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1. INTRODUCTION

We present a line and circle that both pass through the focus of a given parabola.

2. RESULTS

Theorem 2.1. Let w be a parabola with focus A.

Let B and C' be points on w.

Let the tangents to B and C intersect at D.

Let the tangent to B intersect the normal to C at E.
Let the tangent to C' intersect the normal to B and F.
Let G be the midpoint of E and F.

Then,

1. A, D, and G are collinear and

2. A,B,C, and G are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (x4, ya4).

The directrix of w can be set to y = 0.

w is given by the equation y = ((z — 24)* + y4)/(2 x ya).

w has derivative % =(x—x4)/ya.

B has coordinates

(2B, (xp — 4)* +y2)/(2 % ya)).
C' has coordinates

(ze, ((re = xa)? +y4) /(2% ya)).
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The tangent to B is given by the equation

y=((xp—2a)* (252 —xp —24) +Y2)/ (2% ya).

The tangent to C' is given by the equation

y=((xc —za)* (2% —2c —2a) +y2)/(2 % Ya).

The normal to B is given by the equation

y= i+ (@p—24)")/(2%ya) = (ya* (x —2p))/(xp — za).

The normal to C'is given by the equation

y = (ya+(xc —24)?)/(2%ya) = (ya* (x — zc))/(xc — Ta).

D has coordinates

(o5 + 20)/2, (s + (25 — ) * (2 — 24))/(2 % ).

E has coordinates

(2*xo*yi+ad —3xra*ri+a%*xxo+ 2% %10 —TA%7%) /(2% (Y4 + (T —T4) *
(re—14))), (Yh+(@p—2a)* (3520 —2p—2%T4)xy4+ (x5 —Ta)*xd — 3% A% (25—
Ta)xx43xa%kx(xp—xa)*ro— 2 xap+rh)/(2xyax(Vi+(xp—za)x(Tc—124)))).
F' has coordinates
(2*xxp*yi+apxad —waxal +a% —3xxaxah+ 2524 x2p)/(2% (v4 + (xp —
za) % (xoc—1x4))), Wi — (wc—2a) % (xc —3%xp+2%x4) % Y4 + (¥ — 1) ¥ 10 —
raxrs+3xat ks =3xS xap+ 1Y)/ (2xyax (Yh+ (xp —24) * (xc —24)))).
G has coordinates

(2% (zoc+ap)*xyi+adb+ (xp—4d*xxa) v 0h + (25 + 2% 24 x 20 + 1% —d* T g *
ah +2xah xap)/(4x (Y4 + (x5 — 2a) * (xc — 24))), 2 * Y4 + (v5 — 24) * (3=
To—xp—2%x4)xy4 — (e —xa)x (xe —3*xp+2%w4) kY4 + (x5 —1a) x T8 —
3kwax(zp—wa) k2t + (xp —xa) * 20+ 3% 2% % (xp —Ta) *Tc — TA*TH +
Skatxay —dxad xap+2xaY)/(dryax (Y4 + (x5 —24) % (xc — 74)))).
Consider the line whose equation is given by
y=yat(z—za)*((yh+(@p—2a)*(Tc —24))/(2*ya) —ya)/(zp+2c)/2—22a).
We verify that A, D, and G lie on this line since we calculate
yat@a—za)x((Ya+(xp—2a)x(xc—24))/(25ya) —ya)/(xp+20)/2—2A) —Ya =
07

ya+ ((wp +20)/2 — 2a) * (V4 + (25 — 24) * (xc — 74))/ (2% ya) —ya)/((z5 +
zc)/2 —xa) — (W4 + (x5 — 2a) * (xc — 24))/ (2% ya)) = 0,

ya+ (2% (wo +ap) *y4 + 28 + (xp — dxxa) x 22 + (2% + 2% 2%) x 20 + 0% —
dxxa*xan+2x2yxxp)/(4*(yh+ (xg —xa) * (xc —x4))) —1a) * (V4 + (2B —
xa) * (xc —24))/(2%ya) —ya) /(x5 + 20)/2 —24) — (2 *yh + (x5 —za) * (3%
To—xp—2x34)xy4 — (o —Ta)* (o —3%xp+2%xA) % Y4+ (Tp — Ta) x T —
3*mA>k(xB—xA)*xC+(mB—xA)3*xc+3*x?4*(xB—xA)*mC—xA*x%—I—
Sxad xah —Adxad xxp+2x2Y)/(Adxyax (Y3 + (v —34) * (xc —14)))) = 0 as
desired.

Now, consider the circle whose equation is given by
(z—(=(((wp—2a)*—y2) *(Va+ (20 —24)*) 2+ 25 Y3 % (y3 + (25 —24)?)* + (Y4 + (20—
ra)?) (s (YA —ap+ad) — (Wa+ (e —a)*)?) Hxyd« ((—yd+ag —2%) = (ya+
(25 —24)?)+2% (v —22)xy3))/ (8xy’ (x5 —2a)* (Y3 + (v —24)%) + (24 —2C) *
WA+ (xp—24)*) + 2% (wc —2p) *y2))))* + (y = (x5 —24) * (Y4 + (w0 —24)*)* +
(xA—%)*(yfﬁr(fB—QTA)Q)z)/(‘l*yi)+($C—5L’B)*y,24+(IB—$A)*I%+(3?A ah)*
zotaaxah—ahxwp) /(2% ((25 —2a)* (Y4 + (vc —24)%) + (22— 20) * (Y5 +(
24)%)/(2xya)+(xzo—28)*ya))))* —(a— (= (((p—24)* —y2)* (YA +(2c— l’A) )*+
2xyax (Va+ (x5 —24)?)° + (Y + (20 —wa)?)* (dxyh* (v —ah+2%) — (v + (2 —
2a)?)?) +dxydx (—yh+ g —2%) (YA + (wp —24)?) +2x (25 —a2) #y4)) /(8 y5 =
(zp—za)*(Ya+(zc—24)*)+(wa—20)* (Y4 + (x5 —24)%) +2% (zc —2B)*y3))))* —

rp—
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(ya—((((xp —za) % (Y4 + (10 —14)?)* + (22— 20) * (Y4 + (x5 —14)%)?) /(45 Y3) +
(e —xp)*yi+(xp—za)x 22+ (24 —2%) *xxot+wa*xay — 24 *xxp) /(2% (((xp—z4)*
Wi+ (v —2a)?) +(xa—2c)*(Ya+ (v —24)%))/(2%ya) + (20 —2B) *ya))))* = 0.
We verify that A, B, C, and G lie on this circle since we calculate
(Ta—(=(((xp—24)*—y2)* (YA +(xc—24)*) 2 +25y5 % (Y3 +(25—24)%) >+ (Y3 + (20—
24)?)x (dxydx (Ya — 25 +2%) — (WA + (e —24)?)?) +4xyd+ ((—yd +ag —2%)* (y5 +
(rp—ra)?)+2% (a5 —28)*y3))/Bxyi* (x5 —xa)* (Y4 + (20 —24)*) +(Ta—20) *
(a+(xp—24)*)+2%(xz0—2p)*y}3))))* +(ya— (x5 —2a) * (Y3 +(vc —24)*)* +
(xA—$C)*(yfﬁr(xB—JTA)Q)z)/(‘l*yi)+($C—$B)*yiJr(xB—xA)*x%Jr(ﬂ?A ) *
wot+rakxry—ahxrp)/(2x((vp—2a)* (Y5 + (e —24)*) +(2a—20) % (V5 + (T5—
£4)%))/(2xya)+(re—2p)¥ya))))? —(ra— (= ((rp—24)*—y3) * (YA +(vc— xA))
255 x (Wi + (25 —2a)?)? + (V3 + (vc —2a)?) * (4 ya* (y3 —2F +2%) — (Y3 + (5 —
24)*)?) +dxydx (—yd+ad —2%) % (Vi + (2 —wa)?) + 2% (aF —22) xy3))/ (8* Y7 *
((zp— CUA)*(?JiJr(iUc—xA)Q)+(33'A—xc)*(yiﬂL(%B—fﬁA)QH?*(xc—iUB)*yi))))L
(ya—((((xp —wa) % (Y4 + (v —24)*)* + (va —20) * (Y3 + (x5 —14)%)*) /(45 y7) +
(xc rp)*yi+(xp—mra)* 2t + (24 — xQB)*xc—l—xA*mB 22 *xx5) /(2% ((xp—24)*
Ez+ ro—14)*)F(xa—20)* (YA +(r5—24)*))/(2%ya) +(vc —2B)*ya))))* = 0.
(

(—(((rp—2a)® —v2) * WA+ (2o —2a)*)* +2xy5* (v3 + (2 —24)°)° + (Y3 +

xo—xa)?)* (4xyd (Y4 — 2+ %) — (Y3 + (0 —24)?)?) +4xyd* (—ya + 28 —
) * (WAt (rp—2a)?)+25 (2 —a3) % 7))/ (8*ya* (xp—xa) % (Y4 + (vc—24)%) +
A=) * (?JAJF(ZEB 14)%) 4+ 2% (v —2p)*y3)))* + (((xp—2a) +y3)/(2*ya) —

(x
(xp—za)* (Y3 + (w0 —24)*)* + (x4 —20) * (Y3 + (v —24)*)?) /(45 y73) + (20 —
) *y4+ (B — $A)*£E%+($124—:U2B) xxo+axaxry—ay*xp)/ (2% (((rp —xa)*
(Wi + (xo —24)?) + (w4 —20)* (V3 + (23 —24)*)) /(2% ya) + (xc — 2B) *ya))))* —
x4 — (—(((xp —2a)® —y2) * (Y4 + (v —24)*)* + 25 5 * (Y4 + (v — 24)*)* +
Ya+ (ve—2a)?)* (dxyd* (Vi — 25 +a%) — (Vi + (s —14)%)?) +dxyi* ((—yi +
wg —25) % (Ya+ (2 —24)?) + 2% (05— 32) xy3))/ (S*yh * (x5 —xa) * (Y5 + (zc —
24)%) + (14 —20) * (Y4 + (x5 —24)?) + 2% (x¢ — 2B) ¥ ¥3))))> — (va — ((((z5 —
xa)* (Y3 + (xe —24)?)? + (x4 —20) * (Y4 + (28 — 24)%)?) /(4 * y3) + (v — 2B) *
Vi+ (rp—ma)x 02+ (2% —2%) xvo+xaxrh — x4 xxp) /(2% (g —xa) * (¥4 +
(re —24)*) + (w4 —20) * (Y4 + (x5 — 24)%)) /(2 % ya) + (v — 2B) *ya))))* = 0,
(ve = (=(((z5 — :EA)Q—yi)*(yiJr(xc—xA)Q)QJr?*yi*(yiJr(xB—wA)2)2+(yi+
(370 %‘A)Q) *(dxyh* (Vi — o +2%) — (YA + (2 —14)%)?) +4xyd * ((—y5 + 23 —

2%)* (Y3 +(xp—2a)? )+2*($QB—$20)*yi))/(S*yi*((JCB—OCA)*(?/EHF(J?C—JJA)Q)JF
(xA xC’)*(yA"f_(xB 24)*)+2x(rc—2p)*y3))))* + (v —24)* +y3)/(2%ya) —
((wp—wa)* (V3 + (2o —24)?)? + (24 —20) * (yAJr(xB x4)?)?) /(4 y3) + (v —
) *y4 + (x5 — ZEA)*ZEC+(ZEA ) *x0+xA>ka — 24 xx) /(2% (((xp —xa)*
Wi+ (re —2a)?) + (2a—20) * (Y3 + (B —14)%)) /(2% ya) + (xc —2B) ¥ ya))))* —
(w4 — (=(((z —2a)? = y4) * (W3 + (xc —24)*)* + 2% y% * (Y4 + (x5 — 24)?)* +
(W4 + (xo—2a)*) x (4 * (v5 — 2 +2%) — (Y4 + (v —24)?)?) H4xyh = ((—y5 +
ag — %) % (i +(xp —w4)%) + 2 (2F —22) *y3)) /(8 *yi * (x5 —wa) * (y5 + (20 —
24)?) + (x4 —20) * (Y4 + (v — 24)*) + 2% (o — 2B) *Y31))))* — (ya — (x5 —
x4)* (YA + (w0 —24))° + (24— 20) * (Y4 + (x5 — 24)%)%) /(4 ¥ Y3) + (20 — ) *
Ya+ (xp—wa)xag + (2% —af) xvo +axaxah — 2% xxp) /(2% (5 —xa) * (y5 +
(f(é1 —24)*) + (x4 —x0) * (Y4 + (v — 24)?))/ (2 * ya) + (vc — 2B) *ya))))* = 0,
(2% (zo+ap)*yi+ad+(xp—4%x ) *TE+ (25425 2% ) kw0 +TH — A% T A% 05+ 2% 1% *
xg)/(4x(y3a+(rp—2a)*(xc—24))) — (—(((xp—24)* —y3) * (Y4 + (20 —24)%)* +2%
Yarx(Wat(rp—ra)?)? H(Yi+(ro—ra)?)* (dxyi* (v3—ah+2%) — (v +(rp—2a)?)?)+

o~~~
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g (g a— o) (] (o5 — )+ 20 (1] —8) w2)) /(81w (5 —0)
(4 (r— )20 4 (10— 70 (53 + (5~ .)%) 4 2 (mr— ) )P (2 +
(rp—wa)x(Bxzc—xp—2%T4)%y4 — (T —Ta) % (T —3%xB+2%T4)* Y4+ (Tp—T4)*
rh—3xxax(rp—xa) 2+ (xp—2a) % x0+ 3504 % (xp—2a) kT0 —TA*TH+3x2% *
af —dxrdxrp+2%ay) /(Axyax (Y3 + (v —wa) * (o —24))) = ((xp—2a) * (Y5 +
(ro—24)*)*+(wa—20)*(Va+(rp—24)*)?)/ (4xy2) H(xo—2p)*yi+(wp—10)*TF+
(24 —2%)xxotraxrs—2ixxg) /(2% ((xp—2a)*(Yi+(xc—24)?)+(TA—20)* (Y4 +
(rp—24)*))/(2%ya)+(xc—2p)*ya))))? = (24— (—(((xp—24)* —y3) * (Y4 + (20—
24?2+ 2xy5x (YA +H (25 —14)°) 2+ (YA + (ve—2a)?) * (Axydx (Vi — o5 +2%) — (v +
(rp—r4)%)")+dxyi+((—ya+at—2)*(Yh+(rp—24)") +2% (v5— 32 )xy7)) /(87
(@p—2a)*(Yi+(rc—24))+(@a—20)* (Y3 +(TB—24)%) +2% (20 —2R)*Y7))))* —
(ya—((((xp —2a) % (Y3 + (v —24)*)* + (va —20) * (Y4 + (x5 —74)%)*) /(45 y3) +
(xoc—x)*yi+(xp—xa)x 22+ (2% —2%) xxot+raxah — x4 xxp) /(2x((xp—24) *
(Z/Ex;' (_xcd— 24)?)+(@a—we)*(Ya+(xp—24))/(2%ya) + (v —2B) *ya))))? :IZI

FiGure 1. Illustration.
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