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1. INTRODUCTION

We provide justification for the claim made in Euclid #8312.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle.

Let A’B'C" be the medial triangle.

Let m be the midpoint of B" and C'.

Let Ay and A, be points on line B'C" such that |mA,| : [mB'| = |mA,| : |mC'| = t.
Define B,, B..,C,, and Cy, cyclically.

Let P.(A) and P.(B) be the orthogonal projections of A, and B, respectively on
line AB.

Define Py(A), Py(C), P,(B), and P,(C) cyclically.

Then the circumcircle of the centroids of AP,(B)P,(C), BP,(A)P,(C), and CP.(A)P.(B)
is identical to the circle whose diameter is the chord connecting X (2) and the point
P on the Euler Line such that |PX(5)] : | X (5)X(2)| =t.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

A’ has coordinates ((z¢ +1)/2,yc/2).

B’ has coordinates (z¢/2,yc/2).

C" has coordinates (1/2,0).

m has coordinates ((x¢ +1)/4,yc/4).
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Ay has coordinates (zp, (yo * (xp —1/2))/(zc — 1)).

A, has coordinates ((z¢ +1)/2 — zp, ((z¢/2 — zp) xyc)/(vc — 1)).

B, has coordinates ((2*xxc*xxp —1)/(2*xc — 2), (yo * (xp — 1/2))/(zc — 1)).
B, has coordinates

(—(we* 2x2p —wc = 1)+ 1)/(2% (xc = 1)), ((xc/2 = xp) * yo)/(zc = 1)).
C, has coordinates ((2* zp + 1% —xc — 1)/ (2% (xc — 1)), yc/2).

C’b has coordinates (—(—zZ + 2% zp)/(2* xc — 2),yc/2).

P,(B) has coordinates

(—((2*%xp—xc —2) %y +xo* (2% (e — 1) *xp — 22 +2)—1)/(2% (v2 + (¢ —
D), —(ye* (2% xp —z0) *y2 + 2% (vc — 1) xxc *xp — TH + 2% 25 — 2% 20 +
1))/ (2% (xc = 1) = (Y& + (zc — 1)%))).

P,(C) has coordinates

(we + 1) * g — 2% (z0 = 1) x p + (wg — 1) % 2¢) /(2% (4 + (20 = 1)), (yo +
(& — 2 xp +ag — 2% 20 +2))/ (2% (¢ + (vc — 1)%))).

P,(A) has coordinates

(—(xe* (2% zp —xc) x Y2 + 2% (wc — 1) *xzc*xxp — 2 + 20)) /(2% (xc — 1) *
(Y& +28)), —(yo * (2% xp — wc) % y¢ + 2% (vc — 1) x 2o * wp — 3¢ + 20)) /(2
(o — 1) * (y& + 22,))).

P,(C') has coordinates

((zex((xo = D) *yg +aox 2xwp +at —wc — 1))/ (2 (wc — 1) * (Y& + 22)), (Yo *
(e = 1) # ¥ + xc* (2% 2p + 28 — 20 — 1))/ (2 (wc — 1) * (Y& + 22)))-
P.(A) has coordinates (xp,0).

P.(B) has coordinates ((2* z¢c *xxp —1)/(2* zc — 2),0),

The centroid of ABC' has coordinates ((z¢ + 1)/3,yc/3).

The nine point center of ABC' has coordinates

(20/2+ 1/4, (=2 + 70 + 42) /(4 30)).

The Euler line of ABC'is given by the equation

y = (50/3)+ (21— ((xe+1)/3) (90/3) — (12 )+z0) fye)/((5e+1)/3) —20).
The centroid of AP,(B)P,(C) has coordinates
(—((2%xp—2%xc—3)*y2 + 2% (xoc— 1) x(xc+1)*xp — (xc — 1) * (xc+ 1) * (2%
ze—1)/(6% (y& + (e —1)%)), —(yo * (2% xp — 2% 20 + 1) * Y2 + 2% (o — 1) *
(20 +1) £ap — (nc — 1)+ (2402 — 340 +3))/ (6% (0 — 1) * (4B + (rc — 1))
The centroid of BP,(A)p,(C) has coordinates

(—((zo*x 2xxp—2%x2c—1)+2)xyd + 22 % (2x (xc—2)*2p — 2% 2% — 20 +
4))/ (6 (zc — 1) = (Y& +22)), — (Yo * (2x2p — 2% 30 + 1) % Y + 20 * (2% (20 —
2) kp — 25 a2+ 20 +2)))(6 % (r0 — 1) % (57 + 22))).

The centroid of C'P.(A)P.(B) has coordinates

((rc +ap+ 2xxoxxp —1)/(2x 20 = 2))/3,y0/3).

Consider the circle whose equation is given by

(= (2% (2xxc—1)*(xp+xc) —3)/(12% (xc — 1))))* + (y — (—((2* xp — 4 *
re+3)+y0) /(124 (50 — 1)) — (w0 * (2 2p — 1) /(45 yo))? = (v + 1)/3 — (2

(2 *To — 1) * (ID + xc) — 3)/(12 * (xc — 1))))2 — (yC’/3 — (—((2 *Tp — 4*$C +
3) #yc)/(12 x (vc — 1)) = (zc * (2% zp — 1)) /(4 x yc)))* = 0.

We verify that the center of this circle lies on this Euler line of ABC' since we
calculate

(y0./3)+ (2 (2420 — 1) % (3p+10) —3)/ (125 (50— 1)) — (20 +1)/3)) # (90/3) —
(1= zo) xxc)/ye))/(((xo +1)/3) —xc) = (=((2x2p — 4 x 20+ 3) x yo) /(12 *
(xc — 1)) — (e x (2% xp —1))/(dxyc)) = 0.

We verify that the centroids of ABC, AP,(B)P,(C), BP,(A)P,(C), and CP.(A)P.(B)
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lie on this circle since we calculate

(e +1)/3— (2% (250 — 1) (2p +16) —3)/ (12 (30 — 1))+ (g /3 — (— (2
rp —4*xxc+3)xyc)/(12% (zc — 1)) — (wc* 2xxzp — 1)) /(4 *xyc)))? — ((x¢ +
1)/3— (2% (2 %0 — 1) * (zp -+ 16) — 3)/ (12 (20 — ))? — (yo/3— (— (23 2p —
dxxo+3)xyc)/(12x (zc — 1)) — (xec*x 2*xzp — 1)) /(4 *yc)))? =0,
(—((2xzp—2%xxc—3)*y2+2%(xc—1)*x(xc+1)xzp— (v — 1) x (xo+1) % (2xx0—
1)/ (6% (y&:+ (xc— 1)) = (2% (2xaxc — 1) *(xp+ac) —3) /(12 (¢ —1))))* + (= (yo *
(2%xp—2%xc+1)xy2+2x(xc—1)*(xo+1)*xp—(vo—1)*(2%2E —3%20+3))) /(6%
(re—1)*(y2+ (xc—1)%) — (—((2*xp —4*xc+3)*yc) /(12 (xc — 1)) — (o * (2%
zp—1))/(4xyc)))* = ((xc+1)/3—((2%(2xxc— ) *(xp+ac)—=3)/(12% (xc—1))))* —
(Yo /3= (= ((2xzp—dxzc+3)xyc) /(125 (vc—1)) = (vc*(2x2p—1)) /(4*yc)))* = 0,
(—((xe* (2xxp—2%x0 —1)+2) % Y2 + 12 % (2% (e —2)*xp — 2% 7% — 20 +4)) /(6%
(o = 1) (y¢ +a3)) = (2% (2rac — 1) = (xp+rc) —3) /(124 (3¢ —1))))* + (—(yo *
(2%xp—2*xxc+1)*xy2+ac* (2% (e —2)xxp —2x22 +10+2))) /(6% (xc— 1) *
(y%+xc)) (—((2%2p—4xzc+3)*xyc)/(12%(xc—1)) — (e *x (2xxp —1)) /(4%
yc)))? = ((xe+1)/3= (2 (2% 20— 1)* (xp +2c) = 3) /(12 (xc —1))))* = (yc /3 -
((gZ*xD dxxc+3)xyc)/(12x (xc —1)) = (we* (2% 2p — 1))/ (4xyc)))* = 0,
(xoc+axp+ (2*xze*xaxp—1)/(2%xc—2))/3— (2% (2%xxc—1)*(xp+axc)—3)/(12%
(re— D))+ (e /3 — (—(2520 — A+ 3)ye) /(125 (20— 1)) — (0 (25, —
1)/(4590))? — (wc+1)/3— (2 (25 20— 1) (2p+20) ~3)/ (12 (3 — 1)) —
(ye/3—(—((2*%xp—4*xxc+3)*yc)/(12x(zc—1)) — (zox(2xxp—1)) /(4*yc)))? = 0.
Now consider the point P on this circle which is opposite the centroid of ABC,
whose coordinates are given by

(2% (2% (2%xc—1)*(xp+ac)—3)/(12% (xc —1))) — (zc +1)/3,2 % (—((2 %
xp—4xxc+3)xyc)/(12x (xc — 1)) — (xc x (2% xp — 1)) /(4 *yc)) — yc/3).
We verify that |mA,| : |[mB'| = |PX(5)| : | X (5)X(2)] since we calculate

(@m — x4,)/(Tm — 7p) — (2P — Tx(5))/(Tx(5) — Tx(2))
=((zc+1)/4—2xp)/((xc+1)/4d—2c/2) — 2% (2% 2x2xc — 1) % (xp + 2¢) —
3)/(12 % (20— 1)) — (wc +1)/3 — (0/2 + 1/4) [{ze/2 + 1/4 — (zc +1)/3) = 0
as desired. g
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