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1. INTRODUCTION

We give a generalization of the Fuhrmann circle which is different than the Hagge
circle.

2. RESULTS

Theorem 2.1. Let A, B, and C be the vertices of a given triangle.

Let P be a point in the plane.

Let A’B'C" be the circumcevian triangle of P.

Let A”B"C" be the reflection triangle of A’B'C" about the medial triangle.

Then the circumcircle of A" B"C" is identical to the circle whose diameter is the
chord connecting the orthocenter and the anticomplement of P.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).
P has coordinates (zp,yp).

A’ has coordinates

((@p* (& + (wc = 1) * xc) xyp +xp *yc))/(yo * (Yp + 2p)), (yp * (Y& + (xc —
1) xac) *yp +xp*yc))/(yo * (yp + 2))).

B’ has coordinates

((yp * (Yo * (yp + (xp = 1) * ye) + (vc — 1) x 20 * (xp — 1))/ (ye * (yp + (zp —
1)?), (yp * ((y& + (zc — 1) x ) * yp — (xp — 1) * yo))/ (ye * (vp + (zp — 1)%))).
C" has coordinates

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

212


http://www.journal-1.eu/
mailto:warrenbenjamin52@yahoo.com
https://orcid.org/0000-0002-2829-6953

213 ANOTHER GENERALIZATION OF THE FUHRMANN CIRCLE

(((we*yp —zp xyc) * (Yo * (yp —ye) + (v — 1) = (xp — 2¢))) /(Yo = ((yp — yc)* +
(zp —2c)?)), ((xc = 1) xyp — (xp — 1) xyc) = (xc *yp — xp x yc))/ (e * ((yp —
yo)? + (xp — 2c)?)))-

A" has coordinates

(zc +1 = (wp * (W& + (zc — 1) * xc) *yp + xp *yc))/(yo * (Yp +23)), yc — (yp *
(¢ + (xc = 1) = xc) * yp + zp xyc)) /(Yo = (Yp + 1))).

B" has coordinates

(zc = (yp* (yo * (yp + (zp — 1) *yc) + (xc — 1) x 20 * (xp — 1))/ (yo * (yp + (xp —
1)?)),yc = (yp* (Y& + (vc — 1) *xc) *yp — (wp — 1) *ye)) /(yo * (yp + (vp — 1)*))).
C" has coordinates

(1= ((zc *xyp —zp xyc) * (Yo * (yp — yc) + (xc — 1) * (xp — 2¢)))/(ye * (yp —
yo)® + (xp —20)?)), —(((xe — 1) xyp — (xp — 1) x yo) * (o * yp — xp * yo)) /(Yo *
((yp —yo)® + (xp — 2c)?))).

The orthocenter has coordinates (z¢,zc * (1 — x¢)/yc).

The centroid has coordinates ((x¢ + 1)/3,yc/3).

The anticomplement of P has coordinates (—2* xp + xc + 1,yc — 2 *x yp).
Consider the circle whose diameter is the chord connecting the orthocenter and
the anticomplement of P, whose equation is given by
(z—(=2*zp+2xx0+1)/2)*+ (y— (zc* (L—2c) [y +yo —2%yp)/2)* — (x0— (—2%
rp+2%x0+1)/2)* — (zo*x(1—2¢)/yc — (xox (1 —xc) /yc +yo — 2% yp)/2)* = 0.
We verify that A”, B”, and C” lie on this circle since we calculate

(v + 1= (o * (6% + (20 — 1)+ 20) % yp + 2+ o))/ (ye * (y3 + 73)) — (~2 %
tp+2 5 20+ 1)/2) + (yo — (g * (42 + (w0 — 1) +70) * yp + Tp + yo)) (o *
(yp +23)) — (o * (1 — 2¢)/ye +yo — 2% yp)/2)* — (v — (=2 xxp + 2% 20 +
1)/2)? — (wc * (1 —2¢)/yc — (wc * (1 — 2¢) /yc +yo — 2 * yp)/2)* = 0,

(zc = (yp* (yo * (yp + (zp — 1) *yc) + (xc — 1) x 20 * (xp — 1))/ (yo * (yp + (xp —
1)) — (=25 2p+25 50+ 1)/2) + (o — (9 (5 + (20 — 1) $2:0) yp — (2p — 1) 1
ye))/ (e * (b + (xp —1)%) — (zc * (1 —20) /yc +yo — 2+ yp)/2)* — (xc — (—2*
rp+2xxc+1)/2)2 —(2c* (1 —20)/yc — (xox (1 —20) /yc +yc —2*yp)/2)* = 0,
and

(1= ((zoxyp —ap*yc)*(yo* (yp —yc) + (xc — 1) * (xp —20))) /(yo x ((yp —yo)* +
(wp—zc)?) = (=2xzp+2x20+1)/2)*+ (= (((xc— 1) xyp— (xp—1)xyc)*(zcryp—
zpxyc)) /(e ((yp—yc)?+(xp—10)?)) — (vcx(1-20) /yc+yc—2xyp) 2)* — (0 —
(=2%xp+2%xc+1)/2)> —(zo*x(1—20) /yc— (xox(1—2c) /yc+yc—2%yp) /2)* = 0
as desired. U

The Fuhrmann circle follows as the special case of this where we take P to be the
incenter.
The result in [1] is a special case of this where we take P to be the centroid.
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