kT, — AT g5 T, — A5 T A% 2+ 12527 ) [(16%y4))? = 0
as desired. O

Lambert’s theorem follows as the special case of this where we take a; = as, b, =
by, and ¢; = co.
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FiGurg 1. Illustration.
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