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1. INTRODUCTION

In [1], we demonstrated that the centroid of a triangle lies on a particular circle.
Here, we will give a generalization of this result.

2. RESULTS

Theorem 2.1. Let ABC be a triangle and P a point in the plane.

Let A’B'C" be the medial triangle.

Let Ay be the reflection of A about line B'P.

Define A., By, B., Cy,, and Cy cyclically.

Let Py be the circumcenter of A, B., and C.

Define Pg and Pc cyclically.

Then the centroids of ABC, APgPc, BPsPc, and CPsPg are concyclic.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yc).

P has coordinates (zp,yp).

A’ has coordinates ((z¢ +1)/2,yc/2).

B’ has coordinates (x¢/2,yc/2).

C" has coordinates (1/2,0).

Line A’P is given by the equation
y=yp+(x—ap)x(yp —yc/2)/(xp — (xc +1)/2).
Line B'P is given by the equation
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y=yp+(x—zp)*(yr —yc/2)/(xp — xc/2).

Line C'P is given by the equation

y=(x—1/2)*xyp/(xp —1/2).

Ay has coordinates

(2% (2% yp —yc) * (v *yp —2p *y0)) /(2% yp —yc)? + (2% xp — 20)?), —(2
(2*xxp —xc)* (xc *yp — xp *yo)) /(2% yp — yc)? + (2x zp — 2c)?)).

A, has coordinates

(4xyp)/ (45 yp + 2xap— 1)), =(2x 2xap — 1) yp)/(dxyp + (25 2p — 1)?)).
B, has coordinates

(2*xyp —yc)*x 2xzcxyp — (2%xxp — 1) *xyc) +4*xxp*x (xp —xc — 1)+ (xc +
D3)/(2*xyp —yc)> + 2xaxp —xc —1)?),—2% 2xxp —2c — 1) % ((xc — 1) *
yp — (xp — 1) *y0)) /(2 xyp —yc)? + (2% zp — 0 — 1)?)).

B, has coordinates
(2xxp—1)%/(4xyb+ (2%xxp—1)%), (2% 2*xxp—1)*xyp)/(4d*ys+ (2xxp —1)?)).
C, has coordinates

(2*yp —yo)* 2xyp+ (2xxp —2c —2) *yc) + o * 2% 2p — 20 — 1)%)/((2 *
yp—yc)+ (2xzp =z —1)*), (2% yp —yo) * (yo x (2% yp — yo) + 2 (vc — 1) *
zp =g+ 1)/(2xyp —yc)* + 2xap — xc = 1)?)).

C) has coordinates

((2xzp —xc) * (yo x (2*yp —yc) + zc * 2 xxp — 20))) /(2 * yp — yo)* + (2 *
zp —20)?), (2*yp —yc) * (Yo * (2% yp —yo) + xo * (2% xp — 20))) /(2% yp —
yo)? + (2xxp — 20)?))

P4 has coordinates

(—(2xyp* (yo*x 2xyp —yc) +2x(xc— 1) *xxp—ai + 1)+ 2xxp— 1) xyc) /(2 %
(2 (zc— 1) xyp — 2xap —1)*yc)), (2*xzp — 1) (yo x 2*yp —yc) + (vc —
Dx2*xzp—20)))/2%2x(xc—1)xyp— 2% xp — 1) xyc))).

Pp has coordinates

(—2*xypx(yox 2xyp —yo) +xc* 2xxp—20c—2))+ 2*xxp — 1) xyc)/(2 %
2xxcxyp— 2xxp—1)xyc)), (2xxp—1)x (yc* 2xyp —yc) +xc* (2% xp —
o —1))/2*x 2xxcxyp— (2xxp — 1) xyc))).

P has coordinates

(—zp+axc+1/2,(2*%xp—2c—1)% 2xxp —20)) /(2% (2% yp —yc)) + yc/2).
The centroid of ABC' has coordinates ((z¢ + 1)/3,yc/3).

The centroid of APgP. has coordinates

(—2*yp*(yox 2*xyp—yc) +xc*x 2xxp—2c—2))+ 2*x2p — 1) *xyc)/(2 %
2xxoxyp— (2xxp—1)*xyc)) —zp+axc+1/2)/3,((2%xxp—20—1)*% (2% 2p —
20))/ (6% (2xyp —yc)) + (2 xxp — 1) * (yo x 2*yp —yc) + 2o * (2xxp — 20 —
1)/ (6% 2*xxc*xyp— (2%xzp—1)*xyc)) + yc/6).

The centroid of BP4Pq has coordinates
(1=C2xyp*x(ye*x2xyp —yc) +2% (zc— 1) *zp — a2 + 1)+ 2xxp — 1) %
yo)/ (2% (2% (xe — 1) xyp— 2xxp—1)*yc)) —axp+xc+1/2)/3, (2%xp — 20 —
D*(2xxp—xc)) /(6% (2xyp —yc)) + (2% 2zp — 1) * (yo * (2% yp — yo) + (zc —
1)« (2% 2p —20))) /(6% (2% (wc — 1) xyp — (2% 2p — 1) x yc)) + yc /6).

The centroid of C'P4Pg has coordinates

(xo— 2xyp*(yox (2xyp—yc)+2% (xo—1)*xp— 22 +1)+(2%xp—1)xyc) /(2% (2%
(xe—1)xyp— (2*xxp—1)*yc)) — (2xyp* (yox (2xyp—yc)+xo*(2xxp—10—2))+
2rap—1)+40)/(25 (25w yp— (24p— 1) £y0))/3, (yo-+ (24 2p— 1)+ (yo (24
yp—yc)+(xe—1)x(2xxp—1uc)))/ (2% (2% (xc—1)*yp— (2xxp—1)*yc))+((2%zp—
D) (yox(2%yp—yo)+ze*x(2xxp—xc—1))) /(2% (2xxc*yp— (2xxp—1)*yc)))/3).
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Consider the circle passing through the centroid of ABC whose equation is given
by
(x—((16%(zp—xc)*yc*yp—4*((25%xp—d*xc+1)*y2+ 6% (vc—1)*xc* (Tp—T0 —
) xyd—dxycx((xpt+axo—1)*xyd—xp* (2xxp* (dkxp+2%10—T) —T*2% — %0+
1)+ (zo+1)*(3%zE —8xxc+3))*ys+ (2xxp— 1) x (y2* (Y& — 2% (2xxp* (5xxp — 2%
xo—T)—(vc+1)x(5bxxc—6)))+(xc—1)*xc*(2xxp—xc—1)%(2%xp—20)) *Yp+
3x(rp—xc—1)x(2xxp—1)2 %yt +(xp—x0)*x(2xxp—1)**% (2%xp—20—1) % (252 p—
xo)*yc) /(6% (2xyp—yo)* (2% (xc—1)xyp— (2xxp—1)*yc) * (2xxc*yp— (2%xp—1)*
yo))))?+(y— ((16xyc*yp+(—24%yg —8* 2 +8*xc) +yp+(12xyt + (32xap + (16
ro—40)xxp+20%2% —28% 10+ 12) % yc) ¥y + (=2 yd + (—56% 2% + (76 — 40 x) *
Tp—8%xx2+28%x0—24)xyZ + (24% 1L —24x 10 ) x 15+ (16% 10 — 16523, ) %1 p+ 2% 14 +
dxxd —Axa, —2xx0)xys+((44x 2%+ (16%x 10 —52) %2 p — 8%+ 15) *yd, + (16%rh+
(—48%xc—8)*xh+ (20522 +52% w0 —4) k2% +(—20%2% — 16510 +2) %2 p+ 5% s+
ro)xyo)xyp+(—12%2% +12%xp —3) xyd + (8% xc —4) %1%+ (—4* 1% —8*xc+4) *
rh+ (4522 4+ 2xxc—1)*xp—22)xy2) /(6% (2xyp—yc)* (2xxoxyp+(1—2%2 p) *yc)*
(2xxc—2)xyp+(1—2xxp)*yc)))) > —((xc+1)/3—((16x(xp—zc) xyo*yp—4* (2%
rp—4xxo+1)xyl+6x(vc—1)xxo*(zp—xc—1))*yp—dxyc*((rp+ac—1)xy2 —
Tp*(2xxpx (4 xp+2%10—T)—T5x2—9%x0+11)+ (zo+1)*(3x2% — 8%z +3) ) *xyh+
(25xp—1)x(y2*(y2 —2% (2xxp* (5xxp—2%x0—T7)— (xo+1)* (5*x20—06)))+ (10 —
Dsxo*(2xxp—xc—1)*%(2xxp—10))*xyp+3*(xp—xc—1) % (252 p—1) 2592+ (xp—
zo)*(2xxp—1)2%(25xxp—xc—1) % (2%xp—x0) *yc) /(6% (2xyp —yc ) * (2% (xc—1)*
yp—(2xxp—1)*yc)*(2xxoxyp— (2xxp—1)xyc))))? — (yo /3— (16%ycxys -+ (—24%
Y& —8*x2+8xxc)xyp+ (12xyd+ (32x2%+ (16%xxc —40) k1 p+20% 1% — 28 %20+ 12) *
yo)*ys+(—2%yl+ (—56kx%+ (76 —40% 10 ) k1 p— 8% 12 +28% 1 —24) * y2 + (2412 —
24xx0) %1%+ (16510 — 16523 ) x 1 p+ 2% 2 + 4l —dx 2l — 2% 20 ) *yh+ (44 x 2%+
(16%2c—52)xxp—8xxc+15)xy + (16%2h+ (—48% 10 —8) %+ (20 %%, +52% 10 —
4 x 1%+ (—20%25 — 16520 +2) %2 p+5xx2 +x0) *yo) *yp+ (— 125 2%+ 12%xp — 3) *
Yo+ ((8xxo—4)*xd+(—4xrl —8*xxo+4) x 1%+ (4% 2%+ 2500 — 1) %1 p— 22 ) * Y2 ) / (6%
(2%xyp—yc)*(2xxo*xyp+(1—2%xp)*yc)*((2xxc—2)*yp+(1—2%xp)*yc))))? = 0.
We verify that the centroids of APgPo, BP4Ps, and C' P4 Ppg lie on this circle since
we calculate

(= 2xyp*(yox(2xyp—yc)+rex(2xrp—r0—2))+ (252 p—1)*yc) /(2% (25T c*Yyp—
(2%xxp—1)*yc))—xp+rc+1/2)/3—((16%(xp—20)*yc*yp—4*((2xxp—4* 10+
D)*y2+6x(xc—1)*xex(xp—x0—1))xys—dsxycx((zp+rc—1)*xy2 —xp* (2% 2 p*
(4dxxp+2%xc—T)—Txxd —9%xc+11)+ (xc+1)* (3% 2% —8x 10 +3)) *y5H+ (2% p —
1)*(y2x(y2 —2%(2xxp* (5xxp—2xx0—T)— (x0c+1)* (5520 —06)))+ (v0— 1) xxO* (2%
rp—xc—1)*(2xxp—x0))*yp+3x(xp—rc—1)*(2xxp—1)?*y2 4+ (vp—xc)* (252 Pp—
1)*# 25z p—xo—1)*(25xp—20)*yc) /(6% (2xyp—yc)* (2 (vc —1)*yp— (252 p— 1)
yo)*(2xzoxyp— (2xxp—1)%yc)))) 2+ (((2xxp—z0—1)* (2% xp—20)) /(6% (2% Yy p —
yo))+((2xxp—1)x(yox(2xyp—yc)+xc*x(2xxp—xc—1))) /(6% (2% x0*yp— (2% 2p —
)xye))+yc/6—((16xyc*yd+(—24xy2 —8xx2 48w o ) xyp+ (12xyd + (325 2%+ (16
ro—40)xxp+20%x2% —28%xc+12)*yc) ¥ yd+ (—2%yd + (—56% 2%+ (76 —40% x¢) *
Tp—8%xxL+28%x0—24)xyZ + (24% 1L —24x 10 ) x1H+ (16%x0 — 16522, ) %1 p+ 2% 14 +
4xxd —dxxl —2%x0)*xyb+ ((44x 2+ (16510 —52) %1 p — 8%+ 15) %y + (16% 25+
(—48*xc—8)*xh+ (20%x2 +52%x0 —4) %1%+ (—20% 2% — 16%x 10 +2) *Tp+ 5% 25+
zo)*yo)xyp+(—12%x%+125xp —3) xyh+ ((8x 10 —4) %1%+ (—4* 1% — 8% xo+4) *
rh4 (sl +2xx0—1)*xp—x2)*yd) [ (6% (2xyp —yo)* (2% xo*xyp+(1—2xxp) *yc ) *
(2xxc—2)xyp+(1—2xxp)*yc))))? —((xc+1)/3—((16%(xp—z0) *yc*xyp— 4% ((2x
rp—4xxc+1)xyl+6x(xc—1)xxo*x(xp—rc—1))*ydb—dxycx((rp+arc—1)xy2 —
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Tp*(2xxpk (4 xp+2%10—T)—T5x2—9%x0+11)+(zo+1)*(3x2% — 8%z +3) ) *xyh+
(2%xp—1)x(y2* (Y2 —2% (2xxp* (5xxp—2%x0—T7)— (xo+1)* (5x20—06))) + (70 —
Dsxo*(2xxp—xc—1)*%(2xxp—10))*xyp+3*(xp—xc—1) % (2%2p—1) 2592+ (xp—
zo)*(2xxp—1)2%(25xxp—wc—1)x(2%xp—x0) *yc) /(6% (2xyp —yc ) * (2% (xc—1)*
yp—(25xxp—1)*xyc)*(2xxcxyp— (2xxp—1)xyc))))?— (yo /3— ((16xycxyd+(—24x%
Y& —8*x2+8xxc)xyp+(12xyd + (32x2%+ (16%x 20 —40) %2 p+20% 1% — 28 %20+ 12) *
yo)*ys+(—2%yl+(—56kx%+ (76 —40% 10 ) k1 p— 8% 12 +28% 1 —24) * y2 + (2412 —
24xx0) %+ (16510 — 16523 ) x 1 p+ 2% 2 + 4%l —dx 1l — 2% 20 *yh+ (445 2%+
(16%xc—52)xxp—8xxc+15)xyd + (16%2h+ (—48% 10 —8) *xh+ (20 % 2%, +52% 10 —
4 x2h 4 (—20%25 — 16520 +2) %2 p+5xx2+x0) * Yo ) *yp+(— 125 2% +12%xp — 3) *
Yot ((8xro—4)xxh4(—4xal —8xxo+4)*xh+ (dxxi +2xxc— 1) xxp—x2 ) *y2) /(6%
(2xyp—yc)*(2xxoxyp+(1—2%xp)xyc)* ((2xxc—2)*yp+(1—2%2p)*yc))))? = 0,
(1= (2*yp*(yox(2xyp—yc)+2x(xc—1)xxp—22+1)+ (2% p—1)*yc) /(2% (2% (20—
Dxyp—(2xxp—1)xyc))—zp+rc+1/2)/3—((16%(xp—xc)*ycxyp—4%((2xxp—4x
ro+1)*xy24+6%(zoc—1)xzox(zp—xc—1))*yb—dxycx((rp+rc—1) %yl —zp* (2%
rpx(4xxp+2xx0—T)—Txrt —9xxc+11)+(vc+1)*(3%2E —8*xxc+3) ) *yh+ (252 p—
1) (y2*(y2 —2% 25z px (5xxp—2%1rc—T)— (xo+1) % (5xxc—6))) +(x0—1) *TO* (2%
rp—xo—1)*%(2xxp—x0))*yp+3x(xp—xc—1)%(2xxp—1)?*y2 4+ (zp—xc)* (252 p—
1?4 (2xzp—zo—1)*(25xp—2C)*yc) /(6% (2xyp—yc)* (2 (vc —1)*yp— (252 p—1)*
yo)x(2xxoxyp— (2xxp—1)%yc))))?+((2xxp—2c—1)*x(2x2p—20)) /(6% (2% YyPp —
yo))+((2xxp—1)*(yox(2xyp—yc)+(xc—1)%(2xxp—2¢))) /(6% (2% (xc— 1) *yp—
(2xxp—1)*yc))+yc/6—((16%yc*yd+(—24%y2 —8x a2+ 8%z ) *yp+(12xy2 + (32
2%+ (16x20—40) 2 p+20%2%, —28% w0 +12)*yc ) xy b+ (— 2%y + (— 5% 2%+ (76— 40
To)xxp—8% 1L +28%1c—24)xyd + (24x 2% —24xx0)*1h+ (16500 — 1652, ) * 2 p+2%
rhtdkrd —4xxd —2xxc) xybh+ (445 2%+ (16% 20 —52) xxp —8xx 0+ 15) * Y2 + (16%
rh+(—48%xc —8)xxh+ (20% 2% +52%x0 —4) ¥ 1%+ (—20% 25 — 16% 20 +2) %2 p+ 5*
r24z0)*yc)*yp+(—12%2%5+12x2p —3) xys+ (8% o —4) x 1%+ (—d* 23 — 8% w0+
A xxh+ (dxxl +2%xc— 1) xxp—x2)*y2) /(6% (2xyp —yc ) * (2xxoxyp+ (1—2%xp)*
yo) e ((2xro D) kpt (1= 2ap)wye))— (0 -+ 1) 3 (165 (2p— ) ey —
dx((2xxp—4*ro+1)xy2+6x(voc—1)xxox(zp—rc—1))*ys—dxyox((zp+rc—1)*
Y& —xp*(2xxpx(4xrp+2xx0—T)—Tx22 —9xxc+11)+(xo+1)*(3x2E —8*wc+3) ) *
yh+(2xxp—1)*(y2* (Y2 —2x (252 p* (5xxp—2%x0—T)— (wo+1)x(5*xc—6)) )+ (20—
Dxxe*(2xxp—x0—1)*%(2%xp—20))*yp+3*%(xp—x0—1)*(2%2p—1)* 5y +(2p—
ro)*(2xxp—1)* % (2xxp—x0—1)*(2x2p—20)*yc) /(6% (2% yp —yc) * (2% (e — 1) *
yp— (2xxp—1)*yc)*x(2xxoxyp— (2xxp—1)xyc))))? — (yo /3— (165 ycxys+(—24 %
Y& —8* 12 +8xxc)xyp+ (12xy2 + (32x 2%+ (16% 20 —40) %1 p+20% 1% — 28 % x 0+ 12) *
yo)¥ys+(—2%yl+ (=56%1% + (76 —40% 10 ) %1 p— 8% 1% +28% 1 —24) *y2 + (24 1% —
24xxo)xxh+(16xx0 — 16%xd ) xxp+ 2% a0l +4xad — 4xad —2xxc) xyp+ (44 %23+
(16xxc—52)xxp—8xxc+15)xyd + (16%2h+ (—48% 10 —8) kb + (20 %22, +52% 10—
4 xath+(—20x2% —16%x20+2) xxp+D5*2i +x0) *yc) *yp+(—12% 2% +12%xp —3) *
Yo+ ((8xzo—4)xrbh+(—dxxl —8*xxo+4)x 2%+ (dxaZ +2xx0— 1) *xp—1L ) *y% ) / (6%
(2xyp—yc)*(2xxoxyp+(1—2%xp)xyc)* ((2xxc—2)*yp+(1—2%2p)*yc))))? = 0,
and

((zo— 2xyp*(yo*x (2xyp—yo)+2% (xc—1)xxp—2i+1)+(2%xp—1)*yc) /(2% (2
(xo—1)xyp—(2xxp—1)xyc))— (25xyp* (yox (2xyp—yc)+xc*(2xxp—20—2))+ (2%
rp—1)*yc)/(2% (2xxc*xyp— (2xxp—1)*yc)))/3— ((16% (xp —xc) *yo*yh— 4% ((2%
rp—4xro+1)*yi+6%(vo—1)*xxox(xp—rc—1))*yb—dxycx((xp+rc—1)xy2 —
rpx(2xxpx(4xxp+2xx0—T)—Tx22—9xxc+11)+(xo+1)*(3x2s —8xxc+3) ) *xyh+
(2xzp—1)* (Y2 * (v —2%(2xxpx (bxxp—2%xc—T)— (xc+1)*(5%xc—06)))+ (20—
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Dszo*(2xxp—xc—1)*%(2%xxp—10))*xyp+3*(xp—xc—1) % (252 p—1) 2542+ (xp—
o)k (2xxp—1)2%(25xxp—xc—1)x(2%xp—x0) *yc) /(6% (2xyp —yc ) * (2% (xc—1)*
yp— (2xxp—1)*yc)* (2xxc*xyp— (2%xp—1)*yc))))*+ ((yo+ ((2%xp— 1) * (yo * (2%
yp—yc)+(xc—1)x(2xxp—uc))) /(2% (2% (xc—1)*xyp— (2xxp—1)*yc))+((2%xp—
D (yox(2xyp—yc)+xe*x(2xxp—rc—1))) /(2% (2xxc*xyp— (2xxp—1)*yc))) /3 —
(16xycxyD+(—24xy2 —8x a2 +8%xc) ¥y b+ (125 Y2 + (325 2%+ (16 xxc —40) * 1 p+
205 2L —28% 10 +12)xyc ) kyp+ (—2xyt + (—56% 2%+ (76 — 40z ) xx p — 8% 12 +28%
o —24)xy2 + (24x 1% —24% 10 ) x 1%+ (16510 — 16% 23, ) % 2w p+ 2% 2t + A5 2d, — A% w2 —
2xxc)xyp+ (445 2%+ (16520 —52) xxp—8* w0 +15) Y2 + (165 xp+ (—48% 10 —8) *
rh+(20% 25 +52%x0—4) %1%+ (—20% 2% — 16%x0+2)*Tp+ 5% T2 +T0) *Yc) xyp+
(—12%2%+12x2p —3)*ys+ ((8%wo —4) x 2%+ (—d*2h — 8w +4) %1%+ (4522 +2%
ro—1)*xxp—a2)xy2) /(6% (25xyp —yo)* (2xxo*xyp+(1—2%xp)*yc) * (2% 10 —2) *
yp+(1—2%zp)*yc))))*—((zc+1)/3—((16%(xp—zc) xycxyp—4x((2xxp— 45z +
) xy246%(zo—1)*xc*(zp—xc—1))*yb—dsycx((xp+re—1)*y2 —xp* (252 p*
(4dxxp+2xxc—T)—Tx2t —9%x0+11)+(xo+1)*(3x2% —8xxc+3) ) *yh+ (2% xp—
1) (y2 o (y2 — 2% (2xxpx (5kxp—2%20—T)— (xc+1)* (5xxc—6)))+(rc—1)* 20 *
(2xxp—xc—1)*(2%xp—20))*yp+3*(xp—rc—1)* (2% p—1)?*,yd+ (xp—xc)* (2%
rp—1)%%(2xxp—wc—1)*(2xxp—20)*Yyc) /(6% (2% yp —yc)* (2% (xc—1)*yp — (2%
xp—1)xyc)*(2xzcxyp—(2xxp—1)*yc))))* — (yo /3— ((16xycyp+(—24*yZ —8*
12 +8xx0)*yp+ (12%y2 + (32% 2% + (16% 10 —40) %1 p+20% 2% — 28 % 20+ 12) %y ) *
Y+ (— 25yl 4+ (—56%1%+ (76 —40% 10 ) x 1 p — 8% T2 +28* v —24) *yZ + (245 12 — 24
ro)*xxh+(16%20 —16% 28 ) xxp+ 252 +4xad —dxxl —2xx0) xy3 + ((44x 2%+ (16%
ro—52)*xxp—8*xxc+15)*yd+ (16%xh+ (—48*xc —8)*xh+ (20% 12 +52%x 0 —4) *
134 (—20%2L —16xxc+2) %2 p+5x2%+10)*yc) *yp+(—12%2%+12%xp— 3) Yyt +
(8xxc—4)*ah+(—d*xd —8*xxc+4)*xxh+ (dxxt +2x 10— 1) *xp— 2% ) *y2) /(6%
(2xyp—yc)* (2xxcryp+(1—2%xp)*yc)*((2xxc—2)*yp+(1—2%xp)xyc))))> = 0
as desired. g
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FiGure 1. Illustration.
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