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1. INTRODUCTION

We provide evidence for the claim made in Euclid #8374.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle with P, Q) points in the plane.

Let A'B'C" and A"B"C" be the pedal triangles of P and @ respectively.

Let H be the orthocenter of ABC..

Then the circumcircle of the centroids of AA'A”, BB'B", and CC'C" is identical
to the circle whose diameter is the chord connecting the centroids of ABC and
HPQ.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1,0).

C has coordinates (¢, yc).
P has coordinates (zp,yp).

() has coordinates (zg, yg).

A’ has coordinates

(o = ((xe = 1) *yp +yc) + (zc — 1)* * 2p)/(y¢ + (xc — 1)), (yo * (yo * yp +
(zc — 1) *xp — zc + 1))/ (Y2 + (20 — 1)%)).

B’ has coordinates

(v * (e * op + o + yp)) /(4 + 52), (o * (ze * op + yo * yp)) /(4 + 12)).

C" has coordinates (zp,0).
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A" has coordinates

(o = ((xe — 1) *yg + yo) + (zc — 1) * 2q)/(y¢ + (xc — 1)), (yo * (yo * yo +
(ve — 1) x2g — ac + 1)/(% + (zc — 1)?)).

B" has coordinates

((zc * (zc * 2 + Yo * ¥Q)) /(28 + ¥2), (Yo = (zc * 2q + ye * yo)) / (x¢ + y&))-

C"” has coordinates (zg, 0).

H has coordinates (z¢,zc * (1 — z¢)/yc).

The centroid of ABC has coordinates ((z¢ + 1)/3,yc/3).

The centroid of AA’A” has coordinates

(((ye * ((we = 1) xyp +yc) + (wc — 1)* xxp) /(¢ + (xc — 1)*) + (yo * ((zc — 1)
Yo +yo)+(zc—1)**20)/(yé+(xc —1)%))/3, ((yo* (yoxyp + (vc — 1) xzp —20 +
1)/ (5 + (20— 1)2)+ (yer (g + v + (20— 1) 5 2 — w0+ 1)/ (4 + (20 — 1)%))/3).
The centroid of BB’'B” has coordinates

(1 + (zc * (wc * xp +yo * yp))/ (28 + y2) + (20 * (v * Tq + Yo * yo))/(v¢ +
U))/3, (yo (rcrp+ycsyp)) | (h +5) T (go(zevaq-+yorye)) /(e 42)) /3).
The centroid of CC’C” has coordinates

((zc +xp+20)/3,yc/3).

The centroid of HP() has coordinates

((zc +ap+120)/3, (xc * (L —xc)/yc +yp + Q) /3)-

Consider the circle whose diameter is the chord connecting the centroids of ABC
and H P(@) whose equation is given by

(z — ((xe +1)/3 + (wc + zp + 19)/3)/2)* + (y — (v /3 + (xc * (1 — ) /yc +
yr +40)/3)/2)* = ((xc +1)/3 — ((zc + 1) /3 + (zc + 2p + 20)/3)/2)* — (yo /3 —
(ye/3+ (zc * (1 —xc)/yc +yp +yq)/3)/2)? = 0.

We verify that the centroids of AA’A”, BB'B”, and CC'C" lie on this circle since
we calculate

(((yo * ((ze — 1) xyp + yo) + (zc — 1)* x 2p) /(¢ + (2 — 1)%) + (yo * ((zc —
1) xyg +yc) + (zc — 1)* x 20) /(¢ + (xc — 1)%))/3 = ((zc + 1)/3 + (zc + 2p +
29)/3)/2)* + (((yo * (yo *yp + (vc — 1) xxp —xc + 1)) /(Y + (xc — 1)*) + (yo *
(Yo *yo + (vc — 1) x 2 — xc + 1)) /(& + (zc — 1)*))/3 — (ye /3 + (zc * (1 -
zo)/ye +yr+yq)/3)/2)* — (xc +1)/3 = ((zc + 1) /3 + (vc +xp +20)/3)/2)* —
(ye/3 = (ye/3+ (xc * (1 — 2c) /yc + yp + yq)/3)/2)* = 0,

(1 + (zc * (xo * zp + yo * yp)) /(28 + y2) + (Tc * (Te * 2g + Yo * yq))/(a¢ +
ye))/3— ((we+1)/3+ (zc +2p+10)/3)/2)* + (((yo * (xc *xp +yc*yp)) /(22 +
y&) + (o * (e xxq +yc xyQ)) /(¢ +y¢)) /3 — (ye /3 + (we x (1 —xc) fyc +yp +
Y0)/3)/2)* = ((xzc+1)/3 = ((xc +1)/3+ (zc+xp +120)/3)/2)* — (yo /3 — (yo /3 +
(re* (1 —xc)/ye +yp +yq)/3)/2)* =0,

(et+zp+19)/3—((vc+1)/3+ (zc+ap+120)/3)/2)*+ ((xo* (1 —20) /Yo +yp+
YQ) /3= (ye/3+ (zc* (1 —xc)/yc +yr+yqe)/3)/2)* — (zc+1)/3 = ((zc +1)/3+
(wchr de+ 2q)/3)/2)* = (ye /3 — (yo/3+ (zo* (1 —zc) /ye +yr +Yq)/3)/2)? :DO
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FIGURE 1. Illustration.
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